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PREFACE 


GTDS  is  documented  in  several  parts  in  order  to  satisfy  the  specific  require- 
ments of  different  audiences.  The  Mathematical  Theory  of  the  Goddard  Trajec- 
tory Determination  System  presents  the  derivations  of  all  algorithms  (including 
observation  modeling  equations)  used  in  the  system.  This  document  is  specifi- 
cally directed  to  the  analyst. 

The  GTDS  Design  Manual^  presents  a comprehensive  overview  of  GTDS  capabil- 
ities for  the  programmer  who  is  totally  unfamiliar  with  GTDS,  This  manual 
emphasizes  the  structure  of  the  software  system  and  the  relationships  among 
the  individual  components  of  the  system.  For  this  reason,  the  design  manual  is 
most  suited  as  an  introduction  to  GTDS  for  programmers  who  must  maintain  and 
enhance  the  system.  It  io  also  helpful,  however,  to  the  analyst  who  must  be 
familiar  with  the  system  at  the  algorithm  level. 

The  GTDS  User^s  Guide ^ is  directed  to  a general  audience  which  includes  ana- 
lysts, programmers,  and  data  technicians.  Although  a brief  description  of  the 
system  is  provided  in  this  document,  the  principal  contents  are  a description  of 
the  specific  requirements  for  data  card  input  to  the  system. 


^ Zavaletu,  E.  L.:  1975,  Goddord  Trajectory  Determination  Sysrem  Design  Manuol,  Computer 
Sciences  Corporation  Report  CSC  '^SD-75/6092,  March  1975- 
^ Zavaleta,  E.  L.  and  Smith,  E.  J-:  1975,  Goddard  Trajectory  Determination  System  User's 
Guide,  Computer  Sciences  Corporation  Report  CSC/SD-75/6005,  April  1975. 
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ABSTRACT 


This  document  presents  a description  of  the  mathematical 
theory  underlying  the  Goddard  Trajectory  Determination 
System  (GTDS),  and  includes  an  overview  of  the  system 
capabilities.  The  basic  mathematical  formulations  pre- 
sented include  mathematical  descriptions  of  coordinate  and 
time  systems , perturbation  models , orbit  propagation  tech- 
niques, numerical  integration  techniques,  observation 
models,  statistical  estimation  methods,  and  early  orbit 
determination  techniques. 
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CHAPTER  1 


INTRODUCTION 


This  publication  presents  a description  of  the  mathematical  theory  for  the  earth/ 
lunar/interplanetary  Goddard  Trajectory  Determination  System  (GTDS).  GTDS 
is  a multipurpose  computer  system  designed 

”to  provide  operational  support  for  individual  earth,  lunar,  and  planetary 
space  missions  and  for  the  research  and  development  requirements  of 
the  various  projects  of  the  NASA/Goddard  Space  Flight  Center  scientific 
community”  {Reference  1) 

This  orbit  determination  program  includes  many  of  the  capabilities  of  pre- 
vious orbit  determination  programs  developed  by  GSFC  (References  2 and  3), 

GTDS  is,  by  its  very  nature,  an  evolutionary  system.  The  first  document  des- 
cribing the  GTDS  mathematical  theory  (Reference  4)  corresponded  to  a develop- 
mental version  of  GTDS.  Since  then,  GTDS  has  evolved  through  several  opera- 
tional versions,  and  a Research  and  Development  (R  & D)  version  has  been 
developed  to  pemiit  evaluation  of  promising  methods  for  operational,  nonroutine, 
and  highly  precise  orbit  determination.  This  document  corresponds  approxi- 
mately to  GTDS  Version  3. 0,  which  will  be  implemented  at  GSFC  in  the  spring 
of  1976.  As  additional  capabilities  are  added  to  L..e  system,  this  document  will 
be  updated  or  appended. 

This  document  is  not  intended  to  represent  a set  of  mathematical  specifications 
for  developing  the  GTDS  software,  but  rather  is  a development  of  the  basic 
mathematical  formulations  used  in  GTDS,  The  format  varies  somewhat  from 
section  to  section,  ranging  from  a straightforward  presentation  of  the  basic 
equations  used  in  the  program  to  a tutorial  approach  which  delves  into  some  of 
the  underlying  theory,  depending  on  the  topic  under  discussion. 

In  additio-  to  describing  the  basic  mathematical  formulations  vif  this  particular 
system,  this  document  is  also  intended  to  provide  the  reader  with  a compre- 
hensive overview  of  the  key  physical  and  mathematical  models  required  by  orbit 
determination  systems  which  have  been  developed  in  recent  years,  and  the  »*e- 
sults  of  various  evaluations  and  improvements  developed  at  GSFC  as  a result  of 
years  of  operational  orbit  determination  experience. 
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An  overview  of  GTDS  is  presented  in  Chapter  2.  This  overview  includes  a 
discussion  of  the  programs  available  in  GTDS,  system  capabilities,  and  sche- 
matic diagrams  of  the  differential  correction,  ephemeris  generation,  data  simu- 
lation, and  error  analysis  processes,  along  with  an  indication  of  which  chapters 
in  this  document  contain  the  algorithms  associated  with  each  function. 

Chapter  3 presents  the  coordinate  and  time  systems  necessary  to  accurately 
model  the  spacecraft’s  dynamic  motion  and  tracking  observations.  Chapter  4 
details  the  acceleration  models  which  constitute  the  Cowell  equations  of  motion 
and  the  variational  equations.  Chapter  5 details  the  formulation  of  the  orbital 
equations  of  motion,  including  general  perturbation  and  special  perturbation 
methods.  Chapter  6 describes  the  numerical  integration  of  the  equations  of 
motion  and  variational  equations,  while  Chapter  7 describes  the  observation 
models  and  systematic  error  corrections  applied  to  the  observations.  Chapter 
8 contains  a description  of  the  estimators  and  statistical  models,  and  Chapter  9 
presents  early  orbit  techniques  which  can  be  used  to  obtain  deterministically  an 
estimate  of  the  vehicle  state  from  observations. 

Several  appendices  are  also  included  in  this  document.  Appendix  A gives  func- 
tional descriptions  of  various  tracking  systems  and  preprocessing  techniques. 

A detailed  description  of  time  elements  as  used  in  the  regularized  equations  of 
motion  can  be  found  in  Appendix  B,  and  Appendix  C contains  a rigorous  discus- 
sion of  the  conversion  of  Doppler  measurements  to  range  rate.  Appendix  D pre- 
sents information  on  typical  a priori  standard  deviations  and  djTiamic  weighting 
factors  for  several  observation  types,  and  Appendix  E presents  a derivation  of 
matrix  identities  associated  with  the  sequential  estimation  process. 

Finally,  a glossary  and  an  index  are  provided  for  the  convenience  of  the  reader. 
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CHAPTER  2 
GTDS  OVERVIEW 


Orbit  determiaatlott  in  GTDS  involves  a complex  mathematical  process  which 
combines  the  disciplines  of  orbital  dynamics,  observation  modeling,  and  estima- 
tion theory.  This  process  is  implemented  through  the  use  of  several  separate 
programs  which  are  briefly  described  in  Section  2.1, 

The  capabilities  of  the  system  are  discussed  in  Section  2.  2.  These  capabil- 
ities include  trajectory  generation,  observation  modeling,  and  estimation  tech- 
niques. Also  included  is  a discussion  of  the  early  orbit  determination  process, 
which  allows  a crude  initial  estimate  of  the  orbit  to  be  obtained  from  early  track- 
ing data.  In  addition,  the  orbit  determination  system  combines  capabilities  which 
are  frequently  useful  in  mission  analysis  studies  when  executed  independently; 
GTDS  has  been  provided  with  several  modes  of  operation  in  order  to  permit 
utilization  of  these  separate  capabilities. 

The  acceleration  sources  which  are  accounted  for  in  the  GTDS  dynamic  model 
are  described  in  Section  2.3,  while  Section  2.4  discusses  near  real-time  opera- 
tion and  postflight  processing. 


2.1  GTDS  PROGRAMS 

To  meet  the  varying  demands  imposed  upon  the  system  by  operational  sup- 
port of  the  research  and  development  requirements  of  various  projects,  GTDS 
includes  the  following  programs: 

• Differential  Correction  Program 

• Ephemeris  Generation  Program 

• Ephemeris  Comparison  Program 

• Filter  Program 

• Early  Orbit  Determination  Program 

• Data  Simulation  Program 

• Error  Analysis  Program 

• Data  Management  Program 

• Permanent  File  Report  Generation  Program 
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This  document  presents  the  mathematical  models  and  procedures  for  all  of  these 
programs  except  tne  Permanent  File  Report  Generation  Program.  A brief 
description  of  each  of  the  programs  is  given  in  the  remainder  of  this  section. 


2.1,1  Differential  Correction  Program 

The  primary  purpose  of  the  Differential  Correction  Program  is  to  estimate  the 
satellite  orbit  and  associated  parameters.  The  estimation  algorithm  used  in 
the  Differential  Correction  Program  is  called  the  weighted  least  squares  with  a 
priori  algorithm  or  the  Bayesian  weighted  least  squares  algorithm.  It  minimizes 
the  sum  of  the  squares  of  the  weighted  residuals  between  actual  and  computed 
observations,  while  simultaneously  constraining  the  model  parameters  to  satisfy 
the  a priori  conditions  to  within  a specified  uncertainty.  Both  first-  and  second- 
order  statistics  (i.e.,  the  mean  and  covariance  matrices)  are  determined  for  the 
estimated  variables. 


2.1.2  Ephemeris  Generation  Program 

The  function  of  the  Ephemeris  Generation  Program  is  to  compute,  from  prescribed 
Initial  conditions,  the  value  at  a specific  time  of  the  vehicle  state  and,  optionally,  the 
state  partial  derivatives,  Li  order  to  meet  varying  precision  and  efficiency  require- 
ments, several  orbital  theories  have  been  provided,  ranging  from  a first-order  anal- 
ytic theory  to  a high-precision  Cowell-type  numerical  integration.  The  state  partial 
derivatives  can  be  computed  by  precision  numerical  integration  of  variational  equa- 
tions. The  state  partial  derivatives  with  respect  to  the  initial  state,  i.e.,  the  state 
transition  matrix,  can  optionally  be  generated  by  a twc-body  analytic  approximation. 


" 1.3  Ephemeris  Comparison  Program 

The  Ephemeris  Comparison  Program  compares  two  input  ephemerides.  The 
comparison  can  be  specified  ove'»'  a particular  arc  or  over  the  arc  of  overlap 
between  the  ephemerides.  The  radial,  along-track,  and  cross-track  differ- 
ences are  computed  and  output. 


2.1.4  Filter  Program 

The  Filter  Program  provides  an  alternative  to  the  Differential  Correction 
Program  for  estimating  the  satellite  orbit  and  associated  parameters.  The 
Filter  Program  contains  four  sequential  estimation  algorithms  called  the 
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Extended  Kalman  Filter  (EKF),  the  Modified  Extended  Kalman  Filter  (MEKF), 
the  Jazwinski  Filter  (JF),  and  the  Modified  Jazwinski  Filter  (I»IJF).  These 
sequential  filters  differentially  correct  (update)  the  satellite  state  recursively 
at  each  observation  point  processed.  As  a result,  these  methods  are  referred 
to  as  sequential  processing  methods,  in  contrast  to  the  batch  processing  method 
used  in  the  Differential  Correction  Program.  Other  elements  of  the  Filter 
Program,  such  as  model  parameters  and  observation  handling,  are  the  same  as 
in  the  Differential  Correction  Program. 


2.1,5  Early  Orbit  Determination  Program 


The  Early  Orbit  Determination  Program  is  designed  to  determine  approxi- 
mately an  initial  estimate  of  an  earth  orbit  when  there  is  no  a priori  estimate 
available  to  start  a differential  correction  process.  The  program  provides  three 
methods  for  doing  this:  (1)  the  Gauss  Method,  (2)  the  Double  r-iteration  Method, 
and  (3)  the  Range  and  Angles  Method. 


2.1.6  Data  Simulation  Program 


The  Data  Simulation  Program  computes  simulated  observations  of  a space- 
craft from  specified  ground  tracking  sites.  The  simulated  data  are  generated 
for  specified  observation  intervals  and  sampling  frequencies.  The  program  also 
1ms  the  capability  to  simulate  attitude  sensor  measurements.  Optionally,  random 
and  bias  errors  can  be  added  to  the  observations.  Observations  can  also  be 
modified  to  account  for  the  effects  of  atmospheric  refraction,  antenna  mount 
errors,  transjiondei*  delays,  and  signal  propagation  time  delays. 


2.1.7  Error  Analysis  Program 

The  GTDS  Error  Analysis  Program  provides  the  capability  of  analyzing  the 
effect  of  tracking  error  uncertainties,  solve-for  vector  uncertainties,  and  con- 
sider parameter  uncertainties  associated  with  a specified  orbit  and  station- 
dependent  tracking  schedule.  Since  the  Error  Analysis  Program  functions  are 
similar  to  those  performed  in  the  Differential  Correction  and  Data  Simulation 
programs,  these  programs  share  common  mathematical  processing  subroutines, 
input  processors,  and  data  management  options.  The  Error  Analysis  Progi'am 
features  which  arc  common  to  tlie  Differential  Correction  and  Data  Simulation 
programs  include  the  use  of  a tracking  schedule,  selection  of  tracking  stations, 
selection  of  observation  measurement  types,  specification  of  observation  standard 
deviations  and  weights,  and  specification  of  the  a priori  state  cov^ariance  matrix. 
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Confitruction  of  ti^e  normal  matrix  and  the  use  of  the  consider  mode  to  account 
for  the  effect  of  con?id€>r  parameter  statistics  on  the  covariance  matrix  of  the 
solve-for  vector  are  performed  in  the  same  manner  as  in  the  Differential  Cor- 
rection Program. 


2.1.8  Data  Management  Program 

The  primary  function  of  the  Data  Management  Program  is  to  create  working 
files  of  data  to  be  used  by  other  prograrus  in  GTDS. 


2.2  SYSTEM  CAPABILITIES 

The  key  elements  of  the  differential  correction  process  are  shown  schematically 
in  Figure  2-1.  The  chapters  of  this  document  which  contain  algorithms  asso- 
ciated with  each  function  are  indicated  in  this  and  s ucceeding  figures.  Both 
the  batch  and  sequential  modes  for  estimating  the  orbital  state  are  shown.  The 
use  of  common  modules  to  perform  key  functions  is  basic  to  the  GTDS  structure. 
For  this  reason,  algorithms  derived  in  this  document  are  applicable  to  many 
areas  of  GTDS.  As  shown  in  Figure  2-1,  an  estimate  of  the  orbital  state  at  an 
initial  epoch  must  first  be  specified  a priori  from  an  independent  source. 
Observation  measurements  to  be  pr<)cessed  are  retrieved  fiom  an  observation 
file,  and  an  orbit  generator  determines  the  satellite  trajectory  (position  and 
velocity)  at  times  corresponding  to  tie  measurement  sampling  times.  In  addi- 
tion, at  each  sairipling  time  estimate  r.  of  the  observation  measurements  a»*e 
computed  as  a function  of  the  satelUU  trajectory. 

In  a batch  mode,  this  process  is  performed  sequentially  from  data  time  to  data 
time,  and  constitutes  the  inner  loop  of  Ihe  process  (see  Figure  2-1).  In  addi- 
tion to  the  computed  measurements,  p{  rtial  derivatives  of  the  measurements 
with  respect  to  the  epoch  state  must  be  computed  in  the  inner  loop  for  i in  the 
statistical  regression  process.  Upon  ccmpletion  of  the  inner  loop  processing  at 
the  measurement  times,  the  epoch  state 's  differentially  corrected  by  means  of 
a Bayesian  weighted  least  squares  methv'd.  The  updated  epoch  state  is  tlien  used 
to  perform  another  inner  loop  iteration.  Repeated  iteration  of  the  inner  loop,  cul- 
minating each  time  with  a differential  co  erection  to  the  epoch  state,  constitutes  the 
outer  loop.  A.s  the  iterations  proceed,  the  epoch  state  converges  to  the  Bayesian 
weighted  least  squares  solution  to  the  nonlinear  orbit  determination  problem. 

In  the  sequential  filter  mode,  a single  locp  is  used  to  perform  these  measurement 
calculations  and  partial  derivative  calcuktlous,  and  the  st^’te  and  covariance 
matrices  ere  ujadated  atter  each  measurement  to  obtain  the  final  state.  It  si  ould 
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be  noted  Uiat  Figure  2-1  depicts  functional  relationships  and  not  the  actual  GTDS 
structure.  Within  the  GTDS  structure,  the  filter  mode  logic  is  separate  from  the 
batch  mod8  logic. 


2,2.1  Trajectory  Generation 


Trajectory  generation  is  performed  through  integration  of  the  orbital  equr 
tions  of  motion  in  the  Ephemeris  Generation  Program.  Ephemeris  generation 
can  be  performed  as  a standalone  function  as  showm  in  Figure  2-2.  In  addition, 
trajectory  generation  is  a key  element  cf  the  differential  correction  process 
shown  in  Figure  2-1.  The  analytic  and  numerical  theories  available  in  GTDS 
are  discussed  in  this  section. 

The  orbUal  equations  of  motion  can  be  expressed  most  simply  in  terms  of 
the  rectangular  components  of  tiie  acceleration  vector  acting  on  the  satellite. 
Considerable  research  hi  s focused  on  the  problem  of  transforining  tho  orbital 
equations  of  motion  into  a more  desirable  form.  The  general  approach  is  to 
reformulate  tne  equations  in  terms  of  a new  set  of  orbital  elements,  to  solve  the 
transformed  set  of  equations  for  the  value  of  the  orbital  elements  at  the  desired 
time,  and  then  to  transform  these  elements  to  the  desired  element  set  (e.g., 
Cartesian  or  Keplerian). 

In  the  general  perturbations  approach,  this  reformulation  of  the  equations 
of  motion  yields  a set  cf  equations  which  can  be  integrated  anal5dically.  The 
chief  advantage  of  such  trajectory  generation  methods  is  their  high  efficiency. 
However,  reformulation  of  the  orbital  equations  such  that  an  analytic  solution 
is  possible  usually  requires  some  approximations.  For  example,  in  Brouwer 
theory,  which  is  a general  perturbations  method  in  GTD'j,  the  perbirbation  model 
includes  only  the  effects  of  a point  mass  earth  and  the  lov/-order  zonal  harmonics 
in  the  gravitational  potential.  For  the  generation  of  satellite  trajectories  for 
which  these  are  the  dominant  perturbations,  Brouwer  theory  is  sufficiently 
accurate. 

Solution  of  the  equations  cf  motion  via  numerical  integration  is  classified  as 
a special  perturbations  method.  The  numerical  integration  tecimiques  avail- 
able in  GTDS  are  discussed  in  detail  in  Chapter  6.  In  the  high-precision  special 
perturbations  approach,  the  perturbing  acceleration  which  acts  on  the  satellite 
is  modeled  ao  accurately  as  possible.  The  various  perturbation  models  and 
numerical  integration  techniques  which  are  available  in  GTDS  are  discussed  in 
Chapters  4 s.id  6,  respectively.  The  chief  advantage  of  the  special  perturbations 
approach  is  high  accuracy;  however,  these  methods  are  considerably  more  ex- 
pensive, in  terms  of  compute,  time,  than  the  general  perturbation  methods. 
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Np.merical  iategration  of  the  orbital  equations  expressed  in  terms  of  the  Cartesian 
components  of  the  acceleration  vector  acting  on  the  satellite  is  called  the  Cowell 
Method.  In  both  the  Variation  of  Parameters  (VOP)  and  Intermediate  Orbit  ap- 
proaches, the  Cow'ell  equations  of  motion  are  reformulated  to  obtain  equations 
that  are  better  conditioned  for  numerical  integration.  In  the  VOP  approach,  a 
transformation  ir  made  to  a set  of  orbital  elements  which  provide  an  exact  solu- 
tion to  the  two-body  problem.  The  orbital  equations  expressed  in  terms  of  these 
elements  incluoe  variations  in  orbital  elements  arising  only  from  the  perturbing 
acceleration  vector,  i,  e. , the  point  mass  effects  o^  the  earth  are  integrated  ex- 
actly. In  cases  where  inaccurate  numerical  integration  of  the  point  mass  gravi- 
tational effect  of  the  earth  is  a significant  error  source  (e.  g. , geosynchronous 
orbits),  VOP  methods  are  superior  to  the  Cowell  Method. 

In  the  Intermediate  Orbit  approach,  an  approximate  solution  obtained  by  an 
analytic  theory  is  used  as  a reference  solution,  and  the  time  rate-of-change  of 
the  difference  between  the  true  solution  and  this  reference  solution  is  numerically 
integrated  to  'Obtain  an  improved  solution.  Intermediate  Orbit  methods  can  be 
developed  for  any  analytic  theory;  however,  only  two  Intermediate  Orbit  methods 
have  been  considered  for  implementation  in  GTDS.  The  first  is  the  Brouwer 
Intermediate  Orbit  with  only  first-order  short-period  terms  due  to  Jj  or  with 
the  first-order  short-  and  long-period  terms  and  second-order  secular  terms 
due  to  Jj.  The  second  method  is  a similar  orbit  developed  using  Poincare  var- 
iables so  that  orbits  of  low  ec^v.entricity  and  low  inclination  can  be  considered. 

The  Intermediate  Orbit  approach  should  be  optimal  lor  an  orbit  for  which  numer- 
ical inaccuracies  in  the  integration  of  the  element  rates  arising  from  two-body 
or  J2  effects  are  a major  error  source.  The  major  drawback  of  both  the  VOP 
and  Intermediate  Orbit  approaches  is  the  computational  cost  associated  with  the 
required  transformation  of  the  orbital  elements  to  and  from  the  Cartesian  state 
vector. 

Fixed-step  numerical  integration  is  inefficient  for  the  computation  of  highly 
eccentric  orbits  (i.e.,  eccentricity  greater  than  0.1)  if  time  is  used  as  the  inde- 
pendent variable.  For  such  applications,  an  automatic  mechanism  is  required 
to  force  a small  stepsize  in  the  region  of  larger  perturbations  and  a large  step- 
size  in  the  region  of  small  perturbations.  A variable -stepsize  option  is  avail- 
able in  GTDS;  however,  stepsize  changes  are  costly  and  frequently  introduce 
errors.  Therefore,  an  alternative  analytic  stepsize  control  meclutnism  is  also 
available.  In  this  procedure,  the  equations  of  motion  are  reformulated  in  terms 
of  a new  independent  variable  s instead  of  time  t,  such  that 

ds  oc  -i-  dt  (2-1) 

r" 
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where  r is  the  magnitude  of  the  satellite's  position  vector.  Thv.  effect  of  this 
transformation  is  to  "regularize"  the  independent  variable  so  that  fixed  steps 
in  s correspond  to  variable  steps  in  t that  are  smaller  when  r is  small  (i.e., 
where  the  perturbations  are  usually  larger)  and  larger  when  r is  large. 

Several  regularized  trajectory  generation  methods  are  currently  implemented 
in  GTDS.  The  Time-Regularized  Cowell  Method  was  developed  by  reformu- 
lating the  Cowell  orbital  equations  in  terms  of  the  independent  variable  s (with 
n = 3/2  as  the  default  value)  in  Equation  (2-1).  The  Kustaanheimo-Stiefel  (KS) 
Method  is  a regularized  VOP  formulation  which  uses  the  eccentric  anomaly 
as  the  independent  variable  (n  = 1 in  Equation  (2-1)).  The  Delaunay-Similar 
(DS)  Method  is  a regularized  VOP  formulation  in  which  the  true  anomaly  is 
used  as  the  independent  variable  (n  = 2 in  Equation  (2-1)).  This  form  of  ana- 
l5d;ic  stepsize  control  works  well  when  the  forces  vary  inversely  with  distance 
from  the  central  body.  The  DS  approach  has  the  strongest  regularization,  fol- 
lowed by  the  Time-Regularized  Cowell,  and  then  the  KS  Method.  The  chief  dis- 
advantage of  the  regularized  methods  is  that  they  require  numerical  integi'ation 
of  an  additional  equation,  the  time  equation.  For  orbits  with  low  eccentricity 
(i.e.,  less  than  0.1),  analytic  stepsize  control  is  not  needed  and  the  error  intro- 
duced by  numerical  integration  of  the  time  equation  may  even  degrade  the  solution. 

Special  perturbation  methods  are  also  included  in  GTDS  for  generation  of  a rxiean 
trajectory,  representing  only  the  long-term  evolution  of  the  orbit.  Numer- 
ical averaging  is  one  such  long-term  orbit  prediction  method  in  GTDS.  The 
numerical  averaging  method  is  a VOP  approach  in  which  the  short-periodic  per- 
turbing effects  are  numerically  averaged  out  of  the  equations  of  motion,  leaving 
only  the  long-term  motion  to  be  integrated.  The  cost  of  each  integration  step  is 
high,  but  is  usually  far  outweighed  by  the  large  stepsizes  that  are  possible  in  the 
integration  of  the  averaged  dynamics.  The  averaged  prediction  model  is  most 
efficient  for  applications  where  knowledge  of  the  short-period  perturbations  is 
not  required  (e.g.,  mission  analysis  or  prediction  of  tracking  station  acquisition 
times)  or  where  the  cost  of  numerically  integrating  the  precision  equations  of 
motion  is  prohibitively  high  (e.g.,  determination  of  gravitational  models  from 
large  amounts  of  tracking  data). 


2.2.2  Observation  Modeling 


Observation  measurements  provide  the  means  by  which  the  estimate  of  the  or- 
bit of  a spacecraft  is  compared  with  its  true  flight.  The  orbit  estimate  is  ex- 
pressed in  terms  of  the  conceptual  abstractions  of  position,  velocity,  and  time, 
whereas  the  observations  may  involve  measurements  of  some  physical  property 
of  electromagnetic  wave  propagations  between  the  tracking  station  and  the 
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spacecraft.  The  propagation  measurements  are  selected  such  that  they  can  be 
easily  related  (via  theoretical  postulates)  to  the  spacecraft  state.  This  process 
of  analytically  relating  the  measurement  quantities  to  the  spacecraft  state  is 
referred  to  as  "observation  modeling"  and  is  vitally  important  to  the  accuracy 
of  the  orbit  estimate. 

The  observation  models  i*'  GTDS  are  employed  in  the  differential  correction 
and  data  simulation  processes,  and,  as  shown  in  Figure  2-1,  the  algorithms  are 
presented  in  Chapter  7.  The  relationship  cf  these  models  to  the  GTDS  Data 
Simulation  Program  is  shown  in  Figure  2-3. 


2.2, 2.1  Observation  Types 

GTDS  provides  for  the  processing  of  the  following  types  of  observations: 

• Goddard  Range  and  Range-Rate  (GRARR)  radar  (including  the 
antenna  X and  Y gimbal  angles) 

• C-Band  radar  range,  azimuth,  and  elevation  data 

• Minitrack  interferometer  direction  cosine  data 

• Unified  S-Band  (USB)  radar  propagation  time  delay,  Doppler  shift, 
and  X and  Y gimbal  angle  data 

• Satellite-to-Satellite  Tracking  (SST)  propagation  time  delay  and  Doppler 
shift  data 


2.2.2. 2 Data  Preprocessing 

Before  introduction  into  GTDS,  data  from  the  GRARR,  C-Band,  and  Minitrack 
systems  undergo  considerable  preprocessing  to  convert  from  measured  quan- 
tities to  estimates  of  the  spacecraft  state  components  relative  to  the  track- 
ing station.  The  preprocessing  of  observation  data  is  normally  done  by  means 
of  a computer  program  completely  independent  of  GTDS,  Raw  data  are  converted 
from  the  form  received  from  the  tracking  stations  to  forms  suitable  for  storage 
in  the  data  base  and  for  use  in  GTDS.  Wild  points  are  edited  out,  calibration 
corrections  are  applied  to  eliminate  known  instrumentation  errors,  ambiguities 
in  the  data  measurement  and/or  recording  are  resolved,  conversions  are  made 
from  the  measurement  units  to  units  which  are  more  physically  meaningful  or 
convenient,  and  the  data  are  optionally  smoothed  and  possibly  compacted  if  large 
amounts  of  raw  data  are  measured. 
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Figure  2-3.  Schematic  Diagram  of 
the  Data  Simulation  Process 
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More  specifically,  this  preprocessing  includes: 

• Two-way  propagation  time  delay  conversion  to  approximate  one-way 
(instantaneous)  relative  ranges 

• Doppler-plus-bias  cycle  count  conversion  to  approximate  one-way 
(instantaneous)  relative  range  rate 

• C-Band  radar  gimbal  angle  conversion  to  line-of~ sight  azimuth  and 
elevation  angles 

• Minitrack  interferometer  frac^’onal  phase  count  augn'^entation  with 
whole  cycle  counts  to  resolve  axubiguities,  and  conversion  into  line- 
of-sight  direction  cosines  relative  to  the  station  e st-west  and  north- 
south  baselines 

The  modeling  within  GTDS  is  thus  greatly  simplified.  It  is  only  necessary 
to  compute  the  £^)prcpriate  quantity  from  the  relative  position  vector  between 
the  tracking  station  and  the  spacecraft  in  local  tangent  coordinates. 

The  minimal  preprocessing  of  USB  and  SST  data  consists  of  simple  reformatting 
and  conversion  of  reference  frequency  cycle  counts  to  time  intervals. 

2.2.2.S  Observation  Models 

The  GTDS  observation  modeling  requires  rigorous  iterative  solutions  for  the 
two-way  USB  propagation  paths  and  for  the  round-trip  propagation  path  from 
the  ground  radar  to  the  synchronous  relay  satellite  to  the  target  satellite  and 
back  for  SST.  These  finite  speed  propagation  paths  are  computed  as  straight 
lines  in  inertial  coordinates.  A round-trip  circuit  represents  the  modeling  of 
the  "range"  time  delay  measurement,  and  two  round-trip  circuits  are  necessary 
to  model  the  Doppler  measuremouts  in  terms  of  the  round-trip  light  time  differ- 
ence. The  USB  Doppler  measurement  is  implemented  as  a nondestruct  count, 
whereas  thi3  SST  measurement  is  implemented  in  the  form  of  either  a destruct 
or  a nondestruct  count. 

All  of  these  observation  models  assume  vacuum  propagation  of  the  electro- 
magnetic wave.  Corrections  to  the  actual  observations  are  computed  for  the 
refraction  effects  due  to  the  presence  of  the  atmosphere  (the  nondispersive 
troposphere  and  the  dispersive  ionosphere).  In  addition,  other  corrections  to 
the  observations  are  estimated  for  tracking  antenna  location  errors  and  space- 
craft transponder  delay  characteristi'is. 
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The  modeling  of  the  observations  also  includes  the  calculation  of  the  partial 
derivatives  with  respect  to  the  solve-for  and  consider  variables.  Variations  of 
all  the  variables  except  two,  the  tracking  station  locations  and  the  tracking  data 
biases,  result  in  changes  in  the  estimate  of  the  spacecraft  orbit.  For  the  re- 
maining variables,  the  partial  derivatives  of  the  observations  are  computed  in 
terms  of  variations  of  the  spacecraft  state  at  the  time  of  the  tracking  signal 
turnaround.  This  variation  with  respect  to  the  local  state  is  then  related  back 
to  the  epoch  time  via  the  appropriate  elements  of  the  state  transition  matrix. 
This  matrix  maps  changes  in  the  initial  state  vector  components  into  changes 
in  spacecraft  state  components  at  any  subsequent  time  of  interest.  Elements 
of  this  state  transition  matrix  are  calculated  by  numerical  integration  of  the 
variational  equations  associated  with  the  trajectory. 


2.2.3  Estimation  Techniques 

As  stated  in  Section  2. 1. 1,  the  primary  estimation  algorithm  available  in  GTDS 
is  called  the  weighted  least  squares  with  a priori  or  Bayesian  weighted  least 
squares  algorithm  (see  Chapter  8).  This  algorithm  minimizes  the  sum  of  the 
squares  of  the  weighted  residuals  between  actual  and  computed  observations, 
while  simultaneously  constraining  the  state  to  satisfy  an  a priori  state  to  with- 
in a specified  uncertainty.  The  iterative  estimation  process  differentially 
corrects  the  estimated  variables  and  ultimately  determines  the  weighted  least 
squares  solution.  Both  first-  and  second-order  statistics  (i.  e. , the  mean  and 
covariance  matrices)  are  determined  for  the  estimated  variables. 

A second  method  available  in  GTDS  is  the  Extended  Kalman  Filter  (EKF)  se- 
quential estimator  (see  Chapter  8).  Several  features  have  been  incorporated 
to  prevent  divergence  due  to  model  errors  in  the  dynamics  or  measurements. 
These  vary  from  artifically  consiraining  the  covariance  gain  to  using  adaptive 
techniques. 

Two  classes  of  variables  can  be  accommodated  in  the  statistical  computations. 
The  first  class,  called  solve-for  variables,  includes  model  parameters  whose 
values  are  known  with  limited  certainty  and  are  being  estimated.  The  second 
class,  called  consider  variables,  includes  model  parameters  which  are  not 
being  estimated,  but  whose  uncertainty  will  affect  the  statistics  of  the  solve- 
for  variables.  Model  parameters  hich  can  be  included  in  either  the  solve-for 
or  consider  classes  include  the  following: 

• Position  and  velocity  components  of  the  spacecraft  in  Cartesian, 
Keplerian,  or  spherical  coordinates 

• Atmospheric  drag  parameters 
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• Solar  radiation  pressure  parameter 

• Gravitational  potential  coefficients 

• Thrust  parameters 

• Tracking  station  locations 

• Observation  biases 

Specified  subsets  of  the  spacecraft  position  and  velocity  components  can  option- 
ally be  estimated  in  mean  of  1950. 0 or  true  of  date  inertial  Cartesian  coord- 
inates, classical  orbital  elements,  spherical  coordinates,  or  Definitive  Orbit 
Determination  System  (DODS)  type  elements  (Reference  1). 

GTDS  can  also  operate  in  an  error  analysis  mode,  wherein  only  the  covariance 
matrix  of  the  solve- for  variables  is  differentially  corrected  and  propagated 
through  the  process.  The  error  analysis  process,  shown  in  Figure  2-4,  relies 
heavily  on  functions  in  the  differential  correction  process,  such  as  the  computa- 
tion of  observations  and  the  update  of  the  normal  matrix.  The  solve-for  variables 
are  unchanged  from  their  a priori  specified  values.  In  this  mode,  only  the  un- 
certainties of  the  tracking  data,  not  the  data,  sire  required.  This  mode  permits 
simulation  and  analysis  of  the  uncertainties  resulting  from  the  estimation  process 
prior  to  mission  operations. 


2.2.4  Early  Orbit  Determination 

Occasionally,  a priori  state  value  estimates  of  sufficient  accuracy  to  yield  con- 
vergence of  the  iterative  process  are  unavailable,  as  when  mission  anomalies 
occur  and  preflight  estimates  of  the  state  are  no  longer  valid.  For  such  cases, 
GTDS  has  the  capability  of  rapidly  determining  approximations  of  the  spacecraft's 
position  and  velocity  from  a limited  amount  of  early  tracking  data.  These  approx- 
imations provide  s.arter  values  for  the  differential  correction  process. 

Three  early  orbit  approximation  methods,  described  in  Chapter  9,  are  available 
in  GTDS.  These  methods  are:  (1)  the  Gauss  Method,  (2)  the  Double  r-Iteration 
Method,  and  (3)  the  Range  and  Angles  Method.  The  Gauss  and  Double  r-Iteration 
Methods  use  three  sets  of  radar  gimbal  angle  observations  to  determine  the  state 
vector.  The  Range  and  Angles  Method  uses  multiple  sets  of  radar  range  and 
gimbal  angle  data  to  obtain  the  state  vector. 
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Figure  2-4.  Schematic  Diagram  of 
the  Error  Analysis  Process 
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2.2.5  Optional  Modes  of  Operation 

Each  of  the  programs  which  make  up  GTDS  can  be  utilized  in  a number  of  dif- 
ferent modes,  depending  on  the  needs  of  the  user. 

The  Ephemeris  Generation  Program  can  be  used  to  propagate  a vehicle  state 
from  a given  epoch  to  some  specified  time.  This  program  is  useful  for  several 
purposes: 

• To  generate  a spacecraft  ephemeris  report  on  the  online  printer 

• To  generate  a spacecraft  ephemeris  tape  in  either  the  ORBIT,  EPEEM, 
or  ORBl  (for  Cowell  integration  only)  format 

• To  perform  vehicle  lifetime  studies 

• To  generate  state  partial  derivatives  over  a given  time  span 

The  Differential  Correction  Program  employs  a Bayesian  weighted  least  squares 
algorithm  to  estimate  vehicle  state,  various  force  model  parameters,  and  non- 
dynamic parameters  such  as  station  locations  and  observation  biases.  The 
Differential  Correction  Program  uses  the  Ephemeris  Generation  Program  with 
any  of  the  available  orbit  theories  to  satisfy  integration  requirements.  The  Dif- 
ferential Correction  Program  can  also  be  used  to: 

• Determine  a definitive  orbit  during  near  real-time  operational  mission 
support  or  during  postflight  support 

• Determine  better  estimates  of  the  harmonic  coefficients,  the  coefficient 
of  drag,  the  solar  radiation  constant,  etc. 

• Save  the  results  of  a differential  correction  in  the  form  of  updated  ele- 
ments on  an  elements  file  or  an  orbit  history  on  an  ORBl,  EPHEM,  or 
ORBIT  File 

The  Data  Simulation  Program  is  designed  to  compute  simulated  observations 
at  a specified  frequency  for  given  sets  of  tracking  stations  and  observation  in- 
tervals. The  program  can  create  observational  data  in  either  the  DODS  or 
GTDS  format.  Simulated  data  are  useful  for  controlled  tests  which  require 
that  iii8  data  conform  to  certain  criteria  (e.g.,  particular  force  model,  biases, 
or  corrections  for  particular  portions  of  the  orbit).  The  Data  Simulation  Pro- 
gram aF^ws  the  observation  tracking  schedule  to  be  specified  in  one  of  the  four 
followL  orms: 

• Periodic  detailed  schedule 

• Spacecraft  pass 

• Function  of  special  events 

• Function  of  times  on  actual  observation  tape 
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The  Data  Simulation  Program  also  provides  for  random  and  bias  errors  in 
the  'computed  observations  as  well  as  the  effects  of  atmospheric  refraction, 
antenna  mount  errors,  transponder  delays,  and  light  time,  it  uses  the  same 
modeling  algorithms  employed  by  the  Differential  Correction  Program  and  data 
from  the  GTBS  ORBIT  File  to  compute  observations. 

The  Error  Analysis  Program  provides  the  capability  to  perform  analysis  of 
tracking  errors  for  an  arbitrary  orbit,  given  the  station-dependent  tracking  sche- 
dule and  other  scheduling  information.  The  program  provides  a variety  of  sta- 
tistical output  reports,  including  the  following; 

• The  epoch  covariance  matrix  and  correlation  coefficients  associated 
with  an  entire  tracking  span,  and  standard  deviations  associated  with 
elements  and  solve-for  parameters  in  various  coordinate  systems. 
Sensitivity  information  about  the  consider  parameters  and  the  noise 
effect  on  the  epoch  state  is  also  available. 

• The  user  may  optionally  requtjst  that  the  epoch  covariance  matrix  and 
sensitivity  matrix  be  mapped  vo  requested  times.  Trajectory  standard 
deviations  and  the  root  sum  square  of  position  and  velocity  sigmas  are 
provided  at  each  mapping  time.  At  the  last  mapping  time,  the  covariance 
matrix  and  associated  correlation  coefficients  are  also  printed. 

The  Error  Analysis  Program  uses  the  Data  Simulation  Program  tracking 
schedule,,  the  differential  correction  matrix  accumulation,  and  data  from  the 
GTDS  ORBIT  File  to  construct  the  required  statistical  matrices. 


2.3  SPACECRAFT  DYNAMICS 

In  order  to  accommodate  the  varjnng  reauirements  at  GSFC  in  near-earth, 
lunar,  and  interplanetary  mission  analysis,  the  GTDS  dynamic  model  includes 
the  following  acceleration  sou^'ces: 

• N-Body  Point  Mass  Gravitational  Accelerations  - These  include  all 
planets  in  the  solar  system,  the  sun,  and  the  earth's  moon. 

« Nonspherical  Gravitational  Accelerations  - The  nonspherical  gravi- 
tational acceleration  model  allows  the  inclusion  ofuptoa2ix21 
potential  field  for  the  earth  and  moon.  The  Acceleration  due  to  the 
mutual  nonspherical  gravitational  attraction  of  the  earth  and  moon 
can  also  be  included, 

• Aerodynamic  Force  Accelerations  - The  aerodynamic  force  acceler- 
ation model  for  the  earth  includes  a dynamic  atmosphere  model  which 
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accounts  for  variations  in  the  solar  flux  on  the  earth* s upper  atmosphere. 
A modified  Harris-Priester  model  and  Robert's  analytical  formulation  of 
the  Jacchia  (1971)  model  are  available. 

• Solar  Radiation  Accelerations  - The  solar  radiation  model  includes 
shadovdng  and  variations  with  distance  from  the  sun. 

• Attitude  Control  System  Accelerations  - A generalized  model  is  included 
to  account  for  the  small  accelerations  resulting  from  the  use  of  attitude 
control  systems. 

• Thrusting  Maneuver  Accelerations  - A generalized  model  is  included  to 
account  for  the  accelerations  resulting  from  propulsive  maneuvers. 

• Replacement  Accelerations  - Provision  is  made  for  replacing  all  non- 
potential accelerations  with  the  total  acceleration  measured  by  onboard 
accelerometers. 

The  reference  coordinate  system  for  the  equations  of  motion  is  optionally 
either  the  mean  equator  and  equinox  of  1950.0  or  a true  of  date  systi^m  at  a 
specified  epoch.  Coordinate  transformations  account  for  precession,  nutation, 
and  polar  motion  of  the  earth*s  spin  axis.  Planetary  positions  are  determined 
• from  a peripheral  epherneris  file  containing  Chebyshev  pol5momial  coefficients 
derived  from  JPL  ephemeris  data. 

The  program  is  provided  with  a "flight  sectioning"  capability,  wherein  the  com- 
plete trajectory  arc  can  be  partitioned  into  multiple  eubarcs.  The  dynamic 
model  options,  numerical  integration  characteristics,  and  output  quantities  and 
frequency  can  be  suitably  tailored  for  each  subarc.  The  criteria  for  crossover 
from  one  subarc  to  the  next  are  based  on  either  time  oi*  spatial  conditions  which 
can  be  specified  for  each  subarc. 

The  state  transition  matrix,  required  by  the  estimator  algorithm,  is  obtained 
by  numerically  integrating  the  variational  equations.  A Cowell  predictor- 
corrector  numerical  integration  algorithm  is  used  to  integrate  the  second  order 
equations  of  motion  and  associated  variational  equations.  Automatic  or  semi- 
automatic error  control  is  provided  by  adjusting  the  integration  stepsize  by 
using  a time-regularization  process. 

Various  options  are  provided  in  the  dynamic  models  and  numerical  integra- 
tion alt  'rithms  to  give  the  versatility  to  accommodate  both  high-speed  near 
real-time  applications  and  precision  postflight  applicadons. 
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2.4  NEAR  REAL-TIME  OPERATION  AND  POSTFLlGHT  PROCESSING 

To  pi'^vido  operational  support,  GTDS  includes  a near  real-time  capability  with 
interactive  graphics  report  and  control  facilities.  The  interactive  capabilities 
allow  the  user  to  edit  individual  data  point?  based  on  graphical  displays  of  their 
residuals;  to  modify  iterative  convergence  criteria;  to  modify  editing  criteria 
such  as  data  time  spans,  processing,  rates,  data  types,  etc. ; or  even  to  change 
modes  during  a run. 

Near  real-time-  operation  usually  necessitates  a compromise  in  computational 
precision  compared  with  that  generally  achieved  during  postflight  processing. 
Several  options  are  included  for  this  purpose.  These  options  permit  more  rapid 
computation  without  seriously  jeopardizing  precision,  and  effect  orbit  generator 
type  selection,  model  approximation,  and  control  over  the  number  of  variables 
being  estimated  or  considered. 
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CHAPTER  3 

COORDINATE  AND  TIME  SYSTEMS 


The  orbit  deter  mlnation  process  m solves  measurements  that  are  taken  and  forces 
that  are  modeled  in  several  different  space  and  time  coordinate  systems.  This 
chapter  defines  these  systems  and  gives  the  necessary  transformations  between 
them. 

3.1  GENERAL  COMMENTS  AND  DEFINITIONS 

The  GTDS  coordinate  systems  consist  of  the  fundamental  astronomical  reference 
systems  and  other  systems  that  were  originally  borrowed  from  aeronautics  or 
originated  from  special  requirements  of  space  exploration.  Requirements  for 
different  coordinate  systems  occur  from  the  following  three  sources; 

• input  ditsL 

• internal  computations 

• output  requirements . 

For  example,  the  input  ephemerides  of  the  planets  are  heliocentric  and  refer  to 
the  mean  equator  and  equinox  of  1950.0.*  The  input  observational  data  are  in  a 
topocentric  coordinate  system.  The  integration  is  done  in  either  geocentric, 
selenocentric,  planeto centric,  or  heliocentric  rectangular  coordinates  referred 
to  the  mean  equator  and  equinox  of  1950.0  or  of  a specified  epoch.  The  force 
model  includes  terniS  referred  to  a coordinate  system  that  is  fixed  in  the  rotat- 
ing earth  and  terms  that  are  referred  to  the  moon  and  planets.  The  output  re- 
quirements may  be  osculating  elements  with  respect  to  the  earth,  moon,  or 
planets.  These  specific  coordinate  syctems  are  defined  and  discussed  later  in 
this  chapter. 

Since  several  different  coordinate  systems  are  used  in  GTDS,  these  systems 
must  be  defined  ar»u  provision  must  be  made  for  transforming  from  »ne  coordinate 
system  to  another.  A coordinate  system  is  defined  by  specifying  the  origin  of  the 
coordinates,  a reference  pLme,  and  a principal  direction  in  the  reference  plane. 

This  specification  of  the  reference  plane  includes  an  identf/ication  of  the*  positive, 
or  north,  or  outward  sense  along  the  normal  to  the  plane.  The  reference  plane 
is  an  equivalence  class  of  mutually  parallel  planes.  For  example,  the  equator  is 
defined  to  be  the  plane  normal  to  the  earth’s  axis  of  rotation.  Usually,  this  plane 
contains  the  earth's  center  of  mass;  however,  in  selenocentric  equatorial  coordinates 

The  beginning  of  the  Bessetian  solor  year  is  denoted  by  the  notation  .0  after  the  year.  The  nota- 
tion 1950.0  corresponds  to  January  05^923,  1950  ephemeris  time.  For  o detailed  explanation,  see  Ref- 
erence 1,  pages  22,  30,  and  69. 
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the  parallel  plane  contains  the  moon^s  center  of  mass , To  avoid  any  such  diffi- 
culty, the  celestial  sphere  of  infinite  radius  is  Introduced,  and  the  celestial 
equator  is  the  intersection  of  the  equatorial  plane  with  the  celestial  sphere. 

This  is  another  way  of  identifying  the  equivalence  classes  of  parallel  planes  and 
parallel  lines.  The  reference  plane  often  refers  to  that  member  of  the  equiva- 
lence class  that  contains  the  origin  of  coordinates.  The  corresponding  statement 
holds  for  the  equivalence  of  parallel  lines  in  defining  a principal  direction. 

The  designations  of  coordinate  systems,  according  to  the  location  of  the  origin, 
are  given  in  the  following  table: 

Origin  of  Coordinates  Designation  of  System 


Topocentric 
Geocentric 
Selenocentric 
Heliocentric 
Baryoentric 

The  following  reference  planes  are  used: 


The  observer 
The  center  of  the  earth 
The  center  of  the  moon 
The  center  of  the  sim 
The  center  of  mass 


• The  Horizon.  Without  further  designation,  the  horizon  is  the  plane 
tangent  to  the  oblate  ellipsoid  earth  model  at  a specified  point  on  the 
surface.  The  outward  normal  is  directed  away  from  the  earth  model. 

For  topocentric  coordinates,  the  reference  plane  is  the  geographic 
horizon  corresponding  to  the  point  on  the  earth  model  whose  normal 
passes  through  the  observer. 

• "I'he  Equator.  The  equator  is  the  earth’s  equator,  unless  otherwise  speci- 
fied. This  is  the  plane  normal  to  the  earth’s  axis  of  rotation,  and  north 
is  in  the  direction  of  the  angular  velocity  vector  of  the  rotation,  also 
called  the  celestial  pole.  The  moon's  equator  is  defined  In  a 
corresponding  way. 

• The  Plane  of  an  Orbit.  The  plane  of  an  orbit  is  defined  by  two-body 
motion  and  north  is  the  direction  of  the  angular  momentum.  In  the  prob- 
lem of  more  than  two  bodies,  the  osculating  plane  corresponds  to  the 
state  at  a given  epoch  or  the  mean  plane  that  has  the  periodic  perturba- 
tions removed. 

• The  Ecliptic.  The  ecliptic  is  the  earth-sun  orbital  plane  and  is  jl  special 
case  of  the  plane  of  an  orbit.  North  is  the  direction  of  the  system’s  angu- 
lar momentum,  also  called  the  ecliptic  pole. 
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The  principal  direction  is  usually  specified  by  giving  the  sense  along  the  inter- 
section  of  the  reference  plane  with  some  other  plane.  The  other  plane  may  be 
a mer'dian  plane,  an  equatorial  plane,  or  another  orbital  plane.  A meridian 
plane  is  defined  as  any  plane  that  contains  the  axis  of  rotation  of  one  of  the 
principal  gravitating  bodies.  Commonly  used  meridians  of  the  earth  and  moon 
which  are  used  to  determine  principal  directions  are: 

• The  Greenwich  or  Prime  Meridian.  The  Greenwich  meridian  is  the 
earth*s  meridian  plane  that  passes  through  the  former  Royal  Observatory 
at  Greenwich,  Ei^land. 

• The  Lunar  Prime  Meridian.  The  lunar  prime  meridian  is  the  moon^s 
meridian  plane  that  passes  throu^the  mean  center  of  the  apparent  lunar 
disk  (that  point  on  the  lunar  surface  that  would  be  intersected  by  the 
earth-mooR  line,  were  the  moon  to  be  at  the  mean  ascending  node  when 
this  node  coincided  with  either  the  mean  perigee  or  the  mean  apogee). 

• The  Local  Meridian.  The  local  meridian  is  the  earth’s  or  moon’s 
meridian  plane  that  passes  through  the  observer's  position.  This  con- 
cept is  not  meaningful  when  the  observer  is  situated  on  the  axis  of 
rotation. 

Other  principal  directions  frequently  used  in  astronomy  are: 

• The  Vernal  Equinox  or  Equinox.  The  equinox  is  the  fundamental  principal 
direction  used  in  astronomy.  It  is  defined  as  the  intersection  of  the 
ecliptic  and  the  earth’s  equator  with  the  positive  sense  being  from  the 
earth  to  the  sun  as  the  sun  crosses  the  equator  from  south  to  north. 

• The  Ascending  Node.  The  ascendir^  node  is  the  intersection  of  an  orbital 
plane  and  the  reference  plane  with  the  positive  sense  being  from  the  origin 
toward  the  orbiting  body  as  it  crosses  the  reference  plane  from  the  south 
to  the  north.  Thus,  the  vernal  equinox  is  an  ascending  node. 


3.2  COORDINATE  SYSTEM  DESCRIPTIONS 

3.2.1  Body- Centered  Equatorial  Inertial  (Geocentric,  Selenocentric,  or 
Planetocentric) 


Origin: 

Reference  Plane: 
Principal  Direction: 


Center  of  the  reference  body 
Equatorial  plane  of  earth  at  epoch 
Vernal  equinox  of  epoch 
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Figure  3-1.  Body-Centered  Inertial 
Coordinate  System 

Rectangular  Cartesian  Coordinates  (See  Figure  3-1): 
x-axis  ~ the  principal  direction 

y-axis  the  normal  to  the  x and  z axes  to  form  a right-handed  system 
z-axis  ~ the  normal  to  the  equatorial  plane  of  epoch  in  the  direction  of  the 
angular  momentum  vector. 

Within  the  following  formulation,  R,  X,  Y,  and  Z designate  the  position  vector  and 
Cartesian  coordinates  referred  to  the  mean  equator  and  equinox  of  1950.0.  Simi-= 
larly,  r^,  x^,  y^,  and  z^  designate  the  position  vector  and  Cartesian  coordinates 
referred  to  the  mean  equator  and  equinox  of  epoch  and  r,  x,  y,  and  z designate 
the  position  vector  and  Cartesian  coordinates  referred  to  the  true  equator  and 
equinox  of  epoch. 

Spherical  Polar  Coordinates: 

r radial  distance  from  the  origin  to  the  point  being  measured 
a ~ right  ascension  measured  east  from  the  vernal  equinox,  tan“^  (y/x) 

S . declination  measured  north  from  the  equator,  sin"  ^ (z/r) 

3.2.2  Body- Centered  Rotating 


Origin: 

Reference  Plane; 
Principal  Direction: 


Center  of  the  reference  body 

Equatorial  plane  of  reference  body  epoch 

Intersection  of  the  prime  meridian  with  the  equator 
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Figure  3-2-  Body-Centered  Rotating 
Coordinote  System 

Rectangular  Cartesian  Coordinates  (see  Figuire  3-2): 

Xj^-axis  ~ the  principal  direction 

axis  ~ the  normal  to  the  x^  and  axes  to  form  a right-handed  system 
Zfc,  -axis  ~ the  normal  to  the  equatorial  pl;me  of  epoch  in  the  direction  of  the 
north  celestial  pole 

Spherical  Polar  Coordinates: 

r ~ radial  distance  from  the  origin  to  the  point  being  located 
\ ~ longitude  angle  measured  east  from  the  prime  meridian, 
tan-i  (yb/x^^ 

4>'  geocentric  latitude  angle  measured  north  from  the  equator, 
sin“*  (z^/rj 

Geodetic  Coordinates 

h height  measured  normal  to  local  body  surface  to  the  point 
being  located 

longitude  angle  described  above 
0 geodetic  latitude  angle  measured  north  from  the  equatorial 
plane  to  the  vector  normal  to  the  ellipsoidal  body  surface 
passing  through  the  point  being  located  (see  Figure  3-2) 

3.2.3  Local  Plane  System 

Origin:  Center  of  reference  body  (see  Figure  3-3) 

Reference  Plane:  Plane  containing  r,  the  geocentric  position  vector 

to  point  P,  and  the  z-axis 

Principal  Direction:  Geocentric  position  vector  to  point  P 
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Figure  3-3.  Local  Plane  Systerri 


Rectangular  Cartesian  Coordinates  (see  Figure  3-3) 

X jp-axis  ~ directed  along  geocenti  ic  position  vector  to  point  P 
y^p  -axis  ~ the  axis  displaced  from  the  Inertial  y-axis  by  the  origin's  right 
ascension  and  lying  in  the  equatorial  plane 
Zjp  -axis  ~ the  north  pointed  axis  lying  in  the  reference  plane  normal  to 
the  principal  direction. 

Spherical  Velocity  Coordinates: 

V ~ the  velocity  vector's  magnitude  ( | r | ) 

A the  azimuth  angle  measured  clockwise  from  the  z^p-axis  to  the 
projection  of  the  velocity  vector  onto  the  yjp  -z^p  plane. 

/3  ~ the  flight  path  angle  measured  from  the  Xj^  -axis  to  the 
velocity  vector. 

2.2.4  Topocentric  Local  Tangent  (East/North/Up) 

Origin:  Observer  (topocentric) 

Reference  Plane:  Plane  tangent  to  the  eUipsoidal  earth  model  at 

the  observer 

Principal  Direction:  Vector  in  reference  plane  pointed  north 

Rectangular  Cartesian  Coordinates  (See  Figure  3-4): 

X -axis  the  axis  lying  in  the  reference  plane  that  points  east 
y -axis  the  principal  direction 

z j ^ -axis  the  upward  direction  along  the  geodetic  vertical 
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Figure  3-4.  Topocentric  Coordinates 
Spherical  Position  Coordinates: 

(The  origin  coincides  with  the  tracking  station  and  p is  directed  at  satellite) 

P the  station  to  spacecraft  range 

A ~ the  azimuth  angle  measured  clockwise  from  the  principal  direction  to 
to  the  projection  of  the  position  vector  in  the  reference  plane 
E ~ the  elevation  angle  measured  from  the  reference  plane  to  the  station- 
to- spacecraft  position  vector 

3.2r5  Orbit  Plane 


Origin:  Center  of  the  reference  body 

Reference  Plane:  The  plane  of  the  orbit 

Principal  Direction:  The  radius  vector  from  the  origin  to  the  satellite 

x^p-axis  the  principal  direction 

v^p  -axis  ~ in  the  orbital  plane  90  degrees  ahead  of  the  satellite  in  the  sense 
of  the  motion 

z^p  -axis  the  direction  along  the  vector  r x r 

The  following  two  alternative  orbit  plane  systems  are  defined.  Both  have  the 
same  origin  and  reference  plane  as  the  basic  system  described  above. 

• The  Keplerian  system,  denoted  by  x , y and  , has  its  Xp  -axis 
(principal  direction)  directed  towarcfs  tlie  perifocus  of  the  satellite 
orbit  (see  Figures  3-5  and  3-6). 
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Origin  of  Longitudes 


Figure  3-5-  Orbit  Plane  Coordinates 


• The  equinoctial  system,  denoted  by  x^p,  y^p  , and  z ^p,  has  its  x^p-axis 
(principal  direction)  directed  towards  the  "origin  of  longitudes."  The 
"origin  of  longitudes"  lies  in  the  plane  of  the  orbit  and  is  displaced  by 
the  angle  H from  the  ascending  node  N,  where  ^ is  the  right  ascension 
of  the  ascending  node.  Unit  vectors  along  the  coordinate  directions 
X ep»  Yep  aiid  z ep  aTc  denoted  by  f,  g and  w respectively. 

3.2.6  Orbital  Elements 

Three  types  of  orbital  coordinates  are  presented  below  wMch  can  be  used  to 
describe  closed  orbits.  Two  sets  of  equinoctial  and  Herrick  elements  are  defined 
such  that  the  elements  and  the  corresponding  equations  of  motion  aro  non- 
singular for  inclinations  of  both  0 degrees  (direct  set)  and  180  degrees  (retro- 
grade set). 

Keplerian  Elements  (see  Figures  3-5  and  3-6): 
a the  semimajor  axis 

e the  eccentricity  specifying  the  elongation  of  the  orbital  conic  section 
i the  inclination  specifying  the  orientation  of  the  satellite's  orbital  plane 
with  respect  to  the  equator  of  the  central  body 
Q '^the  right  ascension  of  the  ascending  node,  l.e.,  the  angle  measured 
eastward  along  the  equator  between  the  vernal  equinox  and  the  point 
where  the  satellite  crosses  the  equator  traveling  in  a northerly 
direction 
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Figure  3-6.  Orbital  Parameters 


cu~the  argument  of  perigee,  i.e.,  angle  between  the  ascending  node  and  the 
perifocal  point  measured  positive  with  increasing  mean  anomaly 
M'^the  mean  anomaly,  i*e.,  the  sum  of  the  mean  anomaly  at  epoch  and  the 
product  of  the  mean  motion  and  the  elapsed  time  from  epoch. 

Equinoctial  Elements  (see  Figure  3-5): 

a ~ the  semimajor  axis 

h ~ the  projection  of  the  vector  e on  the  y^p  -axis 
k ~ the  projection  of  the  vector  e on  the  x^^-axis 
p the  projection  of  the  vector  N on  the  y^p  -axis 
q the  projection  of  the  vector  N on  the  x -axis 
^ the  mean  longitude 

where 

e ~ eccentricity  vector  pointing  in  the  direction  of  the  Xp-axis  (perifocus) 

_ and  having  a magnitude  equal  to  the  eccentricity,  e 
N ~ nodal  vector  pointing  in  the  direction  of  the  ascending  node  and  having 
a magnitude  equal  to 


where  i denotes  the  orbital  inclination  and  j = +1  for  direct  orbits,  and 
j = -1  for  retrograde  orbits 

Herrick  Elements: 

e*  ~ the  eccentricity  vector  (defined  above)  expressed  in  inertial  Cartesian 
coordinates 
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Figure  3-7.  Vehicle- Fixed  Coordinates 


I ~ the  angular  momentum  vector  divided  by  where  fx  is  the  gra’i.tational 
constant,  i.e., 

/jr 

The  vector  ^ is  expressed  in  inertial  Cartesian  coordinates, 
n ~ the  Kepler  mean  motion 
\ ~ the  mean  longitude 

(Note:  Only  six  of  the  eight  seal^  components  above  are  independent.  Single 
components  of  the  vectors  e and  ^ are  dependent  upon  the  remaining  six  elements.) 

3,2,7  Vehicle-  Fixed 


Origin:  Center-of-gravity  of  the  spacecraft 

Reference  Plane:  Plane  containing  the  longitudinal  and  vertical  axes 

defined  by  the  spacecraft  designer 

Principal  Direction:  Longitudinal  axis  directed  toward  front  of  spacecraft 

Rectangular  Cartesian  Coordinates  (see  Figure  3-7) 

x^-axis  the  longitudinal  (roll)  axis  along  principal  direction 
y^-axls  the  lateral  (pitch)  axis 

2 y-axis  the  vertical  (yaw)  axis 

3.3  SPECIFIC  TRANSFORMATIONS 

The  spacecraft’s  state  vector  at  a given  time  is  obtained  by  integrating  the  equa- 
tions of  motion.  The  equadons  of  motion  equate  the  acceleration  of  the  vehicle 
to  the  sum  of  the  various  accelerations  acting  on  the  vehicle,  and  are  valid  only 
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in  an  inertial  reference  fraiae.  However,  Ibe  principal  acceleration  sources 
which  act  on  the  vehicle,  i.e.»  gravity  and  aerodynamic  drag,  are  most  easily 
expressed  in  terms  of  a body-fixed  system,  Tue  inertial  position  and  velocity 
must  therefore  be  transformed  to  body-fixed  coordinates  for  use  in  computing 
the  gravity  and  drag  accelerations.  These  accelerations,  expressed  in  terms  of 
body- fixed  axes,  must  then  be  transformed  to  the  inertial  coordinate  system  for 
use  in  the  numerical  integration  process.  The  tracking  measurement  computa- 
tions, used  in  the  estimation  process,  also  require  body-fixed  position  and 
velocity  coordinates  of  the  spacecraft.  Thus,  one  of  the  most  basic  transforma- 
tions in  GTDS  is  that  between  the  inertial  coordinate  system  and  the  bod^^-fixed 
system.  The  following  coordirite  systems  are  also  used  in  GTDS  to  express 
spacecraft  position,  velocity  aad/or  acceleration  for  various  purposes. 

• Body-Centered  Equatorial  Inertial:  This  system,  when  ’’frozen”  at  a 
specified  date,  provides  the  basic  coordinates  for  expressing  the  equations 
of  motion  derived  from  Newton*  slaws.  In  GTDS  the  1950.0  reference 
date  is  used  to  locp.to  the  planets,  moon,  and  spacecraft. 

• Body- Centered  Rotating:  This  system  is  used  to  characterize  the  gravi- 
tational field  and  the  atmospheric  properties  of  the  body. 

• Local  Plane:  This  system  is  used  to  orient  the  spacecraft  velocity 
vector. 

• Topocentric  Local  Tangent:  This  system  is  used  to  characterize  ground 
based  radar  tracking  observations  of  the  spacecraft, 

• Orbit  Plane:  This  system  is  used  to  characterize  the  spacecraft  orbital 
position  and  motion. 

• Vehicle- Fixed:  This  system  is  used  to  characterize  propulsive  and 
aerodynamic  forces  acting  on  the  spacecraft. 

In  the  following  subsections,  the  transformation  between  the  mean  equator  and 
equinox  of  1950,0  Inertial  coordinate  system  and  the  body- fixed  system  is  pre- 
sented. This  is  followed  by  descriptions  of  transformations  relating  the  inertial 
coordinates  to  the  various  other  coordinate  systems  used  in  GTDS. 

3.3.1  1950.0  Inertial  to  True  of  Date 

The  equinox  is  defined  as  the  intersection  of  the  planes  of  the  earth*s  equator 
and  the  ecliptic.  The  equator  is  defined  as  being  nor  mail  to  the  earth’s  polar  axis. 
The  motion  of  the  equinox  is  due  to  the  combined  motions  of  the  two  planes,  the 
equator  and  the  eclipti  c,  that  define  it.  The  motion  of  the  celestial  pole  or  of 
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the  equator  is  due  to  the  gravitational  attraction  of  the  sun  and  moon  on  the 
earth's  eqoatoriaJ  bulge.  It  consists  of  two  components:  lunisolar  precession 
and  nutation  (References  1, 2, 3).  Lunisolar  precession  is  the  smooth  long- 
period  westward  motion  of  the  equator's  mean  pole  aroroiu  the  ecliptic  pole  and 
has  an  amplitude  of  approximately  23.5  degrees  and  a period  of  approximately 
26,000  years.  Nutation  is  a relatively  short-period  motion  that  carries  the 
actual  (or  true)  pole  arrond  the  mean  pole  in  a somewhat  irregular  curve  with 
an  amplitude  of  approximately  9 seconds  of  arc  and  a period  of  approximately 
18.6  years.  The  motion  of  the  ecliptic  (i.e.,themean  plane  of  the  earth's  orbit) 
is  due  to  the  plane's'  gravitational  attraction  on  the  earth  and  consists  of  a slow 
rotation  of  the  e ^ ptic.  This  motion  is  known  as  planetary  precession  and 
consists  of  an  ^.^itward  movement  of  the  equinox  of  approximately  12  seconds 
of  arc  a century  and  a decrease  of  the  obliquity  of  the  ecliptic,  the  angle  between 
the  ecliptic  and  the  earth's  equator,  of  approximately  47  seconds  of  arc  a 
century.  In  astronomical  work  the  precessional.  motion  of  the  equator  and 
ecliptic,  called  general  precession,  is  considered  separately  from  the  nutatlonal 
motion.  Thus  the  ’’meaji"  equator  and  equinox  are  determined  by  neglecting  nu- 
tation. The  ’’one”  equator  and  equinox  can  then  be  obtained  by  correcting  the 
mean,  equator  and  equinox  for  iiutato>n. 

3 .3 .1.1  1950.0  Inertial  to  Mean  of  Date 

The  1950.0  inertial  coordinates  are  transformed  into  the  mean  equator  and 
equinox  of  date  by  correcting  only  for  precession.  This  is  done  by  the  following 
three  rotations  (see  Figure  3-8). 

(tt/2  - ^q)  - the  rotation  atiut  the  Z-axis  that  rotates  the  X-axIs  to  the 
ascending  node  of  the  mean  equator  of  date 

~ the  rotation  of  the  1950.0  equatorial  plane  into  the  mean 
equatorial  plane  of  date  about  an  axis  that  coincides  7/ith 
the  ascending  node  of  the  mean  equator  of  date  on  the 
1950.0  equatorial  plane 

Rj  (/r/2  + ^p)  the  rotation  about  the  z^-axis  that  rotates  the  Xg-axls  to 
the  descending  node  of  the  mean  equator  of  1950.0 

The  orthogonal  transformations  are  defined  as  follows: 
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Mean  Equator 


Figure  3-8.  Pn*ces‘>;on  Angles 


The  angles  and  are  given  by  (Reference  4) 

Co  = 2304:'9969T  + 0"302000T2  + OI'OISOST^ 
u u u 

2004"2980T^-  0 "425936 - o:'04160T3 
= 2304"9969T  + 1"092999T2  + 0"019200T^ 

^ u V \J 


where 


(3-2a) 

(3-2b) 

(3-2c) 


is  measured  in  Julian  centuries  (of  36525  days)  from  1950.0, 
The  total  rotation  matrix  may  be  expressed  as 


A . R^(-90°  - Cp)  RJ0^)  R,(90"  - (a.  .}•  (3-3) 


Denoting  the  1950.0  coordinates  by  R and  the  mean  equator  and  equinox  of  date 
by  ?g , we  have 


T 


E 


= AR 


(3-4) 
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where  the  elements  of  A are 


a,,  = - sin  i sin  + cos  C ros  t cos  0^ 

11  o =’p  p 

312  = - COS  sin  - sin  cos  cos  ?p 

313  = - COS  ^p  sin  ^p 

r sin  cos  + cos  sin  ^p  cos  6^ 

^22  ^ ^p  ^p  (1 

^23  " - ^p  ^p 

^31=  cosC^sin^^p 

■^2  = “ ^p 

a,,  = cos  6 . 

33  P 

The  time  derivative  of  A is  assumed  to  be  negligible;  therefore,  the  velocity 
coordinates  are  transformed  as  follows 


Te  = AR. 
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3. 3 .1.2  Mean  of  Date  to  True  of  Date 

The  transformation  from  the  mean  equator  and  equinox  of  date  to  the  true  of 
date  system  involves  correcting  for  the  nutation  effect.  Nutation  is  measured 
as  cyclic  changes  in  the  obliquity,  the  angle  between  the  equatorial  plane  and  the 
ecliptic,  and  the  longitude  of  the  equinox.  These  changes  in  obliquity,  3 c , and 
longitude,  are  assumed  known.  They  are  input  to  GTDS  by  fitting  polynomials 
through  the  JPL  ephemeris  data  (Reference  5)  as  described  in  Section  3,6. 

To  compute  the  transformation,  the  mean  obliquity  is  first  determined  (Refer- 
ence 1) 

€ = 23^452294  - ?130l25x  10“^Tg  - ?lo4x  f ?503  x lO'^T^  (3-7) 
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where 


Tg  the  time  in  Julian  centuries  (36525  Julian  days)  elapseJ  from  1900 
Jan  0^  12^  ET  (JD  2415020.0)  to  specified  date. 

Then,  defining 

he  the  difference  between  the  true  and  the  mean  obliquity 

e - 6 + 5 e - the  true  obliquity  measured  from  the  true  equator  to  the  ecliptic 

~ the  notation  in  longitude,  which  is  the  true  longitude  of  date  of 
the  mean  equinox  of  date 

the  rotation  from  the  mean  equator  and  equinox  of  date  to  the  true  equator  and 
equinox  is  given  by  the  following  three  rotations:  (see  Figure  3-9). 

R^(e ) 'V  the  rotation  about  the  x -axis  through  the  mean  obliquity  to  the 
'^cliptic  of  date 

~ the  rotation  about  the  ecliptic  pole,  through  the  nutation  in 
longitude 

:he  rotation  about  the  x-axis  through  the  true  obliquity  to  the 
true  equator  of  date 

where  R^and  are  given  by  Equation  (3-1). 


figure  3-9.  Nutation  Angles 
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The  total  rotation  matrix  may  be  expressed  as 


r^c-€)  r c-s>A)  = Hj). 

Denoting  the  true  of  date  coordinates  by  r,  we  have 


where  the  elements  of  N are 


(3-8) 


(3-9) 


Hjj  - COS  S\p 

rij2  = - 5 in  Si//  cos  "e 
Oj^^-sinSi/sinT 
= s i n Si//  cos  'e 

^22  “ ^ ^ sin'e  sine"  (3-10) 

*^23  “ B\p  cor^'e  sin'e  - sin^cosT 

= sinSi/zsin'e 

= cosSi/zsin'ecosT-cos^sin'? 

= cos  h\p  sin'e  sin7  + cos^cosT. 

The  time  derivative  of  N is  assumed  to  be  negligible.  Therefore  the  velocity 
coordinates  are  transformed  as  fellows 


r = Nr^. 


(3-11) 
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3.3 .1.3  Summary 

The  trajtttjformatioii  matrix  from  inertial  mean  of  1950.0  to  true  of  date  co- 
ordinates is  given  by 


T = CR 


^3-12) 


where 


C-N(S0,  Se)  ^p'  ^p)- 


(3-13) 


The  elements  of  the  precession  matrix,  A,  are  given  in  Equation  (3-5),  { jd  the 
elements  of  the  nutation  matrix,  N,  are  given  in  Equation  (3-10).  In  GTDS  the 
C-matrix  is  synthesized  during  preprocessing  computations  using  precession 
angles  obtained  by  means  of  Equations  (3-2),  and  nutation  angles  obtained  from 
an  ephemeris  tape  provided  by  the  Jet  Propulsion  Laboratory.  The  elements  of 
C are  stored  on  the  SLP  (Solar /Lunar /Planetary)  file,  as  described  in  Section 
3.6,  for  retrieval  and  use  during  program  execution. 

GTDS  has  also  been  provided  with  the  optional  capability  to  solve  the  equations 
of  motion  in  a true  of  "reference  date"  coordinate  system  where  the  reference 
date  is  specified.  The  orthogonal  transformation  in  Equation  (3-12)  involves 
two  times,  the  date  of  the  true  coordinates  denoted  by  t,  and  the  epoch  of  the 
mean  inertial  system,  denoted  by  1950.0,  Therefore,  Equation  (3-12)  can  be 
written 


T(t)  = C(t,  1950.0)  R or  R ^ C\t,  1950.0;  r(t)  (3-14) 

where  the  superscript  T denotes  transpose. 

Specifying  the  reference  date  by  t*  then 

r(t*)=:C(t*,  1950.0)  R or  R ^ C^(i\  1950.0)7(1*)  (3“15) 

The  transformation  from  the  true  of  reference  date  to  true  of  date  coordinates 
is  obtained  from  Equations  (3-14)  and  (3-15)  to  be 
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T(t)  = C(t,  1950.0)  C^(t*.  1950.0)  T(f.*) 


(3-16) 


This  equation  permits  problems  to  be  solved  using  a true  of  reference  date 
coordinate  system  as  the  inertial  frame,  but  requix'es  only  the  precession/ 
nutation  matrix,  C(t,  1950,0),  which  is  available  on  the  SLP  files. 

Note  that  the  transfer .^aation  matrix  in  Equation  (3-16)  is  the  identity  matrix 
when  t = t*.  GTDS  utilizes  this  property  and  neglects  precession  and  nutation 
when  a true  of  reference  date  option  is  specified.  This  requires  that  the  problem 
time,  spanned  by  t,  must  be  relatively  short  and  in  the  proximity  of  the  reference 
date,  t*. 

3.3.2  True  of  Date  to  Body- Fixed 

The  transformation  that  relates  the  true  of  d«.te  coordinates  to  the  body-fixed 
coordinates  accounts  for  two  separate  effects.  The  first  relates  the  true  vernal 
equinox  to  the  prime  meridian  of  the  rotating  earth  by  means  of  the  angle  , 
the  true  of  date  right  ascension  of  Greenwich  (see  Figure  3-10).  The  second 
effect,  called  polar  motion,  accounts  for  the  fact  that  the  pole  of  the  body-fixed 
axis,  Zb,  does  not  coincide  with  the  body*s  spin  axis,  z,  the  pole  of  the  true  of 
date  geocentric  axes.  The  first  of  these  effects  transforms  the  true  of  date 
coordinates  to  pseudo  body-fixed  coordinates,  Xj^ , y , z . These  pseudo  co- 
ordinates would  be  precisely  the  body-fixed  coordinates  y^^ , z^^,  if  zj  = Zj^, 
that  is,  if  polar  motion  were  omitted. 

3.3 .2.1  True  of  Date  to  Pseudo  Fody- Fixed 

The  transformation  from  the  true  of  date  to  the  pseudo  body-fixed  coordinates 
consists  of  a rotation  about  the  true  of  date  z-axis  through  the  true  right  ascension 
of  Greenwich  (see  Figure  3-10),  yielding 


z 


reproducibility  op  the 

A T tJAnii'  tR  Pnnti 
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cos  a s i n a„ 

g g 


s in  cos  0 
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The  true  of  date  right  ascension  of  Greenwich,  is  measured  easterly  from 
the  true  vernal  equinox  to  Greenwich,  A related  quantity  is  the  Greenwich  hour 
angle,  also  called  the  true  Greenwich  sidereal  time,  which  is  measured  westerly 
in  the  plane  of  the  equator  from  Greenwich  to  the  true  vernal  equinox.  Thus, 
although  their  definitions  differ,  the  right  ascension  of  Greenwich,  , and  ihe 
Greenwich  sidereal  time  and  hour  angle  are  equal  in  magnitude.  The  true 
Greenwich  sidereal  time  is  obtained  from  the  mean  Greenwich  sidereal  time 
(Reference  2) 


acM  = UTl  + 6^  38">  45?836  + 8640184?  542  T + 0?0929T2  (3-18) 

by  applying  the  correction 


CL 

R 


CM 


+ AH 


(3-19) 


where 


AH=  hKp  cos (e  + Se). 


(3-20) 


The  nutation  in  longitude,  and  obliquity,  Se,  is  discussed  in  Section  3.3 .1.2. 
The  times  UTl  and  T^  in  Equation  (S-18)  are 

UTl  = Greenwich  universal  time  measured  from  midnight  (epoch)  to  time  t. 

UTl  is  positive  for  t after  midnight  and  negative  for  t before  midnight. 

T^  ^ the  number  of  Julian  centuries  elapsed  from  12  hours  UTl  January  0, 
1900  (JD  = 2415020.0)  to  the  UTl  time  of  epoch* 

The  true  of  date  coordinates  transform  into  the  pseudo  body-fixed  coordinates 
as  follows 


(3-21) 


*UTI  and  hence  ase  known  only  by  observation  of  the  polar  motion  and  rotation  of  the  Earth. 
GTDS  uses  empirical  polynomials  to  compute  the  difference  A.l-UTl.  Since  A.l  is  known,  UTl 
con  then  be  determined. 
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Differentiation  yields  the  velocity  transformation 


where 


fb.  = Bir 


(3-22) 
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cos  a 
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(3-23) 


and  where  “g  is  considered  constant. 

3. 3 .2.2  Pseudo  Body- Fixed  to  Body- Fixed  (Reference  3) 

The  earth’s  axis  of  figure  (i.e.,  principal  moment  of  inertia)  is  not  coincident 
with  the  spin  axis  and  it  moves  with  respect  to  the  latter  causing  the  polar  motion 
effect.  The  path  of  the  spin  axis  on  the  earth’s  surface  is  "semi-regular"  but 
unpredictable  due  to  random  shifts  in  the  earth’s  crust,  etc.  Therefore,  motion 
of  the  spin  axis  pole  is  given  with  respect  to  the  pole  at  some  established  epoch. 
The  pole  at  the  established  epoch  is  referred  to  as  the  adopted  pole  (IJ^  ) and 
corresponds  to  the  pole  of  the  body  fixed  axes,  x^,  y^,  while  the  present 
position  of  the  spin  axis  pole  is  referred  to  as  the  true  pole  (P^). 

The  adopted  pole  used  in  GTDS  corresponds  to  the  mean  pole  of  1903.0  which 
is  consistent  with  that  used  by  the  International  Polar  Motion  Service.  Due  to 
the  small  size  of  the  polar  motion  correction  (it  takes  place  in  squares  of  < 30 
meters),  the  polar  region  of  the  earth  may  be  considered  a plane.  A geocentric 
rectangular  coordinate  system  is  established  with  the  z j -axis  passing  through  , 
the  Xj,-axis  parallel  to  the  x^^-axls  and  directed  along  the  (k*eenv.dch  meridian, 
and  the  yp  -axis  parallel  to  the  negative  y^^  -axis  and  directed  along  the  meridian 
of  90”  west  (see  Figure  3-11).  The  coordinates  of  the  instantaneous  pole,  P^  , 
are  measured  in  terms  of  and  y^  components  using  units  of  seconds  of  arc. 
(The  coordinates  Xp  and  yp  are  periodically  measured  by  the  International  Polar 
Motion  Service  and  supplied  to  interested  users  by  the  U.  S.  Naval  Observatory.) 

In  order  to  derive  the  expressions  for  the  effects  of  Xp  and  yp  on  a point’s 
latitude  and  longitude,  these  two  quantities  are  shown  in  relation  to  a regular 
right-handed  orthogonal-rectangular  coordinate  system  whose  z ,,  axis  passes 
through  P^  and  whose  x^  - z^  plane  passes  through  Greenwich.  In  this  system, 
the  adopted  longitude  of  a point  \ is  measured  positive  In  an  eastward  direction 
fromXb-  The  following  notation  is  used; 
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Figure  3- 11.  Polar  Motion  Schematic 


\ ^ ~ the  adopted  longitude 
4)^^  the  adopted  latitude 

^ the  instantaneous  longitude  with  r<!Spect  to  (x^,  yj,  z^) 

0^  the  instantaneous  latitude  with  respect  to  (x^,  ) 

A0''  0j-cp^,  the  difference  between  adopted  and  true  latitude 
the  difference  between  adopted  and  true  longitude 

Let  <P^  and  be  measured  in  the  pseudo  body- fixed  coordinate  system  (x^,  y^, 
z.J)  whose  z^  axis  passes  through  and  v^hose  x^  axis  lies  in  the  Zj^  - x^ 
meridian,  displaced  from  x^  by  the  angle  x^.  The  vector  in  the  and 

(x^,  yj^',  z^)  systems  may  be  written 


and 
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cos  0^  sin  k ^ 
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(3-25) 
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The  two  systems  axe  related  by 


1 

*b 

yb 

Vb 

_^b_ 

<_ 

where  is  given  in  Equation  (3-1)  and  Ry  is 


COS  a 0 - s in  a. 


0 1 


sino.  0 cosa 


The  resulting  transformation  is 


cos  X sinx  siny  sinx  cosy 

P D D r\  ^ r\ 


cos  y 


- s in  y 


-sinx  cos  X sin  y cos  x cos  y 

P O D n 


(3-26) 


(3-27) 


(3-28) 


The  error  made  by  neglecting  the  polar  motion  transformation  defined  by  Equa- 
tion (3-28)  inci’eases  linearly  with  | rj^|  . A worst-case,  order-of- magnitude  in- 
dication of  this  error  is  given  in  Figure  3-12. 

The  figure  also  shows  the  band  of  uncertainty  in  | - r^  I as  a result  of  a i2- 

meter  uncertainty  in  the  measurement  of  the  polar  motion  coordinates,  x and 
yp- 


Since  Xp  and  yp  are  small,  all  cosine  terms  are  equated  to  unity,  all  sine  terms 
equated  to  their  angles,  and  all  products  neglected.  Thus  the  transformation  de- 
fined by  Equation  (3-28)  simplifies  to 


-y. 


-X  y 

p -^p 


(3-29) 
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Earth  Synchronous  Lunar 


Figure  3*12.  Polar  Motion  Errors 

The  worst-case  error  made  by  using  the  simplified  transformation  matrix  is 
insignificant.  For  example,  at  lunar  distances  the  error  amounts  to  less  than 
a centimeter. 


In  order  to  obtain  the  relationships  between  ^ \ , 0 , and  ^ , the  following 

formulas  may  be  used  ^ ^ ^ 


0^-0^  = A0=Xp  cos\^-yp  sin\^ 


(3-30) 


~ ^ sin  ^ Yp  cos  (3-31) 

The  Goddard  Trajectory  Determination  Program  uses  the  simplified  trijisforma- 
tion  matrix  defined  in  Equation  (3-29).  The  instantaneous  coordinates  of  the  pole, 
Xp  and  y^,  are  obtained  by  evaluating  predefined  cubic  polynomials  at  the  given 
d^e. 
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(3-32) 


yp  = ^5  + ‘•ie^  + 


where 

Xp  x-polar  coordinate,  seconds  of  arc 
y - y-polar  coordinate,  seconds  of  arc 

T ~ number  of  days  from  the  beginning  of  the  time  span  covered  by  the 
polynomial,  e.g.,  T = 1,  2,  ...  . For  a given  modified  Julian  date,  MJD 

T = MJD  ~ MJD.  + 1 (3-33) 

where  MJD.  is  the  tabular  modified  Julian  date  which  bounds  the 
interval  from  below,  i.e., 


MJD.  < MJD  < MJD.^  j (3-34) 

The  coefficients  a . . are  given  in  Table  3-1  next  to  modified  Julian  dates  (mod 
2,430,000)  defining  the  time  spans  for  which  the  coefficients  are  applicable. 
These  coefficients  and  associated  time  spans  were  determined  by  least-squares 
fitting  of  cubic  polynomials  to  published  daily  polar  motion  data.  The  time  spans 
were  determined  by  constraining  the  maximum  deviatio^^  (between  the  data  and 
polynomial)  to  be  less  than  0.01  seconds  of  arc. 

The  table  begins  on  January  1,  1958,  and  is  updated  periodically  as  current 
data  from  the  U.  S-.  Naval  Observatory  becomes  available.  The  last  row  of  co- 
efficients in  the  table  can  be  used  to  obtain  extrapolated  values  of  the  polar 
motion  coordinates  for  a short  time  in  the  future. 

3.3 .2.3  Summary 

The  complete  transformation  between  the  true  of  date  coordinate  system  and  the 
body-fixed  system  is  given  by 


yp)  (3-35) 

where  B = Bj  with  Bj  given  in  Equation  (3-17)  and  B^  in  Equation  (3-29). 
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Table  3-1 

Polar  Motion  Coefficients 


1 — 
Ci.’egorian 

Modified 

•Julian 

Date 

X-  Hular  Coordinate 

5'- Polar  Coordinate 

Date 

‘‘.1 

J 4 

a 

a ^ 

01-01-56 

6204 

-0.1 9769  D no 

-0.1 73970-02 

C.ir7920-')4 

0.565370-07 

-0.546971>01 

0.191890-02 

0.675550-04 

-0.434440-06 

04-08-58 

6391 

-0.13488D  00 

0.35695  D- 02 

0.478620-05 

-0.472480-''? 

0.378011) 

00 

0.299350-02 

-0.218480-04 

-0. 36396 1>07 

08-28-56 

644.1 

0.32567D  00 

0.46192  D-02 

-0.818590-  04 

0,177.1/0-01. 

0.27:230 

00 

-0.31 1.16 1>02 

-0.334440-04 

0.286540-06 

11-27-58 

6534 

0.22133D  00  I-O.63734D-02 

0.188650  04 

0,613180-07 

-0.77337I>0] 

-0.7036,10-03 

0 177;)0Li-O4 

0,463710-08 

03-24-59 

665] 

-0.17C08D  00 

O.25367D-03 

0,973880-05 

0.278920-07 

O.84864I>01 

0.414450-02 

-0.47G4SD-05 

-0. 750840-07 

09-09-59 

6820 

0.27773D  00 

0.2U6.58D-02 

-0.424587-04 

0.103800-06 

0.284601) 

00 

-0.142030-02 

-0.107450-04 

0.008900-07 

04-24-60 

7048 

-0.85171D-01 

-O.14450D-02 

0.270100-04 

-0.708240-07 

0.121110 

00 

0.112160-02 

0.63G480-05 

-0.392370-07 

12-21-60 

728“ 

0.14300D  on 

0.15746D-03 

-0.368630-05 

-0.83591  r>09 

0.223490 

00 

-0,609690-03 

-0.107270-04 

0.6 17400-07 

07-05-  61 

7485 

0.29412D-01 

-0.72621D-03 

0.82974  >00 

0.973990-08 

0.145270 

00 

0.208160-02 

-0.  19450D-04 

0.60625  0-07 

12-31-61 

7664 

-0.30430D-01 

-0.12198D-02 

0.2]7431>04 

0.12057l>08 

0.232380 

00 

0.10180  D-02 

0.392700-05 

-0.74242I>07 

0;-07-62 

7761 

0.50206D-01 

0.63817D-03 

0. 10951  0-03 

-0.35036  0-07 

0.286  H6D 

00 

0.27306  0-03 

-0.207620-04 

0.752040-07 

10-23-62 

7960 

-0.36791D-01 

-0.32778D-02 

0.1518.50-04 

0.28784D-07 

0.101750 

OO 

0. 15825 1>02 

0.159370-04 

-0.859:)50-07 

04-01-63 

8120 

-0.63'.  86D-01 

0.28084D-02 

0.148710-04 

-0.15351D-06 

0.413750 

00 

0.]7397i>02 

-0,441630-04 

0. 125490-06 

09-03-63 

8275 

0.17377D  00 

-0.24358D-02 

-0.201830-04 

0.112860-06 

0.104920 

00 

-0.351730-02 

0.390670-04 

-0.739090-07 

04-05-64 

8490 

-0.16637D  00 

0.29283D-02 

-0.640190-07 

0.36926  0-07 

0.418610 

00 

9.29369D-02 

-0.334290-04 

0,956760-07 

07-21-64 

8597 

0.17983D  00 

0.26943D-02 

-0. 320000-04 

0.384770-07 

0.398840 

00 

-0.25G30D-02 

-0.176470-04 

0.12983D-06 

12-13-64 

8742 

0.23795D-0] 

-0.38284D-02 

0.425)20-05 

0.S629SD-07 

0 627040-01 

-0.132710-02 

0.393030-04 

-0.105420-05 

04-25-65 

8875 

-0.20109D  00 

0.22095D-03 

0.-15378D-04 

-0.194901>06 

0.329310 

00 

0.389140-02 

-0.293820-04 

0. 124120-07 

09-17-65 

9020 

0.17408D  00 

0.20348D-02 

-0.372140-04 

0.947910-07 

0.329320 

00 

-0.281180-02 

-0.195420-05 

0.56443I>07 

03-21-66 

9205 

-0.J0598D  00 

-0.29328D-02 

0.37:,]  60-04 

-0.910G  10-07 

0.910550-01 

0,23005  0-02 

0.4226 1I>05 

-0.497630-07 

09-29-66 

9397 

0.49071  D-0] 

0.31195D-02 

-O.”*!  8840-04 

0.979130-07 

0.351510 

00 

-0.54344I>0;) 

-0.232390-04 

0.12731  0-06 

02-09-5/ 

9630 

0.52058D-0] 

-0. 186  56  D- 02 

0.13  707I>04 

-0.28621.0-07 

0-163651) 

00 

-0.122200-03 

0.674450-05 

-0.244371>07 

09-28-67 

9761 

-0.73559D-02 

-0.40375D-03 

0.5(1730-05 

-0.12G490-07 

0.194780 

00 

0.825810-03 

0.857070-06 

-0.]9473l>07 

04-10-68 

9956 

0.13935  D-01 

0.48635  D- 04 

0.1  17910-04 

-n.891431>07 

0.262010 

00 

-0.2)272  0-01 
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The  time  derivative  of  3^  is  negligible;  therefore,  the  velocity  is  transformed  as 
follows 


r.  = 


r + 


B^BjT 


(3-36) 


where  Bj  is  given  by  Equation  (3-23). 

3,3.3  Selenocentric  True  of  Date  to  Selenographic  (References  1,  3,  4 and  6) 

The  lunar  landmark2  and  gravitational  potential  are  referenced  to  a lunar-centered 
body-fixed  (selenographic)  coordinate  system.  Similar  to  the  earth’s  geographic 
system,  the  selenographic  system  reference  plane  is  the  lunar  equfttor  which 
contains  the  x^^-  and  yj^-axes.  The  z^-axis  is  directed  towards  the  lunar  axis  of 
rotation. 

The  moon’s  mean  rotation  is  described  by  the  following  three  empirical  laws 
of  Cassini. 

(1)  The  mean  axis  of  rotation  is  " ^cd  in  the  moon,  perpendicular  to  the  mean 
lunar  equator;  the  mean  period  of  rotation  is  equal  to  thej  mean  sidereal 
period  of  revolution  of  the  moon  around  the  earth. 

(2;  The  mean  lunar  equator  intersects  the  eciipiic  of  date  at  a constant:  in- 
clination, Ip^,  for  v/hich  the  currently  accepted  value  is  l°32'.l. 

(3)  The  mean  lunar  equator,  the  ecliptic,  and  the  lunar  orbit  plane  meet  in 
the  line  of  nodes  of  the  lunar  orbit,  with  the  descending  node  of  the 
equator  at  the  ascending  node  of  the  orbit.  The  angle  i,  between  the 
lunar  orbit  plane  and  the  ecliptic,  is  a constant  (the  currently  accepted 
value  is  S^S’)  as  is  the  angle  I + I|^  between  the  mean  limar  equator 
and  the  lunar  orbit  plane.  The  ecliptic  is  seen  to  always  lie  between 
the  mean  lunar  equator  and  the  lunar  orbit  plane. 

The  oscillation  of  the  actual  rotational  motion  about  the  mean  rotation  is  called 
the  physical  libration.  The  physical  libration  consists  of  small  pendulous 
oscillations,  never  exceeding  approximately  0°.04  (in  selenographic  latitude  and 
longitude),  and  are  caused  by  deformations  in  the  moon's  figure. 

As  a result  of  the  first  law  of  Cassini,  the  principal  direction  of  the  selenographic 
system  (Xj,-axis  direction)  defines  the  lunar  prime  meridian  and  has  been 
chosen  so  that  it  is,  on  the  average,  directed  towards  the  center  of  the  earth  disc. 
The  X 5-axis  passes  through  the  Sinus  Medii  (Central  Bay)  on  the  lunar  surface. 
Specifically,  the  x^-axis  is  defined  to  be  coincident  with  the  vector  pointing  from 
the  center  of  the  moon  to  the  center  of  the  earth,  if  the  moon  were  at  the  mean 
ascending  node  when  the  node  coincided  wi’^h  either  mean  perigee  or  mean  apogee. 
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Figure  3*13.  S*^lenocentric/Selenogrophic  Geomerry 


To  transform  from  the  inertial  system  to  the  selenographic  system,  a iimar- 
centered  (selenocentric)  coordinate  system  is  defined  v^ich  is  parallel  to  the 
earth- centered  Cartesian  true  of  date  system.  The  selenographic  system 
(Xjj,  y^^,  is  oriented  relative  to  the  selenocentric  system  (x,  y,  z)  by  the 
Euler  angles  H',  i , and  A shown  in  Figures  3-1 3a  and  3-14,  The  tran'^formation 
between  the  selenocentric  and  selenographic  systems  is 


= Mr  (3-37) 

where 

M=  E,(A-)  R^(n')  (3-38) 

with  and  given  by  Equation  (3-1).  The  elements  of  M are 

nijj,  - cos  A cos  0'  - sin  A sin  0/  cos 

rrij 2 - cos  A - i n n*  + s in  A cos  Q*  cos 

= sinAsini^ 

ni2j  - - sin  A cos  Q'  - cos  A sin  0'  cos 

1^22  - s i n A s i n n'  + co  s A cos  0'  cos 

m23  = cos  A sin  i^ 


i 

9 

i 

9 


(3-39) 
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Because  of  the  relationship  betvveen  the  moon^s  mean  position  and  the  orieu  ation 
of  the  lunar  selenoccraphic  coordinates,  the  deter niination  of  the  Euler  angles 
n' , i^,  and  A necessarily  involves  the  moon’s  mean  orbit. 

Figure  3-13b  can  be  used  to  relate  orbital  motion  to  the  lunar  centered  axes 
system.  It  shows  the  ’'ecliptic"  plane  f'^eci  pt , c “ ^ed  ipts c ^ passes 

through  the  center  of  the  moon  and  is  parallel  to  the  ecliptic.  The  lunar  equator 
and  orbit  planes  are  shown  intersecting  in  a lino  on  the  "ecliptic"  plane.  The 
x^-axis  is  shown  in  the  lunar  equator.  In  this  moon  relative  coordinate  frame, 
the  earth  can  bo  considered  as  orbiting  the  moon  (the  origin)  in  exactly  the  same 
orbit  as  the  moon  orbits  the  earth  except  that  longitude  angles  measured  in  the 
orbit  plane  must  be  reduced  by  180  degrees.  For  example,  when  the  earth  is  at 
the  descending  node  and  the  x^,-axis  points  towards  N in  Figure  3-13b,  the  moon 
is,  in  reality,  at  its  ascending  node,  180  degrees  advanced  from  N.  Therefore,  the 
longitude  of  the  ascending  node  H and  the  mean  longitude  \ must  be  reduced 
by  180  degrees  when  used  in  the  moon  relative  frame.  The  selenographic 
can  be  oriented  to  the  selenocentric  axes  by  means  of  the  following  four  angles: 

^ , the  true  obliquity;;  0-3  C0°,  the  longitude  of  the  descendu%  node;  I,  the  incFn- 
ation  of  the  limar  equator  to  the  ecliptic;  and  d,  the  angle  measured  in  the  lunar 
equator  between  the  descending  node  and  the  moon’s  prime  meridian.  These 
angles  are  shown  in  Figure  3-13b  and  the  transiormation  is 


where 

M'  - ^^(0)  F^(I)  RJO-77) 


(3-40) 


,3-41) 


The  elements  of  M ' are 


■M 
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Figure  3-14.  Selenographic  Transformation  Angles 


mjj  = - cos  0 cos  Q + iin  0 cos  I sin  0 

m'2  = -cosi9sinncose  - sin(9(cosIcosncos’e  sinlsin^) 
mJ^^  = -cos:'sinnsine-sinf’(cos  Icosfisin'e  - sinicos’e) 

= sinf9cosn  + cos(9cos  I sir  Q. 

m'2=  sin^9  sinncos^-cosf^(cos  I cos,Qcos^+  sin  I sin^f)  (3-42) 
m'^  = sini9  sin  r.:  si  Cl  e - cos  i^(cos  I cos  Usin^  - sin  I cos^) 

= - sin  I sinD 

m'j-  sinlcosQcos^-cos  I sin^ 
sinlcosHsin’e  + cosIcose' 

The  Euler  angles  T',  and  A are  determined  as  functions  of  the  orbital 
parameters  , n , I,  and  0 by  equating  elements  of  the  M and  M ' matrices. 
Equating  m3 3 and  ni33  yields 
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Equating  m3j  and  to  and  , respectively,  yields 


sinH'  - - sin  I sin  0/ sin  i^ 


(3-44) 


cos  Q.'  - (cos  I sin^-  sin  I cosHcos^^/sin  i 

' s 

Equating  nij3  and  0123  to  m^3  and  11123,  respectively,  yields 


\ = A + 0 

where  the  parameter  A,  shown  in  Figure  3-14,  is  obtained  from 


(3-45) 


sinA=-  sinfisin  e'/s ini 

S 

(3-46) 


cos  A = (sin  I cos  e - cos  I cos  .0  sin  e) /sin  I^. 


The  angle  0 , measured  along  the  lunar  equator  from  the  descending  node  to  the 
lunax  prime  meridian,  must  be  determined  from  the  orbital  motion  of  the  moon. 
Ais  a result  of  Cassini's  first  law  the  mean  rate  of  rotation  is  equated  to  the 
mean  orbital  rate,  resulting  in 


(3-47) 


where  \ is  the  mean  longitude  of  the  moon,  Q the  longitude  of  the  ascending 
node,  and  the  subscript  M denotes  mean  values.  Correcting  Equation  (3-47)  for 
lunar  physical  librations  gives  the  true  value  of  f) 


^ %'>■ 


(3-48) 
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Correcting  0 and  I in  Equations  (3-43)  through  (3-46)  for  nutation  and  libration 
yields  their  true  values 


Q = + o-M  + (3-49) 

^ ~ "M  (3-50) 


The  longitude  of  the  mean  ascending  node  of  the  lunar  orbit  is  (Reference  4) 


= 1?!  1127902-  P0529539222  d^-i-  P20795  (lO'^)  T 
+ ?2081  (10“2)  + ?2(10'5) 

e e 


(3-51) 


the  inclination  of  the  mean  lunar  equator  to  the  ecliptic  is 


= l‘’32.'l, 

and  the  geocentric  mean  longitude  of  the  moon  is 


(3-52) 


= 64P37545J67  + 13?1763955268  d^-  ?1 131 575  (10“^) 


- ?1 13015  (10“2)  + ?19(10"5) 

e e 


(3-53) 


The  Te -variable  and  de -variable  in  the  above  equations  correspond  to  the  number 
of  Julian  centuries  of  36525  Julian  ephemeris  days  past  0*^  January  1,  1950  ET, 
and  the  number  of  ephemeris  days  past  the  same  date,  respectively. 

The  nutation  in  longitude,  8i//,  and  the  true  obliquity,  I' , are  given  in  Section 
3.3.I.2.  The  physical  librations,  determined  by  Hayn,  in  longitude  of  the  as- 
cending node,  cr  , inclination,  p„,  and  mean  longitude,  r , are  as  follows: 

MM  M 
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^ [-  0P0302777  sin(g)  + 0?01Q2777  sinfg  + 
- 7305555(10“^'^  sin(2g  + /sin  1^^. 


(3-54) 


Py  ^ - .0291 222  c os  {%)  + .0102777  cos(g  + 2co^) 

- 7305555(10-2)  cos(2g  + 2oo^). 

'Ty  = - ?3333(10"2)  sin(g)  + 70163888  sin(g')  + 75(10“2^  sin(2a'|^). 
where  the  parameter  g is  the  moon^s  mean  anomaly 


(3-55) 


(3-56) 


g = 215754013  + 137064992de  (3-57) 

the  parameter  g*  is  the  cjun’s  mean  anomaly 


g'  = 3587009067  + 79856005d^ 


(3-58) 


and  is  the  moon’s  arguir  ''nt  of  perigee 


= 196.745632  + 7 l643586de 


(3-59) 


The  variables  above  are  substituted  lato  Equations  (3-43)  through  (3-45)  to  yield 
the  Euler  angles  O',  i^,  and  A requii'ed  in  the  selenocentric  to  selenographic 
transformation  given  by  Equations  (3-37)  through  (3-39). 

The  velocity  transformation  from  selenocentric  to  selenographic  coordinates  is 
obtained  by  differentiating  Equation  (3-37),  yielding 


Ffa  = Mr 


+ M r 


(3-60) 
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The  time  derivative  of  M is  obtained  by  differentiating  its  elements  in  Filiation 
(3-39)  with  Ci  and  i^  assumed  zero,  i.e,, 


ni2, 

^22 

23 

M = A 

-ITlii 

- "^12 

-^3 

(3-61) 

0 

0 

0 

The  time  derivative  of  A is  obtained  by  differentiating  Equation  (3-45)  after 
substituting  Equation  (3-48)  for  c?.  The  resulting  time  derivative  is 


where 

A - [-  cos(0  + cr  + Ai//)  sin  'efQ  + cr  >]  /(sin  i cos  A)  (3-63a) 

MM  MM'  S 

\ = .266170762(10"S)  - .12499171  (10"^")  (3-63b) 

^ - .1069698435  (10‘”)  + .23015329(10’^^)  T (3-63c) 

and 


. 1535272946  (10'^)  cos  g + .569494067  (10’ cos  g' 
+ .579473484  (lO’^M  cos  2c;j^ 


(3-64a) 


- .520642191  (10’^)  cos  g 


+ .181^  774451  (10’’)  cos(g  + 20;^^)  (3-64b) 

- .1064057858(10’’)  cos(2r.)  + 2g) 

M ' 
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3.3.4  Spherical-* Cartesian  Transformations  (Reference  7) 


3. 3.4.1  Spherical  Position  and  Velocity  to  Cartesian  Coordinates 

Using  the  spherical  position  coordinates,  r,  a , and  S , that  are  defined  in  Section 
3.2.1,  the  transformation  to  Cartesian  coordinates  is  seen  from  Figure  3--1  to  be 


— 

— 

cos  S cos 

a 

= r 

cos  5 sin 

a 

sin  8 

(3-65) 


To  transform  the  spherical  velocity  coordinates,  V,  /3 , and  A,  described  in 
Section  3,2.3,  it  is  convenient  to  transform  to  the  local  plane  coordinate  system 
(see  Figure  3-3)  and  then  to  the  body-centered  inertial  Cartesian  coordinate 
system.  If  th^local  plane  coordinates,  y^p , and  z jp,  are  fixed  inertially 
(nonro-^ting),  rjp  may  be  expressed  as 


“ - 
^ip 

cos  P 

^ip " 

yip 

= V 

sinA  sin/5 

- 

cos  A s i n /3 

(3-66) 


The  transformation  between  the  local  plane  and  the  body- centered  inertial 
Cartesian  coordinate  systems  is 


r,  - Dr 
ip 


(3-67) 


where 


D = 


cos  S cos  Co  cos  S sin  a sin  5 


- s i n a 


cos  a 


(3-68) 


- sin  <3  cos  a - sin  S sin  a cos  8 
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Since  the  local  plane  system  is  fixed  inertially,  the  velocity  vector  in  Equation 
(3-66)  may  be  transformed  to  the  body-centered  inertial  Cartesian  axes  by  means 
of  the  transformation  D as  follows 


r - D^r 


ip' 


The  partial  derivatives  of  x,  y,  z,  x,  y,  and  z with  respect  to  r,  a,  S, 
are 


dr 


T 


T 


da 


- z cos  a 


3 r 


= - z s 1 n a 


b 


./72  + y2 


3r  _ Br  _ 3r  _ Br 
^ ~ B A “ ^ ^ 


- y 


B I 

Ba 


(3-69) 
V,  A,  and  jS 

(3-70) 

(3-71) 

(3-72) 

(3-73) 

{3-74) 
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~3r 

^0 


- z cos  a 


- z s in  a 


V(cos  /3  cos  S - cos  A sin  /3  sin  S) 


Br  _ r 
dV~  V 


L: 


Br 

BA 


^ V 


sin/3(si’iA  sin  8 cos  a - cos  A sin  a) 
sin/3(sinAsinS  sina  + cos  Acos  a) 
- sinAcos  S sin/3 


and 


- - V 

B/3 


(3-75) 


(3-76) 


(3-77) 


CCS  a(cos  B sin/3+  sin  S cos/3  cos  A)  + sin  acos  /J  sinA 
sin  a(cos  S sin/3  + sin  B cos/3cos  A)  - cos  a cos  p A 

sin/3sinS-cos/3cos  ScosA 


(3-78) 


3. 3 ,4.2  Cartesian  Position  and  Velocity  to  Spherical  Coordinates 

The  inverse  of  the  preceding  transformations  is  described  in  the  following  text. 
The  spherical  radius,  r,  is  given  by 


r = /x^  + r z^. 


(3-79) 


From  Figure  3-1  the  right  ascension,  a , and  declination,  5 , of  r are 


j 1 n a 


/x^  + 


cos  a = 


r~i ? 


0 5 a < 2^. 


and 


Z i/  X ^ -f 

sin  8 cos  5 = 


^ 8 

2 2 


(3-80) 


(3-81) 
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The  right  ascension  is  measured  positive  east  from  the  inertial  x-axis.  The 
declination  is  measured  positive  nortn  from  the  x-y  plane. 

The  velocity  vector  ^s  magnitude  is 


V = /x^  + (3“82) 

and  the  azimuth,  A,  and  flight  path  angle,  /3 , are  obtained  from  the  local  plane 
components  of  velocity 


sin  A = 


yi. 


and 


'^yip  + ^ip 


cos  A = 


ip 


0 < A < 2n. 


■'Ip  ^ Ip 


s in  /3  = 


yip  + ^ip 


cos  /S  = 


Ip 


2 2 


(3-83) 


(3-84) 


The  azimuth  and  flight  path  angJes  may  be  obtained  alternatively  from  the  vector 
products  of  r and  r as  follows 


and 


sin  A = U 


cos  A = 


1 P 


IP 


(3-85) 


s in  /3  = 


r X r 


rV 


cos  /3 


(3-86) 


where  is  the  unit  vector  in  the  Zjp  -axis  direction  and  has  components  ex- 
pressed in  the  body-centered  Cartesian  system 


sin  h cos  a 


U 


p 


- sin  c)  sin  a 
cos  b 


(3-87) 


and  U.,  is  the  unit  vector  normal  to  r and  r 

N 
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r X V 


(3-88) 


r X 


V| 


Substituting  Equations  (3-87)  and  (3-88)  into  Equation  (3-85)  yields 


s in  A =: 


(xy  - yx) 
rV  s in  ^ cos  b 


cos  A = y(y^  - zy)  + X(x^  ~ xz) 
r^V  s in  /3  cos  S 


The  partial  derivatives  of  r,  a , 8 , V,  A,  and  (S  with  respect  to  x,  y,  z, 
z are 


ll-Il 

97  r 


9a 

97 


t-  -»T 

- y 


(x2  + y2) 


0 


97 


r^/p- 


+ y' 


-tT 


- ZX 


- zy 


(x^  + y^) 


[0]^ 


1 

^7  (y2  _ i-2^(x2  + y2) 


y(rz  - z r)  - (xy  - yx) 


x(rz  - zf)  + (xy  - yx) 


(xy  - yx)(x^  + y^)  f/r^ 

_ 


(3-89) 
i,  y,  and 

(3-90) 

(3-91) 

(3-92) 

(3-93) 

r 

(3-94) 
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1 


(3-95) 


and 


d/5 


BY  r^/v^  - \ r 


r^r  -L 
r 


Br  _ Ba  _ BS 
BY  BT  BY 


^ 0 


(3-96) 


BV  _ YT 

by"  V 


(zy 


yz) 


T 


M - 1 

BY  r(V^  “ 


(xz  - zx) 
_(yx  - xy^ 


^3-97) 


(3-98) 


(3-99) 


3,3.5  Body- Centered  True  of  Date  to  Orbit  Plane 

The  unit  vectors  in  the  x^p,  y^p,  and  directions  (see  Figure  3-5),  measur.’ed 
in  the  body-centered  true  of  date  coordinate  system,  are 


V - W X U (3-100) 


where  r^  and  r^  are  the  earth-centered  position  and  velocity  vectors  used  to  de- 
termine the  orbit  plane  coordinate  system.  If  Equations  (3-100)  are  expanded, 
they  yield  the  following  transformation  relations  between  the  orbit  plane  co- 
ordinates and  the  body- centered  inertial  Cartesian  coordinates 
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where 


(3-102) 


Regarding  the  orbit  plane  system  as  fixed  inertially,  the  velocity  transforms  as 
follows 


r 

op 


= ET 


(3-103) 


and  the  position  and  velocity  partial  derivatives  are 


or 


op 


dJ 


(3-104) 


3,3.6  Body- Fixed  to  Geographic  Trinsformations 


The  transformations  betv/een  the  bodv-centered  rotating  coordinate  system  and 
the  geographic  coordinates  are  described  in  Section  3.2.2.  The  transformation 
involves  modeling  the  body’s  mean  figiire.  The  foUo^ving  subsections  present 
the  equations  for  an  ellipsoidal  earth  model  as  well  as  the  transformations  and 
partial  derivatives  relating  the  geodetic  coordinates  (h,  \ , cp)  to  the  body- centered 
rotatin'^  coordinates  (x^^,  y^, 

3.3.6.1  Earth  Figure  (Reference  7) 

The  shape  of  the  earth’s  surface  is  very  nearly  an  ellipsoid  of  revolution.  A 
satisfactory  means  for  modeling  the  earth  is  to  chiiracterize  it  as  such  and, 
where  necessary,  correct  local  deflections  of  the  vertical  (e.g.,  correct 
local  astronomic  zenith  to  ellipsoidal  vertical).  The  polar  axis  of  sym- 
melxy  of  the  ellipsoid,  z^^ , is  nearly  colinear  with  the  earth’s  spin  axis.  The 
ellipsoid’s  radius  is  greatest  in  the  Xj^  - yj^  equatorial  plane.  Letting  Re  denote 
the  equatorial  radius,  the  polar  radius,  and  x ,,  y , and  z the  coordinates  of 


a point  s on  the  ellipsoidal  surface  expressed  in  the  body-centered  rotating 
axis,  then  the  coordinates  of  s must  satisfy  the  following  equation 


X 


2 

s 


R 


2 

e 


(3-3  05) 


Two  convenient  parameters  whicl-.  describe  the  elliptical  cross-section  are  the 
flattening  coefficient, defined  by 


f = 


R-  - 


R 


> 0 


and  the  eccentricity,  e 


- 1 - 


f(2-  f). 


(3-106) 


(3-107) 


Since  the  ellipsoid  is  symmetrical  about  the  z^^-axis,  there  is  no  loss  of  gener- 
ality in  restricting  the  analysis  to  the  x*,  ~ Zb  plane.  The  two-dimensional  analy- 
sis utilizes  the  symbol  Xh'  ; > to  tie-  a that  th  , '’onipone  it  is  omitted. 

The  equation  of  the  cross-section  of  the  ellipsoid  is 


X^i  + 


(1  - e2) 


(3-108) 


The  equation  for  the  normal  to  the  ellipsoid  is 


an  0 - - 


dx  / 


(3-109) 


az. 


where  0 is  the  geodetic  latitude  shown  in  Figure  3-15.  Differentiating  Equation 
(3-108)  and  substituting  the  results  into  Equation  (3-109)  yields 

z, 

= (1  - tan  (3-110) 
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Figure  3-15.  Ellipsoid  Geometry 

Solving  Equations  (3-108)  and  (3-110)  simiJtaneously  for  x ^ » yields 


cos  4> 

"7T-  e2  sin2  0 


(3-111) 


From  Figure  3-15,  it  is  evident  that 


X / = N cos  0 

S ^ 


(3-11 2a) 


s i n ,6'  - N(1  - e^)  sin  0 


(3-112b) 


where  N is  the  disti?nce  from  the  point  s to  the  axis  measured  along  the 
normal  vector  to  the  ellipsoid  al  point  s.  Subst.  uting  Equation  (3-111)  into 
Equation  (3-11 2a)  jdelds 


N = 


R. 


/I  - s in^  (p  - (2f  - f^)  s i 0 


(3-113) 


The  ellipsoidal  radius  is 


3-4? 


r 


(3-114) 


+ z! 


Substituting  Equations  (3-108)  and  (3-ir^b)  into  1 Ration  (3-114)  yields 


K(^  - 0 

r n . _ 

/ 1 - cos^  0' 


(3-115) 


where  4>'  is  he  geocentric  latitude. 

3,3 ,6 .2  Geodetic  to  Earth- Fixed  Transfor’nation 

Assume  that  pomt  ^ in  F *'xe  3-15  has  the  coordinates  , v.  and  z in  the 
body-a-'ts  svstc . »'d  is  .ocated  a distance  h from  the  refere.  :;e  ellipsoid. 

From  Equ/  ' ■’tO)  and  Figure  3-15,  the  and  coordinates  are 


+ h cos  0 = (N  + h)  cos  0 


(3-116) 


and 


+ hsin0  = [N(l  - e^)  + h]  s in  0 (3-117) 


Transforming  Equations  (3-116)  9nd  (3-117)  to  three  din^ensions  yields 


^ — 

,'N  + h)  cos  0 cos  X. 

(N  + .i)  cos  0 s in  X 

fN(l  - + h]  s i n 0 

— 

(3-118) 


The  partial  derivatives  of  Xj^,  >0,  and  with  respect  to  h,  X , and  0 are 
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3«3.6.3  Earth-Fixed  to  Geodetic 

In  transforming  geodetic  coordinates  (h,0,  co  earth-fixed  coordinates 

yb»  ^b)»  point  of  intersection  of  the  height  normal  vector  and  the  ellipsoid 
(i.e.,  point  s)  is  given.  In  transforming  from  earth-fixed  to  geodetic  coordinates, 
this  point  is  not  known  a priori,  complicating  the  transformation. 

Two  solutions  are  presented.  The  first  solution  is  iterative  and  can  yield  any 
..  equired  degree  of  accuracy.  The  second  solution  is  a truncated  binomial  ex- 
pansion that  may  be  used  when  accuracy  requirements  are  not  so  stringent. 

The  iterative  technique  is  used  primarily  to  determine  geodetic  tracking  station 
positions  where  high  accuracy  is  required.  For  ttds  use  (and  for  near  earth 
satellites),  the  approximation  h < < N is  satisfied,  and  since  the  earth^s  figure  is 
nearly  spherical,  e^  < < 1,  Therefore,  from  Equation  (3-118),  the  following 
approximation  can  be  made: 


3-44 


REPRODUCmnY  OP  MB 
ORIGCNAL  PAGE  IS  POOR 


(3-122) 


N s i n gt)  =5  z.  . 

D 

Introducing  * the  intercept  of  the  normal  vector,  it  is  apparent  from 
Figure  3-15  that 


z.  = - Ne^  s in  0. 


(3-123) 


Combining  Equations  (3-122)  and  (3-123),  the  following  aporoximation  for  z.  is 
obtained 

z =-e2z,.  (3-124) 

1 b 

Using  Equation  (3-124)  as  an  initial  estimate  for  z. , the  follo\vi/ig  sequence  of 
equations  may  be  solved  iteratively  to  yield  a solution  for  h and  gfc 


Z , = Z.  - 2. 
lb  b 1 

(3-125) 

N + hr/x^  + y^  + z?j^ 

(3-126) 

• ^ 

sin  (p  

N + h 

(3-127) 

N = — 3. 

(3-128) 

/l  - s in^  0 

z.  - - Ne^  s in  0. 
1 ^ 

(3-129) 

Upon  convergence  of  Zj,  the  altitude,  h,  and  latitide,  ^ , are  obtained  from  Equa* 
dons  (3-120)  and  (3-127).  The  longitude  is 


\ = 


t an 


0 ^ < 27T 


(3-130) 
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A second,  computationally  simpler,  procedure  for  computing  the  values  of  <p 
and  h to  a specified  point,  P,  is  useful  when  accuracy  requirements  are  less 
stringent.  The  latitude,  <P , is  solved  for  from  Equation  (3-110)  as  follows 


z z 

tan0  = ! r:  (3-131) 

(1  - e^)  x^,  (1  - e2)  + y2 

where  ^ b point  P are  used  to  approximate  the  subvehicle  point  on 

the  ellipsoid,  (x^,  y^,  z^),  required  in  Equation  (3-131). 

This  approximation  yields  the  geodetic  latitude  to  the  normal  vector  of  an  ex- 
panded ellipse  through  point  P.  For  h « N and  e^  < <1,  it  is  a good  approxi- 
mation for  the  geodetic  latitude. 

Applying  the  Binomial  Theorem  to  Equation  (3-115)  yields 


- 

1 - 

s in^  0'  + — s i n'*  c/)' 

\ 2 y 

2 

(3-132) 


where  terms  of  f hi^er  than  second  order  arc  nrglected.  The  geodetic  hei^t 
is  nearly 


h = - r,.  (3-133) 

Substituting  Equation  (3-132)  into  Equation  (^-1 33)  yields 


h = + z2  - sin  0'  -|rJ2  sin“  (3-134) 


The  geocentric  latitude  required  in  Equation  (3-134)  is  approximated  by 


~ sin  ’ 


(3-135) 
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The  partial  derivatives  of  h,  A , and  0 with  respect  to  x^,  y^,  and  ar^j  obtained 
by  differentiating  Equations  (3-126),  (3-130),  and  (3-127)  to  yield 


R h/3  Xj^‘ 

3 h/3 
3 h/3  z. 


a (1  - e^)  sin  f,t>  cos  0 
(1  - s in^  0)3/2 


+ 


z cos  0 


s i 0 


3 0/3 
3 0/3 
3 0/3  z^ 


(3-136) 


3 \/3  X, 

D 

- Vb 

3 \/3  y 

1 

X, 

b 

« + yl) 

b 

3 /V/3  z. 

L j 

0 

3 0/3  x^  " 

- \ ^ 

3 0/3  y^^ 

(1  - 02) 

+ ^b)  + ^b] 

“ ^b 

3 0/  3 

_ Cx^  + y,^)_ 

(3-137) 


(3-138) 


3.3.7  Earth- Fixed  to  Topocentric  Local  Tangent  (East,  North,  Up) 

The  topocentric  local  tangent  system,  described  in  Section  3.2.4,  is  used  in 
processing  ground  based  observation  data.  The  transformation  from  geocentric 
earth-fixed  cooidinates  (x^,  y^ , ) to  local  tangent  coordinates  (x  ^ ^ , y^  ^ ^ ) 

requires  a translation  along  the  geocentric  radius  vector  to  the  station  and  a 
rotation  of  the  axis  through  the  station's  longitude  and  latitude  angles.  The 
station  parameters  are  defined  as  follows 

~ the  body-fixed  coordinates  of  the  station 
0^  the  geodetic  latitude  of  the  station  (positive  north) 

0'  the  geocentric  latitude  of  the  station 
\ the  longitude  of  the  station  (positive  east) 
h the  height  of  the  station  above  the  reference  ellipsoid. 

S 

The  magnitude  of  the  normal  vector  to  the  reference  spheroid’s  surface  at  the 
station  is  given  by  Equation  (3-113)  to  be 
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N 


R 


(3-]  39) 


/l  - (2f  - f^)  sin^ 


The  components  of  the  geocentric  radius  vector  to  the  station  alon^  the  yj^t 
and  axes  are  given  by  Equation  (3-118)  to  be 


X 

s 

(N^  + hj  COS  0^  cos 

ys 

(N  + h')cos0  sin\ 

''  s s'  s s 

z 

s 

[Ns(l-  e2)  + h^j  sin  0^ 

(3-140) 


To  bring  the  , yb»  and  axes  parallel  to  the  Xj  ^ , yj  ^ » and  z , ^ axes,  a rota- 
tion is  made  about  the  axis  by  the  ^ngle  (V2  + and  about  the  new  axis 
by  the  angle  (tt/2  - 0 ),  The  resulting  transformation  matrix  ^ may  be  writ  n 
as 


M 


It 


- s i n \ 

s 

-sin0  cos\ 

^ s 

cos  0 cos  k 


cos  k 

s 

-sin0  sin\ 

cos  t sin\ 
s s 


0 

CO*.  0 

^ s 

jin® 

^ s 


(3-141) 


The  local  tangent  coordinates  of  a point  in  space,  x^^,  y^ , and  z^,  may  be  written 
as 


'■it  " " "s)-  (3-142) 

This  translates  the  system  from  the  earth’s  center  to  the  station  and  rotates  it 
to  the  local  tangent  system. 

The  earth-fixed  velocity  in  the  local  tangent  system  is  given  by 

7 “ (3-143) 

It  1 t I) 


since  M, , =0  anti  r,  - 0. 
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The  partial  derivatives  of  the  local  tangent  components  '.vith  respect  to  the 
earth-fix'^d  components  are  the  respective  elements  of  the  matrix  given  by 


— LL  = -^  = Mi,.  (3-144) 

Br  Br. 

b b 


3.3.8  Keplerian- Cartesian  Transformations  (References  7 and  8) 

3.3 .8.1  Keplerian  Elements  to  Body- Centered  True  of  Date  Coordinates 

Consider  the  orbit  geometry  illustrated  in  Figure  3-5,  The  origin  is  the  center 
of  the  reference  body,  the  x-axis  points  to  the  vernal  equinox,  and  the  z-axis 
lies  along  the  reference  body*s  rotation  axis.  The  satellite  orbital  plane  inter- 
sects the  equator  at  the  nodes.  The  angle  0 is  the  right  ascension  of  the  ascend- 
ii^  node.  The  axis  z^p  is  normal  to  the  orbital  plane  defining  the  orbit's  inclin- 
ation, The  angle  is  the  argument  of  perifocus.  In  Figure  3-6,  the  eccentricity, 
e,  and  semimajor  axis,  a,  specify  the  orbit's  shape  and  size.  The  final  element 
necessary  to  predict  a body's  position  and  velocity  is  the  mean  anomaly  M.  How- 
ever, the  eccentric  anomaly,  E,  or  true  anomaly,  f,  can  be  used  instead  of  M to 
define  the  satellite's  position  in  its  orbit. 

First,  consider  the  transformation  from  the  orbital  elements  (a,  e,  i,  0,  a , m)  to 
the  orbital  rectangular  coordinates  (Xp,  yp,  Zp,  Xp,  yp,  Zp).  The  Xp  axis  is  directed 
toward  perifocus,  the  yp  axis  is  in  the  plane  of  motion  ad  ced?7  /2  from  the 
Xp-axis  in  the  direction  of  motion,  and  the  Zp  axis  is  normal  to  the  orbit  plane  and 
completes  a right-handed  system.  The  transformations  for  elliptic,  hyperbolic 
and  parabolic  orbits  are  given  below, 

• Ellipse:  0 ^ e < 1 


— “ 

X 

p 

cos  E - 0 

yp 

" a 

s i n E 1 1 ~ c2 

z 

0 

L p_j 

(3-145) 


and 


X 

p 

- r,  1 n E 

y,. 

!■'  u ' a 

cos  E i 1 - c2 

(1  - cos  E) 

z 

L p_ 

(3-146) 
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where 


E the  eccentric  anomaly 

fjL  '^the  gravitational  parameter  of  the  reference  body. 
The  eccentric  anomcily,  E,  is  computed  by  Kepler *s  equation 


M = E-  e sinE 


where  M is  the  mean  anomaly  defined  in  Section  3.2.6.  This  equation  is 
by  the  following  iteration  scheme 


= E - e sir.  E - M 

' n ■'  n 


where 


D,  = 1 - e cos[E  - .5  3(E  )] 

n ■■  n ' n ' 


3(E  ) 

' w ' 


En+1  ^ E - 

n+ 1 n Tj 


n = 0,  1,  2,  3, 


Eq  = M + e s i n M 


• Hyperbola:  e > 1 


f-l 

cosli  F - 0 

yp 

" a 

- - i s itih  F 

z 

0 

L pJ 

L j 

X 

p 

s i nh  F 

V 

'J  - /J.  ' a 

- ^je^  - 1 cosh  F 

■^P 

'(e  cosh  F-l) 

z 

0 

_ P _ 

— _ 

(3-1 47) 
solved 

(3-148) 

(3-149) 

(3-150) 

(3-151) 

(3-152) 

(3-153) 
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where 


F ~ the  hyperbolic  anomaly  computed  using  Kepler’s  equation  for  a 
hyperbola,  M = e sin  F - F. 

The  hyperbolic  Kepler  equa.tion  may  be  solved  by  a Newton- Raphson  iteration  of 
the  following  form 


( e s i nh  F - F - M) 

F = F - ^ 

" e cosh  F - 1 

n 


n = 0,  1,  2,  3,  . . . 


(3-154) 


where  F^  = M/2.  (Note:  The  preceding  equation  is  singular  for  orbits  with 
e=  1.) 

• Parabola;  e = 1 


where 


X 

p 

q - DV2 

- 

/2^ 

z 

p 

0 

X 

- D 

p 

1 

^P 

(q  + p2/2) 

z 

p 

0 

(3-155) 


(3-156) 


q pericentric  distance 


(3-157) 


and  D is  computed  from  Barker’s  equation,  that  is 


+ 6qD  6M. 


(3-158) 
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The  orbital  rectangr’ar  coordinates  are  transformed  to  inertial  Cartesian  posi- 
tion and  velocity  coordinates  as  follows 


r 

— - 

X 

X 

p 

y 

= p 

yp 

z 

z 

_ 

p_ 

and 


X 

X 

p 

y 

= p 

yp 

2 

z 



L pj 

The  elements,  j , of  the  rotation  matrix,  P,  are 

Pjj  = cosficosw-  sinficos  i sino; 
Pj2  - " Qsino)  - sinQcos  i cos  fjj 
pj^  = sin  n sin  i. 

Pjj  " sin  Q cos  a;  + cos  Q cos  i sin  w 
P22  = - s in  n s in  oj  + cos  cos  i cos  aj 
P23  = cos  0 sin  i 
P3  j - s i n ’ s i n 
P32  = s i n ’ cos  oj 


(3-159) 


(3-160) 


(5-161) 
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3.3 .8 .2  Keplerian  to  Cartesian  Partial  Derivatives 


Tlie  functional  relatiorships  expressed  in  Equations  (3-159)  and  (3-160)  are 


7 = P (n,  CO,  i)  7p  (a,  e,  M) 

and  (3-162) 

7 = P (fi,  CO,  i)  7p  (a,  e,  M) , 


The  partial  derivatives  of  r with  respect  to  the  orbital  elements  may  be  written 


and 


ii  - p L f 

3 ^ d ^ 


for  ^ = a,  e,  and  M,  and 


^ r d P — 

~ “ FF  ‘'p 


and 

for  c.  = U,  and  i. 

The  partial  derivatives  of 


d r _ "dr  — 


and  ip  for  elliptical  orbits  i re 


(3-163) 


(3-164) 


d 7 


(a,  V,  M) 


a 

Ip 

a 

0 


\r  (1  - r-)  j 


W-  (Xp  + a 


(3-165) 


0 


0 


and 
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a r 


3 (a,  e,  tv!) 


p 

2a 


1 - e 


2 \a 


) 


ll 

2a 


n /a^2  {% 


\r  a(1-e2), 


where  the  mean  motion,  n,  is 


n = i l/^  . 
a » a 


The  partial  deiivatives  of  P with  respect  to  o,  and  i are 


an 


"■  ^^2’  ” ^'*22  ^ 


1 


11 


Pl2  0 


0 0 


aoj 


12 


-P„  0 


22 


-P21  0 


32 


-P3.  0 


n . r . . . 

sin'  sin  i sincit 


r)  PI 


- "(7)' 


ai 


s in  n s in  i cos  cu  0 


- cos  fi  s i n i 5,  in  - - cos  n s i n i ccg  0 


:os  1 s 1 n a) 


cos  1 cos  f 
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(3-168) 


(3-169) 
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3.3.8.3  Body- Centered  True  of  Date  Coordinates  to  KepJerian  Elenfents 


Given  the  position,  r,  and  velocity,  r,  at  time  t,  the  standard  Keplerian  elements 
(a,  e,  i,fi,  Cij,  M)  are  calculated  as  follow's.  Let  the  magnitude  of  the  position, 
velocity,  and  angular  momentum  vectors  be  denoted  by 

r 1 r 1 

(3-171) 

V=  |ti 

(3-172) 

h = 1 h| 

(3-173) 

where 


h = r X 


r. 


The  equations  for  the  orbital  elements  and  related  parameters  are  then 
Semimajor  Axis 


Mr 

(2m  - rV^) 


(3-174) 


Semilatus  Kectum 


P =— [(rV)^  - ( r‘  r)^] 

M 


(3-175) 


Eccentricity 


e 


(3-176) 
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Inclination 


ICi-xT^k  u j NihJ  + hj 
sin  1 = — — = — - — 

! r X r j ^ 

(T  X ■ U h 

cos  i = z:  

I 'f  X 7 I h 


(3-177) 


where  u^,  u^,  and  u ^ are  unit  vectors  in  the  bo(fy-centered  true  of  date  Cartesian 
coordinate  system  and  h^,  b , and  are  components  of  the  angulai  momentum 
vector,  h. 


Elliptic  Motion 

a > 0 

Eccentric  Anomaly 


s i n E “ 


cos  E = -i  (l  - 

e \ a ; 


Mean  Anomaly 


M - E - 


r ■ r 


jui  c\ 


Period 


P 2 


/IT 

» n 


Hyperbolic  Motion 

a < 0 

Hyperbolic  Ancinaly 


sinhF.l' 


\ 


,'J  - /i  a 


'3-1  •'8) 


cosh  F r _ (l  _ J. 


M - F 


(3-179) 


(3-lSO) 
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f 


Elliptic  Motion 


Hyperbolic  Motion 


a > 0 


a < 0 


Energy  (per  unit  mass) 


u 

Energy  = 

2 a 


Energy  = JL.. 

2 a 


Longitude  of  Ascending  Node 


S i n r>  - ; : : 

n sin  1 


- h 

cos  Q — 

hi  sin  i 


True  Anomaly 


s i n f 


cos  f 


Argument  of  Perifocus 


= i/E  iLlll 

T jjL  re 
_ (p  - r) 


sin(a'  + f)  - : r 

^ s n 


COS(oJ  + f)  = 


yh  - xh 
hr  s i » , i 


Perifocal  and  Apofocal  Radius 

rp  = a(l  - e) 


= a(l  + e) 


(3-181) 

(3-182) 


(3-183) 


(3-184) 

(3-185) 

(3-186) 


3-57 


Perifocal  and  Apofocal  Height 


hp  = (3-187) 

r (3-188) 


The  partial  derivatives  of  the  Keplerian  coordinates  with  respect  to  the  Cartesian 
coordinates  are  given  by  the  inverse  of  the  Keplerian  to  Cartesian  partial 
derivatives  in  Equations  (3-163)  and  (3-164),  i.e,, 


B a/B  X 3 a/B  y . . . B a/B  z 

B x/B  a B x/B  e B x/B  i . . . B x/B  M 

B e/Bx  B e/B  y • • • 

B y/B  a 0 y/B  e B y/B  i • • • 

B i/B  X Bi/By  - • • 

= 

. 

BM/B  X B M/B  y . . . B M/B  z 

B z/B  a B z/B  e B z/B  i . . . Bz/BM 

“1 


(3-189) 


3,3,9  Equinoctial- Cartesian  Transformations  (References  9 and  10) 

The  following  sections  present  the  transformations  between  the  equinoctial  ele- 
ments,  described  in  Section  3,2.6,  and  the  inertial  Cartesian  system.  The 
equinoctial  elements  are  used  only  to  describe  closed  orbits. 

3. 3. 9.1  Equinoctial  Elements  to  Cartesian  Coordinates 

Conversion  from  equinoctial  elements,  a,  h,  k,  p,  q,  \ , to  inertial  Cartesian 
coordinates,  r and  r,  is  performed  in  the  following  manner.  First,  the 
generalized  Kepler  equation  for  equinoctial  elements. 


\-F  + hcosF-ksinF 


(3-190) 


is  iteratively  solved  for  the  eccentric  longitude  F,  which  is  the  sum  of  the 
eccentric  anomaly,  argument  of  perigee,  and  right  ascension  of  the  ascending 
node. 
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Next,  the  position  and  velocity  coordinates  in  the  equinoctial  coordinate  system 
y^p  f Zgp ) are  obtained  as  follows  for  both  the  direct  and  retrograde  cases 


Xj  = a[(l  - c.  3 F + hk/3  sin  F - k] 
Yj  - a [(1  - k^/3)  s in  F + hk/S  cos  F - h] 


(3-191) 


X,  = — — [hk/3  cos  r - (1  “ h^^)  sin  F] 
^ r 

2 

[(1  “ cos  F “ hk/S  s in  F] 

^ r 


(3-192) 


where 


= — ? (3-193) 

1 + /I  - h^- 

The  transformation  from  the  equinoctial  system  to  the  inertial  Cartesian  sys- 
tem is  given  by 


r = Xjf  + Yjg  (3-194) 

■F  = Xjf+Y^g  (3-195) 


where  f and  g are  unit  vectors  directed  along  the  and  y^p  axes,  respectively 
(see  Figure  3-5).  These  vectors  are  computed  in  the  inertial  Cartesian  co- 
ordinates as  follows 


[f.  g.  w] 


1 + + q" 


1 - 2pqj 

2pq  (1  + P^  - q^)  j 

- 2pj  2q 


2p 
- 2q 

(1  - p2  - q2)  j 


(3-196) 
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where 


j = 1 for  direct  orbits  (0  ^ i < 180'’) 

j = -1  for  retrograde  orbits  (0  < i ^ 180'’) 

In  GTDS  the  operational  choice  of  direct  elements  was  made  for  0 ^ i <90'’  and 
of  retrograde  elements  for  (90“<  i < 180°). 

3 .3 .9.2  Cartesian  Coordinates  to  Equinoctial  Elements 

The  equinoctial  orbit  elements,  a,  h,  k,  p,  q,^ , are  calculated  from  the 
Cartesian  position,  r,  and  velocity,  f.  The  semi- major  axis  is  computed  as 
follows: 


a = 


(3-197) 


The  eccentricity  vector  is  given  by 


r (7  X r ) X r 


(3-198) 


The  unit  vector  w is  defilned  an  follows  (see  Section  3.2.5) 


w = 


r X r 


r X r 


(3-199) 


The  unit  vectors  f and  g can  then  be  computed  as  follows 


f = 1 

1 + wi 


w w 

f = - 
y 


f = - wi 


1 + wj. 


(3-200) 


where  j is  defined  foDo^ving  Equation  (3-196) 


g = w K f 


(3-201) 


The  equinoctial  elements  h,  k,  p,  and  q are  givon  by 


h = e • g 

(3-202) 

k - e * f 

(3-203) 

w 

X 

p = 

(3-204) 

1 + wi 

W 

q = - y 

(3-205) 

1 + wi 

Z 

The  mean  longitude  is  computed  using  the  generalized  Kepler  equation 


where 


with 


\ = F + hcosF-k  sinF 


(3-206) 


F = tan“i 


s in  F 
cos  F 


(3-207) 


(1  - k2/3)  X,  - hk/3Y 

coc  F -•  k + -j 

a/^ L - - k^ 


s i n F = h 


(1  - h2^)  - hk^Xj 

a/l  - - k^ 


(3-208) 


The  parameter  In  Equation  (3-208)  is  given  by  Equation  (3-193). 
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Finally,  the  positior.  coordinates  and  relative  to  the  equinoctial  coordinate 
system  are  given  by 


X,  = T • f 

(3-209) 

Yj  - r • g 


3.3.10  Herrick-Cartesian  Transformations  (References  11  and  12) 

3.3.10.1  Herrick  Elements  to  Cartesian  Coordinates 

The  foUovdng  method  is  used  for  conversion  from  Herrick  elements,  e,'^  , n, 
and  X,  to  inertial  Cartesian  coordinates.  The  unit  vectors  !,  g and  w along  the 
equinoctial  orbit  plane  coordimite  directions  (see  Section  3.2.5)  must  first  be 
determined.  The  unit  vector  w is  gilven  by 


w 


(3-210) 


The  unit  vectors  f and  g are  determined  from  Equations  (3-200)  and  (3-201)  as 
functions  of  w. 

The  Kepler  equation  for  Herrick  elements  is  solved  by  iteration  for  the  eccentric 
longitude  F, 


\ = F 4 ncosF-k  sinF 


(3-211) 


where  h and  k are  calculated  from  Equations  (3-202)  and  (3-203)  as  functions  of 
the  known  vectors  e,  f and  g. 

The  coordinates  of  position  and  velocity  in  the  direct  equinoctial  system, 

Xj,  Yj,  X 1,  ^j,  are  given  by  Equations  (3-191)  and  (3-192),  with 

1/3 

(3-212) 
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Finally,  the  position  ana  velocity  in  the  inertial  Cartesian  system  are  computed 
via  the  following  transformations 


r = X,f+Y,|  (3-213) 

7 = XJ  + Y.  I (3-214) 

1 A 


3.3.10.2  Cartesian  Coordinates  to  Herrick  Elements 

GHlven  the  Cartesian  position  and  velocity  vectors,  r and  r,  the  Herrick  variables 
e,  , n and  \ are  computed  as  follows: 


£ (rxr)xr 
r ^ 


(3-215) 


the  angular  momentum  vector  is 


4T 


(3-216) 


and  the  Kepler  mean  motion  is 


n = 


(3-217) 


where  the  semimajor  axis,  a,  is  given  by 


(3-218) 


The  mean  longitude,  ^ , is  computed  from  the  generalized  Kepler  equation  given 
in  Equation  (3-206)  to  be 
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^ = F + h cos  F - k sin  F 


where  the  variables  h and  k are  determined  from  Equations  (3-202)  and  (3-203), 
with  vectors  w,  f and  g calculated  from  Equations  (3-210),  (3-200),  and  (3-201). 
The  eccentric  longitude  F is  determined  from  Equations  (3-207)  and  (3-208)  vdth 
/3  from  Equation  (3-193)  and  Xj  and  from  Equation  (3-209). 

3.3.11  Keplerian  to  Equinoctial  and  Herrick  Transformations 


3.3.11.1  Keplerian  to  Equinoctial  Elements 

The  conversion  from  Keplerian  elements  (a,  e,  i,  0,  w , M)  to  equinoctial 
elements  is  performed  via  the  following  equations. 

Direct  Set  (0°  ^ i < 180^)  Retrograde  Set  (0°  < i ^ 180°) 


a = a 

h = e s in(o;  + fi) 
k = e cos(o)  + fl) 
p = tan(i/2)  sin  H 
q = tan(i/2)  cos  0. 
X = M + w + Q 


a = a 

lij.  = e s in(a>  - Q) 
k^  = e cos(c«j  - O') 

(3-219) 

pj.  = cot(i/2)  s in  n 
q^.  - cot(i/2)  cos 

- M + - n 


3»3.11.2  Keplerian  to  Herrick  Elements 

Conversion  from  Keplerian  to  Herrick  elements  is  performed  using  the  equations 

= ecos  Ocosco-e  sinQsinojsin  i 
“ e sinQcos  + ecos  Qsincij  cos  i (3-220) 

= e s in  oj  s in  i 
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I = /a”(l  - e^) 


(3-221) 


^x  = i^l  sin  n s in  i 

= - [<^  I cos  n s in  i (3-222) 

~ 1“^  i ^‘• 


n = /JT/a^  (3-223) 

^ - M + r a.  (3-224) 


where  j is  defined  foUowiiig  Equation  (3-196). 

3.3.12  Vehicle- Fixed  to  Body-Centered  True  of  Date  Transformations 


The  propulsive  and  aerodynamic  accelerations  are  modeled  in  the  vehicle-fixed 
coordinate  system  described  in  Section  3.2 .7.  These  vehicle  oriented  acceler- 
ations must  be  transformed  to  the  inertial  Cartesian  system  to  be  consistent 
with  other  terms  in  the  dynamical  equations  of  motion. 

The  following  three  angular  ti'ansformations  are  required  to  orient  the  vehicle- 
fixed  coordinates  with  respect  to  the  ino:;.'tlal  Cartesian  axes: 


Rj  (cty  ) the  rotation  about  the  inertial  z-axis,  through  the  right  ascension, 
tty  , of  the  vehicle’s  (longitudinal)  x^-axis. 

Ry  (-  the  negative  rotation  about  the  new  jr-axls,  through  the  declination, 

, of  the  vehicle’s  (longitudinal)  Xy-axis. 

R^  (0^  ) the  rotation  about  the  new  x-axis  (which  is  aligned  with  the  x^-axis), 
through  the  roll  angle,  0^,  to  the  vehicle-fixed  axes. 

where  R^^  and  R^  are  given  by  Equation  (3-1),  and  R^  is 


cos  a 0 - s in  a 


Ry(a)  = 


0 1 0 

s i n a 0 cos  a 


(3-225) 
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Denote  an  arbitraj:y  vector  by  Cy  when  expressed  in  the  vehicle-fixed  coordinates, 
and  I when  expressed  in  inertial  Cartesian  coordinates.  Then  the  transformation 
between  coordinates  can  be  written 


= Qlv 


(3-226) 


where  the  elements  1 are 

q,.  = cos  S cos  a 

^11  V V 

<lj2  = - sin  sin  8^.  cos  - cos  0^  sin 

q,,  = - cos  sin  8 cos  a + sin  0 sin  a 

13  V V V V 

q^j  = cos  8^  sin 

q22  = - sin  0^  sin  8^  sin  + cos  0^  cos 

q«,  = - cos  0 sin  8 sin  a - sin  0 cos  a 

q,  = sin  S 

^3 1 V 

q32  = sin  0^  cos 

^33  " 8^ 


(3-227) 


3.4  TIME  SYSTEMS 

The  GTD6  orbit  determination  program  uses  the  atomic  time  system,  A.l,  in  the 
integration  of  the  equations  of  motion.  However,  the  program  must  interface  with 
external  input-output  data  set"  which  are  referenced  to  other  time  systems,  such 
as  ephemeris  time  (ET)  for  the  solar /lunar/planetary  ephemerides,  universal 
time  (UTl)  for  computing  Greenwich  sidereal  time,  and  universal  tin*e  coordi- 
nated (UTC)  for  input-output  epochs  and  tracking  data.  A brief  desci  iption  of 
the  relevant  time  systems  and  their  Interrelationships  follows  (Hcrerences  1, 

13,  and  14). 
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3.4.1  Sphemeris  Time,  ET 


This  is  the  uniform  measure  of  time,  which  is  the  indepezident  variable  of  the 
equations  of  motion,  and  the  argi^  nent  for  the  ephemeridcs  of  the  planets,  the 
moon,  and  the  satellite.  The  tunc  of  ET  is  the  ephemeris  second,  which  is 
defined  as  the  fraction  1/31,556,925.9747  of  the  tropical  year  for  ET  of 
Jan  0^,  1900.  Ephemeris  time  is  determined  from  the  instant  near  the  beginning 
of  the  calendar  year  1900  when  the  geometric  mean  longitude  of  the  sun  referred 
to  Ihe  mean  equinox  of  date  was  279^  41*48V04,  at  which  instant  the  measure  of 
ephemeris  time  was  1900  Jan  O'^  12*'  • 

3.4.2  Atomic  Time,  A.1 

A.1  time  is  one  of  several  types  of  atomic  time.  It  is  obtained  from  oscillations 
of  the  US  Cesium  Frequency  Standard  located  at  Boulder,  Colorado.  In  1958,  the 
US  Naval  Observatory  established  the  A.1  system  based  on  an  assumed  frequency 
of  9,192,631,770  oscillations  of  the  isotope  133  of  cesium  atom  per  A.1  second. 
The  reference  epoch  of  A.1  was  established  so  that  on  Jan  1,  1958,  0^0<n0>  UT2 
the  value  of  A.1  was  0^(T0® , Jan  1,  1958. 

3.4.3  Universal  Time,  UT 


This  is  the  measure  of  time  that  is  the  theoretical  basis  for  all  civil  time  keep- 
ing. UT  is  related  to  the  rotation  of  the  earth  on  its  axis.  Compared  to  ephem- 
eris time,  which  is  uniform  time,  UT  does  not  take  into  account  the  irregularities 
of  the  earth^s  rate  of  rotation. 

The  quantity  UT  is  defined  as  12  hours  plus  the  Greenwich  hour  angle  (GHA)  of 
a point  (representing  the  fictitious  mean  sun)  on  the  mean  equator  of  date  whose 
right  ascension  measured  from  the  mean  equinox  of  date  is 


\ 18*'38'"45?836  + 8,640, 184?542 + ?0929Tj^  (3-228) 

where  T is  defined  following  Equation  (3-20). 

The  Ch:eenwich  ’'''ur  angle  of  this  point,  denoted  by  in  Figure  3-lP , is 


GHA  of  S 

II 


(3-229) 
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North  Celestial  Pole 


where  is  the  Greenwich  mean  sidereal  time;  hence* 


(3-230) 


Adding  12  hours  to  both  sides  of  che  above  equation  yields 


UT  + la-'  = 


(3-231) 


and  solving  for 


‘'<*1  = + UT  t 


(3-232) 


In  practice,  the  point  whose  right  ascension  is  cannot  be  observed.  Conse- 
quently, tho  practical  determinations  of  UT  are  obtained*  through  the  intermediary 
of  sidereal  time*  from  observations  of  the  diurnal  motion  of  the  stars.  Sidereal 
time  is  a measure  of  the  rotation  of  the  earth  relative  to  the  stars,  and  is 
defined  as  the  hour  angle  of  the  vernal  equinox.  Therefore*  the  meridian  transit 
of  a star  occurs  at  a sidereal  time  equal  to  its  right  ascension. 

Universal  time  varies  from  uniform  time  due  to  variations  of  the  meridian,  arising 
principally  from  polar  motion*  and  variations  In  the  rotational  rate  of  the  earth 
consisting  of  secular,  irregular,  periodic  seasonal,  and  periodic  tidal  terms. 
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The  tidal  variations  are  very  small,  the  secular  variation  is  significant  only  over 
large  time  intervals,  and  the  irregular  variations,  while  they  may  be  relatively 
large,  are  highly  erratic.  The  periodic  seasonal  variation  aopears  stable  enough 
to  be  p 'ef’ictab^  j 

There  are  three  measures  of  UT  in  common  usage:  (1)  UTO,  which  is  determined 
from  observations  of  local  mean  sidereal  time,  (2)  UTl,  obtained  by  correcting 
UTO  for  polar  motion,  and  (3)  UT2,  which  results  from  the  removal  of  the  seasonal 
inequality  from  UTl . 

3.4.4  Uncorreoted  Universal  Time,  UTO 


This  measure  of  time  is  obtained  by  assuming  an  adopted  conventional  value 
of  the  longitude  of  each  observing  station  (se''  Section  3.3.2. 2).  The  local  mean 
sidereal  time  at  transit  is  generally  determined  through  observation  of  meridian 
Iransits  of  stars,  omitting  from  the  apparent  ri^t  ascension  the  nutation  terms 
that  are  independent  of  the  coordinates  of  the  star  (the  equation  of  the  equinoxes). 
SuJMxactlng  tlie  east  longitude  of  the  observing  station  gives  , the  Greenwich 
mean  sidereal  time  or  Greenwich  hour  angle  of  the  mean  equinox  of  date.  UTO 
is  then  obtained  from  Equation  (3-230;  by  adding  12*’  and  subtracting  from 
this  value.  Since  the  motion  of  the  pole  causes  variations  in  the  meridian,  UTO 
Is  dependent  on  the  location  of  the  observing  station. 

Universal  Time,  UTl 

This  measure  of  time  is  obtained  from  UTO  by  applying  aii  appropriate 
correction  in  longitude  due  to  the  motion  of  the  pole  and  is  the  form  of  imiversal 
time  used  in  GTDS.  UTl  reflects  the  actual  orientation  ol  the  earth  with  respect 
to  the  vernal  equinox  at  that  instant.  UTl  will  be  the  same  for  observatories. 
In  contrast,  UTO  time,  as  determined  by  different  observatories  using  their 
adopted  longitude  In  calculations,  results  Ln  a different  value  of  UTO  for  each 
observatory. 

Then 


UTl  UTO  - A>.  (3-234) 

where  AA  is  given  in  Equation  (3-31), 

UTl  time  is  used  by  GTDS  to  compute  the  as  given  in  Equation  (3-19). 
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3.4.6  Universal  Time,  UT2 


If  the  extrapolated  value  of  UTl  time  is  corrected  for  periodic  seasonal  varia- 
tions, SV,  in  the  earth*s  speed  of  rotation,  the  resulting  time  is  UT2.  UT2  does 
not  represent  the  actua’  orientation  of  the  earth  with  respect  to  the  vernal  equi- 
nox. UTl  should  always  be  used  when  the  actual  orientr.tion  of  the  earth  is 
required.  UT2  is  often  referred  to  as  GMT,  Greenwich  Moan  Time,  and  ZULU 
time.  The  equations  for  UT2  are 


UT2  = UTl  + SV 


(3-235) 


where 


SV  ^ f022  sin  2vt  - f017  cos  2-nt  - fOOl  sin  477t  + ?006  477t  (3-236) 


or 


SV  = f022  sin  27rt  - ?012  cos  2?7t  - ?006  sin  477t  + ?007  cos  47rt.  (3-2o7) 


Equation  (3-236)  was  used  prior  to  1962  Equation  (3-237)  has  been  in  use 
since  1962.  The  quantity  t equals  the  fraction  of  the  tropical  year  elapsed  from 
the  beginning  of  the  Besselian  year  for  which  the  calculation  is  made.  (One 
tropical  year  = 365.2422  days.)  Since  seasonal  variations  can  be  known  precisely 
only  after  their  occurrence,  UT2  itself  is  rarely  used.  The  Bureau  International 
de  l*Heui*e  also  issues  corrections  for  a\  and  SV. 

3.4,7  Universal  Time  Coordinated,  UTC 

This  is  the  standard  time  scale  to  which  tracking  stations  are  synchronized. 

UTC  time  is  derived  from  atomic  time,  A.l,  in  a manner  which  makes  it  almost 
synchronous  with  UT2. 

Up  to  January  1,  1972,  the  UTC  time  scale  operated  at  a frequency  offset  from 
the  atomic  time  scale.  The  value  of  the  offset  was  periodically  changed  by  inter- 
national agreement  so  that  the  UTC  scale  would  correspond  more  closely  to 
UT2. 

On  January  Ij  1972,  a new  improved  UTC  system,  adopted  by  the  International 
Radio  Consultative  Committee  (CCIR),  was  internationally  implemented  by  the 
time-keeping  laboratories  and  time-broadcast  stations. 
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The  new  UTC  system  eliminates  the  frequency  offset  from  atomic  time,  thus 
making  the  UTC  second  constant  and  equal  in  duration  to  the  A.1  second  (Refer- 
ences 15  and  16).  The  new  UTC  time  scale  is  now  kept  in  synchronism  with  the 
rotation  of  the  earth  to  within  ±0.7  seconds  by  step- time  adjustments  of  exactly 
one  second,  when  needed. 

3.4.8  Station  Time,  ST 

This  measure  of  time  is  obtained  at  each  station  by  counting  cycles  of  a rubidium 
atomic  frequency  standard.  The  difference  between  ST  and  UTC  is  tabulated  by 
each  station.  The  observables  are  recorded  in  ST  and  then  transformed  to  UTC. 


3.5  TRANSFORMATIONS  BETWEEN  TIME  SYSTEMS 

Desired  transformations  between  the  time  systems,  ET,  A.l,  UTC,  and  UTl  are 
carried  out  in  the  GTDS  orbit  determination  program  by  evaluating  either  a stan- 
dard formula  or  an  appropriate  time  polynomial. 

3.5.1  Transformations  by  Standard  Formula 


For  most  purposes,  the  difference  between  A.l  and  ET  may  be  considered  a 
constant.  The  suspected  discrepancy  is  roughly  two  parts  in  10^.  The  actual 
transformation  between  A.l  ai\d  ET  time  is  given  by 


(JD  - 2,436,204.5)  (86,400)  ^ 
9,192,631,770 


2e{fjB)  1/2  s in  E 


(3-238) 


where 


AT 


1958 


TD 

2,436,204.5 

Af 


jj. 


the  ET  - UT2  on  1 January  1958,  0*^0 "’0®  UT2  minus  the 
periodic  term  in  Equation  (3-238)  evaluated  at  this  same  epoch 
the  Julian  date 

the  Julian  date  on  1 January  1958,  0^0"’0® 

the  correction  to  fcesium  ‘ 9,192,631,770  cycles  of  cesium  per 

ephemeris  second 

the  gravitational  constant  of  the  sun, 

1.327,154,45  x 10^^  km^/sec^ 
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a ~the  semimajor  axis  of  the  heliocentric  orbit  of  the  earth- moon 
barycenter,  149,599,000  km 

® the  eccentricity  of  the  heliocentric  orbit  of  the  earth-moon 
barycenter  ,01672 

c ~ the  speed  of  light  at  an  infinite  distance  from  the  sun, 

299,792,5  km/sec 

E the  eccentric  anomaly  of  the  heliocentric  orbit  of  the  earth- 
moon  barycenter. 

The  first  term  of  Equation  (3-238)  arises  because  A,1  was  set  equal  to  UT2  at  the 
beginning  of  1958,  The  second  term  accounts  for  the  difference  between  the 
lengths  of  ET  and  A,1  seconds  (if  Af  is  nonzero).  The  periodic  term 

arises  from  general  relativity.  It  accounts  for  the  fact  that  A.1,  UTC,  and  ST 
times  are  measures  of  proper  time  observed  on  earth,  and  that  ET  is  a measure 
of  coordinate  time  in  the  heliocentric  (strictly  barycentric)  space-time  frame 
of  reference.  The  contribution  of  the  last  two  terms  in  Equation  (3-238)  is 
negligible  for  the  range  of  applications  currently  contemplated  for  GTDS. 

Hence,  the  transformation  between  ET  and  A,1  is  accomplished  using  the 
approximate  formula. 


ET  - A. 1 r 32?1S 


(3-239) 


3.5,2  Transformations  by  Time  Polynomials 

The  remaining  transformations  between  the  time  systems  A,l,  UTC,  and  UTl 
are  accomplished  using  the  time  difference  data  A.l-UTC,  and  A.l-UTl,  supplied 
by  the  U.  S,  Naval  Observatory.  These  data  have  been  conveniently  reduced  by 
quadratic  polynomial  fits  in  order  to  improve  the  etiiciency  of  the  transformation 
procedure.  The  time  difference  polynomials  derived  for  use  by  the  GTDS  program 
have  the  form 


(A.l  - UTC);  = a.  J + a;jT  + a.jT^  (3-240) 

(A.1-  UTl);- a..,  + a.jT  + (3_24i) 


where 

A.l-UTC  the  difference  between  A.l  and  UTC  time,  in  seconds. 

A.l-UTl  'v  the  difference  between  A.l  and  UTl  time,  in  seconds. 

j'  the  number  of  days  from  the  beginning  of  the  time  span  covered 
by  the  polynomia],  T = 1,  2,  . . , For  the  given  date,  MJD, 
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T - MJD  - MJD;  + 1 


(3-242) 


where  MJD^  is  the  tabular  modified  Julian  date  which  bounds  the  interval  from 
below,  i.e., 

MJD.  <MJD  <MJD.^i  (3-5243) 

The  coefficients  a. . are  given  in  Table  3-2  next  to  modified  Jidian  dates  (mod 
2,  430,  000)  defining  the  time  interval  for  which  the  coefficients  are  applicable. 

These  coefficients  and  associated  time  spans  were  determined  by  least-squares 
fitting  second  order  polynomials  to  published  time  difference  data.  The  time  spans 
were  determined  by  constraining  the  maximum  deviation  (between  the  data  and  poly- 
nomial) to  be  less  than  . 0005  seconds  for  (A.  1-UTC),  and  less  than  005  seconds 
for  (A.  1-UTl).  The  table  covers  the  time  span  from  January  1,  1958,  and  is  up- 
dated periodically.  Provision  is  made  for  inserting  futux'e  A.  1-UTC  offsets  (leap 
seconds)  as  predicted  by  the  U.  S.  Naval  Observatory.  Extrapolation  of  A.  1-UTl 
is  achieved  by  performing  a linear  least  squares  fit  on  the  data  for  the  last  six 
months  to  obtain  a .5,  the  A.  1-UTl  rate.  The  second  order  coefficient,  a.g,  is- 
set  equal  to  zero.  This  extrapolation  is  used  for  one  year  from  the  date  of  the 
last  available  observation;  after  this,  both  a .5  and  a .g  are  set  equal  to  zero. 


3.6  POL\^OMIAL  REPRESENTATION  OF  EPHEMERIS  DATA 


In  GTDS,  planetary  and  lunar  positions  and  velocities,  as  well  as  the  earth’s 
nutation,  are  determined  by  evaluating  multiple-day-arc  Chebyshev  polynomials 
whose  coefficients  are  derived  from  ephemeris  data  contained  on  tapes  supplied 
by  the  Jet  Propulsion  Laboratory  (JPL)  (References  5,  17,  and  18).  These 
Chebyshev  polynomial  representations  maintain  the  accuracy  of  the  original  data 
while  increasing  efficiency  by  eliminating  the  need  to  interpolate  on  the  JPL 
ephemeris  data.  The  data  contained  on  the  JPL  tapes  are  the  positions  and  veloc- 
ities of  the  planets  Mercury,  Venus,  Earth-Moon  bai'ycenler.  Mars,  Jupiter, 
Saturn,  Uranus,  Neptune,  and  Pluto,  the  Earth’s  Moon,  plus  the  nutation  rates  in 
longitude  and  obliquity.  These  data  are  generated  by  weighted  least-squares 
estimation  of  the  appropriate  orbital  models  using  source  positions  obtained  on 
the  basis  of  current  planetary  theories.  Positions  and  velocities  on  the  tapes 
are  referred  to  the  rectangular  equatorial  system  of  the  mean  equator  and  equinox 
of  1950.0,  with  planetary  data  being  heliocentric  and  lunar  data  geocentric. 

The  data  needed  to  deteimine  the  lunar  ephemeris  and  nutations  were  obtained 
by  evaluating  the  Improved  Brown  Lunar  Theory  with  corrections  suggested 
by  Dr.  W,  J.  Eckert  using  values  of  astronomical  constants  adopted  by  the  lAU  in 
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Table  3-2  (1  of  2) 

Time  Difference  Coefficients 


Gregor) an 
Date 

Modified 

Julian 

Date 

A.l-UTC 

A.l-UTl 

— 

^il 

^i2 

^i3 

^i4 

®i5 

a;6 

01-01-58 

6204 

-0.1618000D-01 

0.97457980-03 

-0.39915970-05 

0.18588750- 

01 

0.2017377D-02 

-O.M  093140-04 

01-16-58 

6219 

0.17C8511D-01 

0,94021340-03 

-0.22883300-05 

0.45486360- 

01 

0.16188520-02 

0.17998310-05 

02-06-58 

6240 

0,5616044  D-01 

0.8366484  0-03 

-0.13736260-05 

0.80116700- 

01 

0.16624660-02 

-0.26987720-05 

02-20-58 

6254 

0,8754361  D-01 

0.83971260-03 

0.45554390-06 

0.10280260 

00  [0.16258780-02 

0.26063120-05 

04-10-58 

6303 

0.1496110D  00 

0.94298220-03 

-0.21318370-05 

0.18745830 

00 

0.19940240-02 

-0.6054242  0-05 

05-31-58 

6354 

0.1926477D  00 

0.8642G07D-03 

0.20229770-05 

0.27282590 

00 

0.12287710-02 

-0.62937060-05 

06-12-58 

6366 

0.22:J144D  00 

0.9408642D-03 

-0.14324350-05 

0.28664220 

00 

0.10920880-02 

-0,102o374D-04 

07-03-58 

6387 

0.2626176D  00 

0,88818680-03 

0.13736260-05 

0.30501010 

00 

0,61567550-03 

0.30381380-05 

07-17-58 

6401 

0,29520140  00 

0.90078820-03 

-0.18101010-06 

0.31657800 

00 

0.29662590-03 

0.66050710-05 

10-23-58 

G499 

0,40162150  00 

0.84209820-03 

-0.25980910-06 

0.4096507D 

00 

0-167103  80-02 

-0.13796410-06 

11-27-58 

6534 

0,45087530  00 

0.76889080-03 

0.22325380-05 

0,46819850 

00 

0.1664009  0-02 

-0,81 83690  D-06 

12-25-58 

6562 

0,49404840  00 

0.89039610-03 

0.45974160-06 

0.51424900 

00 

0.14852260-02 

0.30960750-05 

01-29-59 

6597 

0,54583280  00 

0.91691400-03 

0.45577030-06 

0.57005690 

00 

0.13938240-02 

-0.?  3048010-05 

02-26-59 

6625 

0.59188850  00 

0.94798800-03 

-0.20746320-06 

0.60282160 

00 

0.17050160-02 

-0.32175830-05 

08-02-59 

6782 

0,73505000  00 

0.11100000-02 

-0.50000000-04 

0.78856000 

00 

0.87142860-03 

-0.28571430-04 

08-06-59 

6786 

0.75873710  00 

0.87042350-  03 

-0.22586110-06 

0.79188770 

00 

0.59155140-03 

0,76439860-05 

08-27-59 

6807 

0.79697480  00 

0.85671790-03 

0.44597690-06 

0.80766720 

00 

0.95179890-03 

0.68977090-05 

10-01-59 

6842 

0.84726120  00 

0.85073240-03 

0.12137040-05 

0.84927540 

00 

0.1595855  0-02 

0.26686350-05 

11-05-59 

6877 

0.63833520  00 

0.94241760-03 

-0.3296703D-UO 

0.90810240 

00 

0.17713950-02 

0.26583710-05 

11-19-59 

6891 

0.93097920  00 

0.86887060-03 

0.46945390-06 

0.93349680 

00 

0.17750830-02 

-0.45668030-05 

12-17-59 

6919 

0.9762-1950  00 

0.67294320-03 

0.13598370-04 

0.97980320 

00 

0.1469490  0-02 

-0.30766110-05 

01-14-60 

6947 

0.1  005776  0 01 

0.12763270-02 

-0.25468130-07 

0.10151540 

01 

0.1431175D-02 

0.69048890-06 

06-30-60 

7084 

0.1J79992D  01 

0.12765830-02 

-0.70582710-07 

0.12237530 

0) 

0.69186110-03 

-0.1706175  0-05 

09-07-60 

7184 

0.13069700  01 

0.  12517370-02 

0.20064  000-06 

0.1£778.t5D 

01 

0.12721920-02 

0.10630620-05 

01-01-61 

0.14599420  01 

0.12905650-02 

-0.12595510-07 

0.14424130 

01 

0.7002162  0-03 

0.52073920-05 

04-20-61 

7409 

0.16004  3 5 0 01 

0.12886680-02 

-0.45082040-07 

0.15728900 

01 

0.14314240-02 

-0.48659810-05 

08-01-61 

7512 

0.16827300  01 

0.12976090-02 

-0.16112870-07 

0.16664250 

01 

0.60243810-03 

0.4223422  0-05 

12-17-61 

7650 

0.18616000  01 

0.13000000-02 

-0.12627260-15 

0.18264520 

01 

0.59200230-03 

0.64584680-04 

01-01-62 

7665 

0.18812600  01 

0.11213440-02 

0.94592110-08 

0.18437170 

01 

0,12872150-02 

0.13324520-05 

06-02-62 

7817 

0.20518490  U1 

0.11163180-02 

0.1:7768930-07 

0.20709100 

01 

0.47241460-03 

0.19630540-05 

09-12-62 

7919 

0.21659310  01 

0.1120481  0-02 

0.58281220-09 

0,21414750 

01 

0.14907510-02 

0.17562950-05 

01-05-63 

0.2294768D  01 

0.1 1151820-02 

0.66202230-07 

0.23369280 

01 

0.56110550-03 

0.7101.^270-05 

04-13-63 

8132 

0.24  046(J.)D  01 

0.11.  .1980-02 

-0.42C5743D-08 

0.24  60437  0 

01 

0.20226770-02 

-0.63469170-05 

08-14-63 

8255 

0.25427580  01 

0.11185670-02 

0.1 0362360-07 

0.26182460 

01 

0.1139977P  02 

0.68600390-05 

11-01-63 

8334 

0.27312460  01 

0.11119580-02 

0.15420960-06 

0.27506050 

01 

0.22533390-02 

-0.19755780-05 

01-06-64 

8400 

0.28058120  01 

0.12980180-02 

-0.1 0445240-07 

0.28918220 

01 

0.19925890-02 

0.7474964  0-06 

04-01-64 

8486 

0.30173450  01 

0.12938420-02 

0.13«4168D-08 

0.30635300 

01 

0.2684157  0-02 

-0.69351320-05 

07-07-64 

8583 

0.31428580  01 

0,129484  50-02 

-0.40265240-07 

0.3254806  0 01 

0.96643850-03 

0.42363490-05 

09-01-64 

8639 

0.33153110  01 

0.12875980-02 

0.31036470-06 

0.33218210 

01 

0.15152760-02 

0.10550860-04 

10-01-64 

8669 

0.33551780  01 

0.12950540-02 

-0.1298027D-f'8 

0.33792790 

01 

0.228.55290-02 

-0.42952430-06 

01-01-65 

8761 

0.3574267D  01 

0,1294804  0-02 

0.4G88893r-08 

0.35875700 

01 

0.20391340-02 

0.52941570-06 

03-01-65 

8820 

0.3750694  0 01 

0.12974410-02 

-0.1153898D-07 

0.37053150 

01 

0.29024360-02 

-0.46222480-05 

07-01-65 

8942 

0.40088341)  01 

0.12962140-02 

-0.86562920-08 

0.39919560  01 

0.15424900-02 

0. 12373960-05 

09-01-65 

9004 

0.41891510  0) 

0.12961060-02 

-0.15623280-08 

0.40896390 

01 

0.2405161  D-02 

0.25458700-05 

12-09-65 

9103 

0.43174  2 5 0 01 

0.12980000-02 

-0.13370400-16 

0.43474.530 

01 

0.2446044  0-02 

-0.14892230-04 

01-02-66 

9127 

0.43485220  01 

0.25916330-02 

0.16583750-08 

0.43965860 

01 

0.23428990-02 

0.12215170-05 

00-14-66 

9290 

0.47709850  01 

0.25940670-02 

-0.18555700-07 

0.48112980 

01 

0.15946680-02 

0.32519860-05 

09-25-66 

9393 

0.50380400  01 

0.2.5909330-02 

0.19486570-07 

0-50122400 

01 

0.28620110-02 

0.5936044  0-06 

12-01-66 

9460 

0.52109630  01 

0.25922180-02 

-0.42962870-08 

0.52113000 

01 

0.20905.7 10-02 

0.27518600-05 

04-23-67 

9603 

0.C581668D  01 

0,25933210-02 

-0.88063180-08 

0.55700560 

01 

0.2681584  U-02 

-0.63668290-05 

08-11-67 

9713 

0.58669220  01 

0.25853860-02 

0.34  •’S87 10-07 

0.57937860 

01 

0.16661730-02 

0.72)094  6 0-05 

11-30-67 

9824 

0.6154340  0 01 

0 25901200-02 

0.33989560-07 

0.60639760 

01 

0,24729660-02 

0.90220600-06 

02-01-68 

9887 

0.62176300  01 

0.25920050-02 

-0.36376910-10 

0.62273220  01 

0.22595300-02 

0.29557070-05 

06-01-68 

■ ■1 

0,65312620  01 

0.25919990-02 

0.65705600-11 

0.65394100 

01 

0.18464000-02 

0.2752718O-O5 

12-26-68 

0.70703980  01 

0.  2.592008D-02 

-0.61121770-10 

0.70391450 

01 

0.23759080-02 

0.34122150-05 

05-18-69 

0.7441054D  01 

0.2591984  D-02 

0.1292.5460-09 

0.74486620 

01 

0.23188770-02 

-0.17309470-05 
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Table  3-2  (2  of  2) 

Time  Difference  Coefficients 


Gregorian 

Date 

Modified 

Julian 

Date 

A.l-UTC 

A.l-UTl 

«il 

*i2 

»i3 

*i4 

“iS 

^6 

09-07-69 

10471 

0.7731358D  01 

0.2592001  D-02 

-0..5477020D-11 

0.7693900 D 01 

0.2938450D-02 

-0.7218456D-07 

04-14-70 

10690 

0.8299006D  01 

0.2592000D-02 

0.2950026D-11 

0.8339493  D 01 

0.3331022D-02 

-0.7547016D-05 

08-17-70 

10315 

0.8623006D  01 

0.2592000D-02 

-0.6895982D-16 

0.8639866D  01 

0.2150943D-02 

0.565534  lD-05 

12-08-70 

1G928 

0.8915902D  01 

0.2592000D-02 

-0.2521662D-11 

0.8955715D  01 

0.2377667D-02 

0.2334677D-05 

04-17-71 

11058 

0.9252862D  01 

0.2592000D-02 

0.2260392D-16 

0,93186750  01 

0.3177  070D-02 

-0.4467  255D-05 

08-27-71 

11190 

0.9595006D  01 

0.2591993D-02 

0.8745209  D-10 

0.9663368D  01 

0.2525044D-02 

0.8834257  D-05 

11-26-71 

11281 

0.9830878D  01 

0.2592018D-02 

-0.5629834 D-16 

0.9961526D  01 

0.3439684 D-02 

-0.1127429D-04 

01-01-72 

11317 

0.1003438D  02 

0.0 

0.0 

0.1006682D  02 

0.3204370D-02 

0.1683766  D-05 

05-25-72 

11462 

0.1003438D  02 

0.0 

0.0 

G.1056214D  02 

0.3100347D-02 

-0.7556443D-05 

07-01-72 

11499 

0.1103438D  02 

0.0 

0.0 

0.1066897D  02 

0.2153567D-02 

0.5068341  D-05 

12-01-72 

11652 

0.1103438D  02 

0.0 

0.0 

0.1111230D  02 

0.3029462D-02 

0.8200901  D-05 

01-01-73 

11683 

0.1203438D  02 

0.0 

0.0 

0.1121122D  02 

0.3275744  D-02 

0.1268116D-05 

05-22-73 

11824 

0.1203438D  02 

0.0 

0.0 

0.1169615D  02 

0.2739495D-02 

-0.1989802D-05 

09-12-73 

11937 

0.1203438D  02 

0.0 

0.0 

0.1198002D  02 

0.3151757D-02 

0.725140^0-06 

12-23-73 

12039 

0.1203438D  02 

0.0 

0.0 

0.1230448D  02 

0.3394470D-02 

-0.7916667D-O4 

01-01-74 

12048 

0.1303438D  02 

0.0 

0.0 

0.1232661D  02 

0.249051  OD-02 

0.4120220D-05 

05-10-74 

12177 

0.1303438D  02 

0.0 

0.0 

0. 127073-D  02 

0.3751944D-02 

-0.2040723D-04 

07-12-74 

12240 

0.1303438D  02 

0.0 

0.0 

0.1286T93D  02 

0.1846049D-02 

-0.1615431  D-05 

08-12-74 

12271 

0.1303438D  02 

0.0 

0.0 

0.12?56430D  02 

-0.4005000D-01 

0.1035000D-01 

08-15-74 

12274 

0.1303438D  02 

0.0 

0.0 

0.1 292856 D 02 

0.5957143D-02 

-0.3214286 D-03 

08-22-74 

12281 

0.1303438D  02 

0.0 

0.0 

0.12942530  02 

0.1314643D-02 

0.5946429D-03 

08-28-74 

12287 

0.1303438D  02 

0.0 

0.0 

0.1296817D  02 

-0.3707143D-02 

0.6738095D-03 

09-05-74 

12295 

0.1303438D  02 

0.0 

0.0 

0.1297733D  02 

-0.1032143D-03 

0.6053571D-03 

09-11-74 

12301 

U.1303438D  02 

0.0 

0.0 

0.1299306D  02 

0.2219481  D-02 

0.5864136D-04 

09-23-74 

12313 

0.1303438D  02 

0.0 

0.0 

0.1307627D  02 

-0.4386500 D-01 

0.8875000D-02 

09-27-74 

12517 

0.1303438D  02 

0.0 

0.0 

0.1307670D  02 

-0.4800000D-01 

0,1 290000 D-01 

09-30-74 

12320 

0. 1303438D  02 

0.0 

0.0 

0.1306024  n 02 

-0.1315714D-01 

0.2742857D-02 

10-05-74 

12325 

0.1303438D  02 

0.0 

0.0 

0.1305110D  02 

0.4583001D-13 

-0.8881784  D-14 

10-09-74 

12329 

0.13034380  02 

0.0 

0.0 

0.1307236D  02 

0.3154490D-02 

-0.1800921  D-05 

01-01-75 

12413 

0.14034380  02 

0.0 

0.0 

0.1331909D  02 

0.3057353D-02 

-0.6523143D-06 

04-08-75 

12510 

0.1403438  0 02 

0.0 

0.0 

0.1361908D  02 

0.2I2U486D-02 

0,3011148D-04 

05-03-75 

12535 

0. 14034S8D  02 

0.0 

0.0 

0.1 366022 D 02 

0.2498500D-ni 

-0.4375000 D-02 

05-07-75 

12539 

0.14034380  02 

0.0 

0.0 

0.1368984  D 02 

0.4292143D-02 

-0.3535714  D-03 

05-13-75 

12545 

0.14034380  02 

0.0 

0.0 

0.1371077D  02 

0.2625874D-03 

0.2807692D-03 

05-24-75 

12556 

0.14034380  02 

0.0 

0.0 

0.1374876D  02 

-0.2339286D-02 

0.4821429D-03 

05-31-75 

12563 

0.14034380  C2 

0.0 

0.0 

0.1375854  D 02 

-0.4590000D-02 

0.1 850000 D-02 

06-05-75 

12568 

0.140343  8 0 02 

0.0 

0.0 

0.1376146D  02 

0.S219048D-02 

-0.8952381D-03 

06-12-75 

12575 

0.14034380  02 

0.0 

0.0 

0.1377704D  02 

0.1030643D-01 

-0.1253571D-02 

06-18-75 

12581 

0.1403438D  02 

0.0 

0.0 

0.1379992D  02 

0.3318864  D-02 

-0,1541667  D-03 

06-28-75 

12591 

0.14034380  02 

0.0 

0.0 

0.1384005D  02 

0.2864403D-02 

0.0 

07-01-75 

12594 

0.14034380  02 

O.2OC00OOD-O7 

0.0 

0.1384864D  02 

0.2864403D-02 

0.0 

07-03-75 

12596 

0.14  034390  02 

0.2000000D-07 

0.0 

0.1488556D  02 

0.0 

0.0 
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1964.  However,  spacecraft  trajectory  data  obtained  more  recently  indicate  that 
some  of  the  constants  still  require  significant  corrections.  The  uncertainty  in 
the  geocentric  position  of  the  moon’s  center  of  mass  at  the  data  points  of  the 
ephemeris  is  estimated  at  150  meters  and  the  uncertainty  in  the  distance  is  about 
60  meters. 

The  evaluation  of  the  orbital  models  of  the  planets  needed  in  the  least-squares 
fitting  process  was  carried  out  by  numerical  integration  of  their  differential 
equations  of  motion  using  a l/2-day  step-size  for  Mercury,  a 2-day  step-size  for 
Venus  and  the  Earth-Moon  barycenter,  and  a 4-day  step-size  for  Mars  and  the 
outer  planets*  A second-sum  predictor-corrector  integrator  was  used  with 
fourteenth  differences  of  the  accelerations  retained.  The  tabular  ephemeris  data 
obtained  in  this  manner  can  be  used  directly  by  interpolating  for  intermediate 
values  or  they  can  be  reduced  by  curve-fitting  techniques  at  the  sacrifice  of 
additional  accuracy. 

The  JPL  software  used  to  retrieve  data  from  a JPL  ephemeris  tape  provides 
interpolated  values  of  position  and  velocity  vectors  of  any  requested  set  of  bodies 
relative  to  any  requested  central  body.  Bounds  for  the  truncation  error  associ- 
ated with  the  fifth-order  Everett  interpolation  formula  are  given  in  Table  3-3. 

Table  3-3 

Bounds  for  Truncation  Error  When  Using  Fifth-Order 
Everett  Interpolation  Formula 


Body 

Position 

Velocity 

Mercury 

8890.00  X lO’^^  AU 

4420.00  x 10-^2  AU/day 

Venus 

4,73  X 10'^^  AU 

0.62  X 10-^^^  AU/day 

Earth- Moon  barycenter 

5.19  X 10-^2 

2.50  X 10“^^  AU/day 

Mars 

6,47  X 10"^2  AU 

5.77  X 10"^^  AU/day 

Jupiter 

6.64  X 10“^^  AU 

5.72  X 10' ^2  AU/day 

Saturn 

6.64  X 10”'^^  AU 

5.72  X 10-^^  AU/day 

Uranus 

6.64  X 10“i2  AU 

5.72  X 10  ‘^‘  AU/day 

Neptune 

6.64  X 10-*^^  AU 

5.72  X 10  AU/day 

Pluto 

6.64  X 10-  12  AU 

5.72  X 10 AU/day 

Moon 

1.0100  xlO*^  earth  radii 

1.4500  /•  10  ^ earth  radii/day 

I Nutation  in  Longitude  0.46  x 10“^^  radians  1,16  10  radians/day 

I Nutation  in  Obliquity  0.23  >10“^^  rad^aus  0.5b  >10  radians/day 
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The  Chebyshev  polynomial  coefficients  are  obtained  from  the  JPL  ephemeris 
data  in  the  following  manner.  Let  the  function  values  provided  by  the  JPL 
software  at  requested  times  tj,i=l,2,.,,  ,m+l,  for  a single  component  of 
position,  velocity,  or  nutation,  be  designated  yi . An  m‘^  order  interpolating 
function  in  the  interval  [t  ■ , t^+j  ] can  be  obtained  as  a linear  combination  of 
basic  functions  (t) 

m 4-  1 

Y„(t)  = c.  Fj  (t)  (3-244) 

j = 1 

by  requiring  that  the  differences  between  the  data  and  the  function  vanish,  i.e., 


m + 1 p m + 1 

«-z: 


-1  2 


J J 


0 


(3-245) 


The  choice  of  the  functions,  F (t),  j = l,2,  ...,m  + l,in  Equation  (3-244)  has 
important  ramifications  both  on  the  obtainable  accuracy  of  (t)  for  t / t^  and 
the  ease  of  determining  the  c ^ . 

The  interval  [t, , t J is  transformed  to  [1,-1]  by  the  linear  transformation  of 
variables 


^ t,) 

t , _t 

m+ 1 ‘■1 


(3-246) 


The  functions  F are  then  chosen  as  the  orthogonal  Chebyshev  polynomials  of 
degree  j - If  i.e.. 


where 


T^(x)  cos  l''j  - l)cos  'xj 


(3-247) 


T/x)  1 

1 ^ r X ) X 
T3(x)  2x^  1 

(3-24?S) 


T , ( X ) 2 X T ( X 

J 1 J 


( X 
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Under  these  conditions  Equations  (3-244)  and  (3-245)  can  be  reformulated  as 


and 


Y„(x)  = 

j=l 


(3-249) 


(3-200) 


Data  reduction  can  be  achieved  by  selecting  the  largest  possible  interval 
[tj,  for  which 


Max 

X 


c.  T.  (x) 


j j 


< € 


(3-251) 


for  X ir  [1,  -1] . This  is  satisfied  if  the  coefficient  of  the  truncated  term 
*^^42'  e > because  of  the  min  max  properly  of  Chebyshev  polynomials.  For  a 
given  interval  Uj,  t^^j  ] , the  discrepancy  between  y and  (x)  is  minimized 
and  the  amount  of  work  required  to  determine  the  c.  substantially  r 'educed  by 
selecting  the  base  points  x as  the  roots  of  the  Chebyshev  polynomial  ^f  degree 
m + 1. 

X.  = cos  i = 1,  J n + 1 (3-252) 

^ 2(m  + 1) 

At  these  points  the  polynomials  have  the  following  orthogonality  pr^'perty  with 
irespect  to  summation  as  well  as  integration. 


2^  T,  (xj  T,  (xj  = 0 j :^k 

a = l 

(3-253) 

m4l  . 

2^T.(xJT,(xJ  j^k,  j.k.mtl 

asl 

This  property  is  derived  from  the  corresponding  orthogonality  property  of  the 
cosine  functions  and  makes  it  possible  to  determine  the  c . from 


m 


(3-254a) 
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c. 

J 


j = 2,  3,  . . . , m + 1 (3-254b) 


m-t- 1 


isi 


Once  the  coefficients,  c.,  of  the  linear  combinaticn  of  Tj  have  been  determined, 

(x)  may  be  conveniently  transformed  into  the  equivalent  Chebyshev  interpolating 
polynomial  in  [l,  -ll 


b.  Xi*l 


(3-255) 


as  follows. 
Let 


3 (-l)j+‘  j - 1,  2,  . . . , (2j -1)  Sm  (3-256a) 

= 2^-2  c.  i = 2,  3,  . . . , m + 1 (3-256b) 

and 

®ii  = <=[i,2  (i-1)]  i - 2,  3,  ....  [i+2(j-l)]Sm  + l (3-256c) 

j = 2,  3,  . . . , [i+2(j-l)]  ^m  + 1 


Then,  the  coefficients,  b.,  of  the  interpolating  polynomial  can  be  determined  from 


a.  . 

» J 


i = 1,  2,  ....  m + 1 
j = 1,  2 [i  + 2(j-l)]^m  + 1 


(3-257) 


Finally,  the  polynomial  so  determined  caii  be  used  to  interpolate  in  «:he  interval 
[tj , ^ ] by  means  of  the  transformatior  of  variables  defined  by  Equation 

(S-2^V 
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The  preseat  version  of  GTDS  can  handle  any  of  10  bodies,  one  of  which  is  the 
central  body.  A solar /lunar/planetary  file  by  Cheb]  shev  approximating  poly- 
nomials is  generated  covering  the  encire  time  internal  of  interest.  The  file 
contains  polynomials  for  each  component  of  position  and  velocitj'  and  for  each 
element  of  the  matrices  which  transform  from  the  selenocentric  true  of  date  to 
the  selenog^aphic  coordinate  sj'stem  and  from  the  mean  equator  and  equinox 
of  date  to  the  true  of  date  coordinate  sj'stem,  as  required  by  the  application. 
The  file  also  contains  coefficients  for  the  equation  of  the  equinoxes,  lU,  used 
to  correct  the  mean  Greenwich  sideral  time  as  given  in  Equation  (3-19). 
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CHAPTER  4 

PERTURBATION  MODELS  AND  VARIATIONAL  EQUATIONS 


For  orbital  prediction  using  the  method  oi  sp'  ial  perturbations,  the  equations  of 
motion  of  the  satellite  are  integrated  numerically.  The  perturbing  acceleration 
vector  is  required  to  construct  these  equations,  which  are  presented  in  Chapter  5. 
The  sources  of  these  oerturbations  are  identified  and  the  appropriate  perturbation 
models  presented  in  this  chapter.  The  perturbations  discussed  include: 

• ♦he  gravitational  acceleration  due  to  n-point  masses, 

• the  gravitational  acceleration  due  to  nonsphericity  of  the 
gravitational  potential,  R^^^ 

• the  acceleration  cue  to  the  mutual, nonspherical  gravitational 
attraction  of  che  earth  and  moon,  Rj^ 

• the  acceleration  due  to  aerodynamic  forces,  R^^ 

• the  acceleration  due  to  sclar  radiation  pressure,  Rgp 

• the  acceleration  due  to  thrusting  of  the  spacecraft  engines,  R^ 

• the  acceleration  due  to  attitude  conlroA  system  corrections,  R^.^ 

• model  r^cplaceme.it  accele»*auons,  R^ 

All  or  any  subset  of  these  effects  can  be  included  In  the  perturbing  acceleration 
vector  which  is  used  in  the  construction  of  the  equations  of  motion  using  either 
th"*  Cowell  or  Variation  of  Parameters  formulations. 

The  partial  derivatives  of  the  current  state  vector  with  respect  to  the  initial 
state  vector  are  required  in  the  differential  correction  process.  These  partial 
derivatives,  which  Uv-isiituie  ihe  ovate  transition  matrix,  can  be  'Obtained  by 
numerically  integrating  a system  of  variational  equations  in  conjunction  with  the 
Cowell  orbit  generator.  The  construction  ot  these  variational  equations  is  dis- 
cussed in  detail  for  each  of  the  perturbing  accelerations.  Accelerations  which 
are  included  in  the  equations  of  motion,  but  for  which  the  esUmation  process  is 
insensitive,  can  be  omitted  in  the  construction  of  the  variational  equations. 
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A method  of  corapucing:  the  partial  deriv^atives  analytically  is  discussed  in  Section 
4.10.  This  analytical  approach  is  alwayi?  used  in  the  differential  correction  pro- 
cess in  GTDS  when  the  Variation  of  Parameters  or  Brouwer  orbit  generators  are 
used,  and  is  optional  in  the  Cowell  differential  correction  process. 


4.1  TOTAL  PERTURBATION  MODEL  AND  VARIATIONAL  EQUATIONS 

The  total  acceleration  vector  is  the  sum  of  the  accelerations  induced  by  each  of 
the  sources  listed  above  (expressed  in  an  inertial  Cartesian  coordinate  system, 
i.e.,  mean  equator  and  equinox  of  1950.0  or  true  of  reference  date.) 


^ “ ^PM  ^ ^10  ^TAC  ^T* 


(4-1) 


The  total  perUrbing  acceleration  vector  is  usually  defined  as  the  total  accelera- 
tion excluding  the  point  mass  gravitational  acceleration  caused  by  the  central 
bodv. 


The  Cowell  equations  of  motion  of  thr  satellite  may  be  written  in  the  form 


R = f (R,  R,  t,  p) 


(4-2) 


where 

R column  vector  of  vehicle  position  coordinates 
P vector  of  dynamic  parameters  of  dimension 

and 

p=  (R(t„),  R(t„),  p’)T  (4-3) 

where 

p"  constant  model  parameters  pertaining  to  drag,  gravitational 
harmonic  coefficients,  etc. 

Tile  model  parameters  p,  which  may  be  included  in  the  variational  equations, 
are  as  follows: 
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• Position  and  velocity  of  the  spacecraft  in  mean  of  1950,0  coordinates, 
true  of  date  coordinates,  classical  orbital  elements  at  epoch, 
spherical  coordinates,  or  DODS  variables 

• Gravitational  parameter  of  che  central  body 

• Harmonics  of  the  central  body 

« Gravitational  parameters  of  perturbing  bodies 

• Aerodynamic-  drag  parameter 

• Solar  radiation  pressure  parameter 

• Powered  flight  parameters 

• Attitude  control  parameters. 

These  parameters  are  determined  in  such  a way  as  to  reduce  the  differences 
between  a computed  and  an  observed  orbit.  This  orbit  determination  pr  ocess 
requires  the  computation  of  variations  in  the  s^ate  variables,  R(t)  and  R(t),  as 
functions  of  variations  in  this  parameter  set. 

If  Equation  (4-2)  is  differentiated  with  respect  to  p,  the  matrix  equation 


SR  Sp 


SR  m 

SR  dp 


(i 


(4-4) 


is  obtained.  If  time  t and  the  parameter  set  p are  independent,  the  differentiation 
with  respect  to  t and  p may  be  interchanged  to  give 


dt^\3p/  dR  Sp  dR  dt  \ dpy  ^ 
Defining  the  matrices 


A(t) 

B(t) 


JR(t) 

C(t) 

_ SR 

3x  3 

L\  3p 

/ exp  1 1C  i t_j 

SS(t) 

Yft)  = 

3x3 

_ _ 

_ _ 

3x  -f, 

(4-6) 
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Equation  (4-5)  takes  the;  form  of  a system  of  linear  differential  equations 

Y = A(t)Y  + 3(t)Y+C(t)  (4-7) 

called  the  variational  equations. 


Just  as  the  basic  Equation  (4-1)  is  numerically  integrated  to  obtain  the  position 
R (t)  and  velocit)’  R (t)  of  the  satellite,  the  variational  equations  are  integrated  to 
obtain  the  matrices  Y(t)  and  Y(t),  which  yield  the  required  partial  derivatives. 
These  partial  derivatives  are  used  to  form  the  observation  partial  derivatives 
required  for  differential  correction  of  the  or'nit.  This  application  is  discussed  in 
Chapter  7, 

The  matrices  A,  B,  and  C are  formulated  for  the  case  where  R is  of  the  form 
given  in  Equation  (4-1) 


°®TAC 

A = ' 

_ + 

+ — — — 

+ - 

T 

(a) 

BR 

‘.'R 

3R 

BR  ^R 

B 

^ u 

(b)  (4-S) 

il)  “ 

' ^'explicit 

3R 

j>K 

BR 

A' 

Bp‘_ 

exp  1 1 c i t 

03, 03. 

(c) 

where 

0^'''3x  3nuil  matrix 


columns  of  explicit  partial  derivatives  ol  acceleration  with  respect 
to  model  parameters: 


*'PM 

'^^NS 

‘aC" 

4.2  POINT  MASS  EFFECTS 

To  first  order,  the  gravitational  attraction  of  a perturbing  body  of  mass  m can 
be  approximated  as  that  arising  from  a dimensionless  particle  of  mass  m located 
at  the  center  of  mass  of  the  body.  An  expression  for  tlie  perturbing  acceleration 
a;rising  from  n-point  masses  Is  developed  in  this  section. 
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4.2.1  N-Point  Masses  Perturbation  Model 


In  the  development  of  the  perturbation  model  for  the  gravitational  effect  of  n- 
massive  bodies,  the  starting  point  is  Newton's  second  law  of  motion  and  law  of 
gravitation  (References  1,  2,  3). 

The  second  law  of  motion  for  a body  of  mass  m,  acted  upon  by  a force  F,  is 
given  by 


F = 


d 


which  reduces  to 


F = 


dt^ 


(4-9) 


(4-10) 


when  m is  constant.  Here  R is  3 vector  from  the  center  of  an  inertial  coordinate 
system  to  the  satellite. 

The  gravitational  force  acting  on  a satellite  of  mass  m due  to  the  attraction  of 
a body  of  mass  m^ , which  is  assumed  to  act  as  a point  mass,  is  given  by 

_ Gmtr  _ 

Fk  = - ^ (4-11) 

K 

where  G is  the  universal  gravitational  constant  and  . the  vector  from  the 
body  k to  the  satellite  (see  Figure  1-1). 


In  order  to  obtain  the  total  contribution  from  all  perturbing  bodies,  a summation 
over  k is  performed 


F = 


R 


3 

kp 


kp' 


(4-12) 


When  this  expression  is  substituted  into  Equation  (4-10),  the  acceleration  exper- 
ienced by  a satellite  attracted  by  n-point  masses  is  obtained  in  an  inertial 
coordinate  system 


d^R 

d7^‘ 


-z: 

l.  s 1 


R 


3 

kp 


kp‘ 


(4-13) 
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For  convenience  and  ease  in  the  interpretation  of  results,  it  is  advantageous  to 
refer  the  motion  of  the  satellite  to  one  of  the  perturbing  bodies.  The  force  on 
body  j,  the  reference  or  central  body,  is  given  by 


k = 1 
kf  j 


(4-14) 


where  is  a vector  from  the  reference  body  to  the  body.  The  accel- 
eration of  the  reference  body  with  respect  to  the  inertial  coordinate  system  is 
given  by 


d^R 

) 

"dt^ 


k?  J 


(4-15) 


iNFiRTI/^L 

COORDINATE 

SYSTEM 


Figure  4-1.  Schematic  of  Point  Mass  Gravitational  Bodies 
A subtraction  of  Equation  (4-15)  from  Equation  (4-13)  yields 


4-G 


(4-16) 


Substituting  R-R^  = R=  R;p  and  Rj^p  = R - R^  into  Equation  (4-16)  yields  the 
acceleration  due  to  n-point  masses 


R 


PM 


d^R 


n 


j 


- K) 
\\\  -W 


(4-17) 


where  R^^  , R,  and  R^  are  expressed  in  mean  of  1950.0  coordinates  or  true  of 
reference  date  coordinate  \^ichever  is  the  basic  coordinate  frame.  The  gravi- 
tational parar  eter  is  the  product  of  the  mass  of  a given  body  and  the  universal 
gravitational  constant.  In  particular,  = Gm^  for  the  body,  and  m = Gm^ 
for  the  central  body. 


When  only  the  effects  of  the  central  body  are  included  in  Equation  (4-17),  an 
analytic  solution  can  be  obtained.  This  solution  is  the  basis  for  construction 
of  the  Variation  of  Parameters  methods  which  are  discussed  in  Chapter  5. 
Special  perturbation  methods  arc  required  for  orbit  propagation  only  when 
additional  perturbation  effects  are  considered.  Consequently,  the  perturbing 
acceleration  vector  does  not  include  the  first  term  on  the  right  hand  side  of 
Equation  (4-17). 


When  the  satellite  is  in  a close  orbit  around  the  reference  body,  significant  round- 
off errors  may  occur  in  the  computation  of  Equation  (4-17)  due  to  the  differencing 
of  nearly  equal  numbers.  When  the  earth  is  the  central  body,  this  error  has  not 
been  found  to  be  significant.  However,  it  may  be  important  in  the  computation 
of  third  body  effects  due  to  the  earth  when  the  moon  is  the  central  body.  This 
difficulty  can  be  removed  by  rewriting  the  equations  of  motion  in  a different, 
but  equivalent,  form. 

Designate  j R^p  | by  r,^p,  |Rj^  1 by  r,^,  1 R 1 by  r,  and  the  included  angle  between 
R and  Rj^  by  r ; then 

rjp  = - 2rr^  cos  0 (4-18) 

The  ratio  Vr^^p  can  be  expanded  in  terms  of  Legendre  functions  as 

JL  - i_  {Pr.  (cos  (■)  + P,  (cos  (■•')  h 4 P,  (cos  f 0 -t  . . . - 1- (4“^  9) 

r,  r,  ^ r, 
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where 


h = ~ 
r,. 


B = P.(cos  0) 


/ ' 1 ^ y 3 ^ / 3 

Substitution  of  the  expansion  of  the  numerator  l/i  R,^  - R I = 1/rkp  = (1  +B) 
and  the  relationship  R^  = R - Rj^p  into  Equation  (4-17)  yields 


^PW  “ 


dt2 


= -^R+ 

R^  ^ 


k • 1 
k-^  j 


-R^p(3B  + 3B^  + B^)  - R 


(4-20) 


This  procedure  eliminates  the  numerical  diffculty.  The  series  in  h is  truncated 
by  terminating  the  series  when  h"  < , where  is  a predetermined  tolerance. 


4.2.2  Associated  Partial  Derivatives 

The  associated  par  tial  derivatives  are  given  by 


3R 


I + 


(R,  ^R)(R^-R^) 


3R 


PM 


= 0, 


3R 


(4-21) 


(4-22) 


where  T is  the  identity  matrix  of  dimension  three. 

The  associated  C-matr’x  columns  fcr  the  model  parameters  and  are 
given  by 


^RpM  R 


1 

(4-23) 

3^  _ (R,  - P' 

(4-24) 

!R|^-R|^ 
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4.3  NONSPHERICAL  GRAVITATIONAL  EFFECTS 


Most  solar  system  bodies  are  known  to  have  figures  which  depart  from  the 
spherical  model  of  the  particle.  The  nonsphericity  of  the  gravitational  potential 
may  give  rise  to  a significant  perturbation  of  satellite  trajectories.  Therefore, 
accurate  orbit  determination  may  require  the  inclusion  of  nonspherical  terms. 

The  gravitational  potentials  of  the  earth  and  moon  are  the  best  known  of  all  so' a'' 
system  bodies,  because  of  extensive  tracking  and  analysis  of  close  earth  and 
lunar  satellites.  The  figures  of  pJanets  with  natural  satellites  are  known,  although 
less  accurately,  through  study  of  the  motion  ot  their  natural  satellites. 


4.3.1  Nonspherical  Gravitational  Perturbation  Model 

The  next  perturbation  considered  is  that  due  to  the  nonsphericity  of  a massive 
body.  The  meti)od  of  representing  its  potential  is  classical  and  may  be  found  in 
numerous  publications  (References  3,  4,  5).  The  gravitational  field  of  the  body 
is  derived  from  a scalar  potential  ^ that  satisfies  Poisson's  equation 

(p,  K)  ~ - 47Tfj^p(r,  (p,  K)  (4-25) 

where  r the  magnitude  of  the  vector  from  the  body's  center  of  mass 
to  the  satellite 

0 -V  *ne  geocentric,  selenocentric,  or  planetocentric  latitude 

K ~ the  geocentric,  selenocentric,  or  planetocentric  longitude  (measured 
east  from  the  prime  meridian) 

Above  the  surface  of  the  perturbing  body,  the  mass  density,  r , is  zero; 
consequently,  Equation  (4-25)  reduces  to  the  Laplacian,  ^ 0.  Standard 
separation  of  variables  technique  yields  the  solution 


p(r,  (p,  \)  - 


^ /R 

= PVsin 

r r \ r / " 

n " 1 


0) 


(4-26) 


n ■ 1 m ■ 1 


m/\  + O'"  cos  m^] 
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where  the  first  term  is  the  point  mass  potential  for  Keplerian  motion  and  the 
second  and  third  terms  are  the  nonspherical  potential  due  to  the  sum  of  zonal 
and  lesseral  harmonics  respectiveJy. 

f.L  ^ the  gravitational  parameter  of  tJie  central  body 
Rg  the  radius  of  the  body  (usually  taken  as  the  equatorial  radius) 

PJJ  ~ the  associated  Legendre  function 
S“,  C™  ~ harmonic  coefficients,  i.e., 

• zonal  harmonics  for  m = 0 

• sectorial  harmonics  for  m = n 

• tesseral  harmonics  for  n > m 0 
(note:  J =-C®) 

The  term  n - 1 is  usually  not  present  when  the  origin  of  the  coordinate  system 
is  placed  at  the  center  of  mass. 

The  total  gravitational  force  is  the  gradient  of  'Z';  therefore,  the  noncentral 
force  acting  on  the  spacecraft  due  to  the  attracting  body  is  the  gradient  of  the 
nonspherical  terms  in  the  potential  function 


Expressing  the  gradient  in  body-fixed  coordinates  (Figure  4-2),  the  following  form 
for  the  inertial  acceleration  vector  is  obtained  (see  discussion  following  Equation 
(4-38)). 


fa  1 

«i. 

a 

a 

L ^bj 


30  30  30  / 3A.  \'^ 


(4-27) 


j'he  partial  derivatives  of  the  nonspherical  portion  of  the  potential  with  respect 
to  r,  0,  and  \ are  given  by 


~ 7 m\)  17(5  in  0)  (a) 

n ■ 2 ' m * 0 

•^=  ~ ^ Sn'sinm\)  in0)-mtan0PJJ(s  in0)l  (b)(4-28) 

n ■ 2 tn  " 0 

^ 2^(7)  ^ COS  m\  - c;*;  sin  m\)  p;j(sin  ;). 


n"2  m*0 
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Xb 

Figure  4-2.  Body-Fixed  System 


The  Legendre  functions  and  the  terms  cos  m^,  sin  m^,  and  m tan^z^  are  computed 
via  recursion  formulae: 

P°(s  in  4:)  - [(2n  - 1)  sin  in  ^)  - (n  - 1)  Pn-2^®  (4-29) 

PJ!J(s  in  r PJJ_2(s  in  ^)  + (2n  - 1)  cos  .7PJIIJ  (s  in  m 0,  m<n(4-30) 

P"(s  in  <^^)  = (2n  - 1)  cos  ^P|^"  J (s  in  m 0,  m-n  (4-31) 

where 

Pj(sin  = 1,  P^(sin  <^)  = sin  s?:,  P}(s  in  c^)  = cos  f (4-32) 

s in  = 2 cos /\  s in(m  - 1)  . - s in(m  - 2)  A (a) 

cos  m\.  = 2 cos  cos(m  - 1)  - cos(m  - 2)  \ (b) 

m tan  4 = [(m  - 1)  tan  7)]  + tan  p (4-34) 

The  recursion  relationships  above  are  the  most  efficient  method  of  computing 
the  complete  set  of  associated  Legendre  poljmomials  and  spherical  harmonics 
up  to  a certain  order  and  degree.  However,  higher  degree  harmonic  terms  can 
cause  satellites  with  repeating  ground  tracks  to  undergo  large  perturbations 
when  the  trajectory  and  the  harmonic  frequency  are  synchronized  (resonant). 

The  synchronization  causes  the  satellite  to  sample  the  gravitational  field  in  such 
a way  that  large  cumulative  perturbations  result.  Individual  resonant  harmonics 
can  be  computed  in  GTDS  without  using  the  recursive  algorithm  described  abo^e. 
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Use  of  a low  order  recursive  harmonic  model  with  nonrecursive  computation  of 
high  order  resonant  terms  is  considerably  more  efficient  than  carrying  out 
recursive  computation  of  the  total  high  order  harmonic  model. 

The  partial  derivatives  of  r,  0 , and  \ with  respect  to  , y^^ , and  are  computed 
from  the  expressions 


9r 


'd0 


z r ^ 
* b 


b L. 


or 


BrB 


("b  + Vb)  L 


where 


Br, 


B7, 


BT 


and 


- Vv 


Bz. 


bj 

Bx^ 


Br 


bJ 


b "'*b  b 

are  the  row  vectors  (1,  0,  0),  (0,  1,  0),  and  (0,  0,  1),  respectively. 


(4-35) 

(4-36) 

(4-37) 


Substituting  Equations  (4-30)  through  (4*37)  into  Equation  (4-27)  yields 


a 

’‘b 


a 

Vb 


a 

’b 


2 ,~2 5 

r-'vxj  + y2 


- 


2 "7 

r^x^  + y; 


/T 

\ r dr } ^ J.2  d0 


(a) 

(b)  (4-38) 

(c) 


where  a*  , a„,  and  a,,  are  the  components  of  the  inertial  acceleration  of  the 
spacecraft  expressed  in  the  body-fixed  coordinate  system^  and  not  the  accelera* 
tion  with  respect  to  the  body-fixed  coordinate  system.  Thus,  it  is  necessary 
to  transform  these  components  into  an  inertial  frame  before  integrating  the 
equations  of  motion. 


Since  the  numerical  computations  of  the  program  'ire  calculated  in  the  inertial 
mean  equator  and  equinox  of  1950.0  coordinate  system,  a series  of  transforma- 
tions are  made  to  represent  the  acceleration  vector  in  this  system.  For  the 


4-12 


REPRODUCIBILnY  OF  IHB 
ORIGfNAL  PAGiJ  18  POOR 


case  of  the  earth,  there  are  two  options  available  to  accomplish  this:  the  first 
is  the  more  accurate,  whereas  the  second  is  computationally  faster. 

For  the  more  accurate  option,  the  inertial  acceleration  expressed  in  body- 
fixed  coordinates  is  transformed  to  the  inextial  mean  of  1950.0  a^ces  by  means 
of  the  transformation 

(4-39) 

where  transforms  from  body-fixed  to  true  of  date  coordinates  and  from 
true  of  date  to  inertial  mean  of  1950.0  coordinates  as  discussed  in  Sections  3.3.] 
and  3.3.2.  The  matrix  accounts  for  polar  motion  and  Greenwich  sidereal 
time. 

The  simpler  option  neglects  polar  motion  by  assuming  the  geographic  pole 
to  be  aligned  with  tlie  spin  axis  z In  the  true  of  date  system.  This  allows  the 
nonspherical  gravity  components  to  be  expr.essed  directly  in  true  of  date  co- 
ordinates. Thus,  by  replacing  (r^  , x^,  yb»  Zb)  ^ Equations  (4-27)  and  (4-35) 
through  (4-38)  by  (r,  x,  y,  z)  the  true  of  date  components  are  calculated  directly. 

The  longitude  and  latitude  are  calculated  as  follows 

k =■  a ^ a (4-  *0) 

(^  = sin”^  ^ (4-41) 

whore 

a the  right  ascension  of  the  spacecraft,  a = tan"^  fy/x) 

~ the  rigb^  ascension  of  Greenwich. 

Computation  of  the  acceleration  due  to  the  nonspherical  moon  in  1950.0  coordi- 
nates requires  some  different  operations  than  those  used  for  the  earth.  The 
right  ascension  of  the  Greeiiwich  meridian  has  no  meaning,  so  th.at  the  step  of 
going  from  body-fixed  coordinates  to  the  true  of  date  system  cannot  be  implemented. 

The  lunar  bcKly-fixed  coordinates  (also  known  as  selenographic  coordinates)  are 
coincident  v/ith  the  principal  axes  of  inertia  and  are  defined  in  the  following  way: 
the  x’  axis  lies  along  a direction  nearly  colinear  with  the  moon  to  earth  vector; 
the  z'  axis  lies  along  the  axis  of  rotation,  or  polar  axis,  of  the  moon;  and  the  y’ 
axis  lies  in  the  equatorial  plane  of  the  moon  and  completes  a right-handed  coor- 
dinate system. 
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Three  rotations  are  necessary  to  transform  the  selenograpliic  acceleration 
vector  to  a vector  referred  to  the  mean  earth  equator  and  equinox  of  1950.Q 
system*  The  first  rotation  takes  the  acceleration  vector  to  the  true  earth 
equator  and  equinox  of  date  coordinate  system  centered  at  the  moon  (seleno- 
centric).  The  other  two  rotations  Involve  the  precession  and  nutation  effects 
that  are  included  to  express  the  acceleration  in  the  1950.0  system.  These  rota- 
tions are  discussed  in  Sections  3.3.1  and  3.3.3. 


4.3.2  Associated  Partial  Derivatives 

The  partial  derivatives  of  a^.  with  respect  to  ij.  are  obtained  by  differentiating 
Equation  (4-27)  yielding 


/d0\  ciT  ^ 

dip 

B 
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D D 

(4-42) 


The  required  partial  derivatives  of  d^p/dr,  dip/ocpf  and  dpj/dK  with  respect  toT^^ 
are  obtained  by  differentiating  Equation  (4*>28)  as  follows 
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(4-43) 


In  order  to  minimize  computations,  the  symmetry  property  of  the  second  partial 
derivatives  of  p is  utilized  as  indicated  below 
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n ■ 2 m * 0 
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The  partial  derivatives  ofr,0,  and  X.  with  respect  to  r^^  are  given  in  Equations 
(4-35)  through  (4-07).  The  required  second  partial  derivatives  of  r,  0,  and  X 
with  respect  to  are  obtained  by  differentiating  Equations  (4-35)  through  (4-37) 
with  respect  to  T , yielding 
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where  r^ , • and  '^z^/^r.^  are  (1,  0,  0),  (0,  1,  0),  and  (0,  0,  1), 

respectively. 

The  symmetry  properties  of  the  second  partial  derivatives  of  r,  , and  k yield 
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dx.  :';Z,  Bz,  dx. 
b b b b 


'■yb 


(4-48) 


As  notad  previously,  the  potential  function  satisfies  Laplace’s  equation,  V = 0. 
Thereiore, 


\ 

j (4-49) 

In  view  of  this  and  the  symmetry  of  the  matrix  in  Equaaon  (4-43),  it  is  necessary 
to  compute  only  the  three  elements  above  the  principal  diagonal  and  two  elements 
on  the  principal  diagonal. 

The  equations  for  computing  the  elements  of  the  C-matrix  appearing  in  the 
variational  equations  (Equation  (4-7))  are  obtained  by  differentiation  of  Equation 
(4-27)  with  respect  to  CJJ  and  SJJ 
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where  the  second  partial  derivatives  of  are  obtained  by  differentiating  Equation 
(4-28)  with  respect  to  C"  and  S'" 
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As  in  the  case  of  the  accelerations  due  to  nonsphericity  that  were  developed  in 
Section  4.3.1,  the  partial  derivatives  for  use  in  the  variational  equations  must  be 
transformed  from  the  body-fixed  axes  to  the  inertial  mean  of  1950.0  coordinates. 
As  discussed  previously,  these  transformations  can  be  determined  to  high  pre- 
cision, or  by  a simpler  and  faster  method  in  which  polar  motion  is  neglected. 

In  the  more  accurate  option,  where  polar  motion  is  accounted  for,  the  transfor- 
mations of  the  partial  derivatives  of  Rj^g  with  respect  to  R are  determined  by 
taking  partial  derivatives  of  Equation  (4-39)  as  follows 


= (BC) 


^a.  d'f 

7 h b 

3R 


da 

= (BC)'  BC 


(4-54) 


The  matrices  C and  B are  presented  in  Sections  3.3.1  and  3.3.2,  respectively. 

In  the  simpler  option,  polar  motion  is  neglected  and  , as  well  as  its  partial 
derivatives,  are  calculated  with  respect  to  the  true  of  date  coordinates.  This 
is  accomplished  by  replacing  (r^^  , , y^^ , ) in  Equations  (4-39),  (4-42),  (4-43), 

and  (4-45)  through  (4-49)  by  (r,  >.,  y,  z),  the  true  of  date  coordinates,  and  by 
replacing  the  matrix  B with  the  identity  matrix  I in  Equations  (4-39)  and  (4-54). 
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The  partial  derivatives  of  R^g  with  respect  to  model  parameters  C™  and 
are  obtained  for  the  more  accurate  option  as  follows 


(BC^t  ^ 

(4-55) 

cC^ 

n 

Ba. 

(BC)'T  __ 

(4-56) 

BS"’ 

BS"^' 

For  the  simpler  option,  (r^ , is  replaced  by  (r,  x,  y,  z)  in  Equations 

(4-50)  and  (4-51),  and  the  matrix  B is  replaced  by  the  identity  matrix  1 in  Equa- 
tions (4-55)  and  (4-56). 


4.4  INDIRECT  OBLATION  PERTURBATION  MODEL 

Up  to  this  point  two  types  of  gravitational  accelerations  acting  on  the  space- 
craft have  been  considered:  the  acceleration  due  to  n-point  masses,  measured 
relative  to  one  of  the  point  masses,  called  the  reference  body;  and  the  acceler- 
ation arising  from  the  nonspherical  portion  of  the  gravitational  potentials  of  one 
or  more  cf  the  n bodies  which  directly  influence  the  spacecraft  motion.  These 
nonspher’'^al  attractions  also  affect  the  inertial  acceleration  of  the  reference 
body,  ret’.uititig  in  an  indirect  acceleration  of  the  spacecraft  relative  to  the  ref- 
erence body  (Reference  6).  The  two  bodies  of  mosu  concern  are  the  earth  and 
moon. 

Inspection  of  Equation  (4-26)  reveals  the  rapid  attenuation  of  the  gravitational 
attraction  with  increasing  order  of  the  spherical  harmonics  and  increasing 
distance  from  the  body.  For  the  earth,  (or  -J^  ) is  of  order  10”^  of  the 
Keplerian  term,  while  all  the  other  harmonic  coefficients  are  of  ortler  10“^  or 
less.  In  the  moon's  gravitational  potential,  the  size  of  the  higher  order  terms 
relative  to  the  central  term  is  larger  than  in  the  case  of  the  earth,  but  the  Cj 
is  dominant.  Consequently,  the  only  nonspherical  potential  terms  considered 
for  the  mutual  interaction  of  the  earth  and  moon  are  the  second  zonal  harmonics 
of  each,  and  the  resulting  effects  are  referred  to  as  indirect  oblation  effects. 

The  complex  motions  of  the  earth-moon  system,  including  lunisolar  precession 
and  nutation,  physical  libration  of  the  moon,  and  perturbations  in  the  lunar  orbit, 
are  accounted  for  in  GTDS.  Thus,  any  significant  indirect  oblateness  effects  are 
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due  to  the  use  of  a relative  coordinate  system  (Equivtion  (4-16))  in  place  of  an 
inertial  coordinate  system,  and  not  to  errors  in  the  lunar  ephemeris. 

Considering  the  moon  to  be  the  spacecraft,  the  force  acting  on  the  point  mass 
moon  due  to  the  nonsphericity  of  the  earth  is  (Section  4.3) 


f(Ci,  s;,  7^,  t)  (4-57) 

where  and  are  the  harmonic  coefficients  of  the  earth’s  nonspherical 

L 1 

potential,  r^^  is  the  moon's  position  vector  in  geocentric  coordinates,  and  t is 
the  time  argument  used  to  determine  the  orientation  of  the  inertial  and  geocentric 
axes , 

Similarly,  the  force  acting  on  the  point  mass  earth  due  to  the  nor  phericity  of 
the  moon  is 


f(c>.  s{,  7„^,  t)  (4-58) 

where  c|  and  sj  are  the  harmonic  coefficients  of  the  moon's  nonspherical 
potential,  r,^£  is  the  earth's  position  vector  in  selenocentric  coordinates,  and  t 
is  the  time  argument  used  to  dotei  mine  the  orientation  of  the  inertial  and  seleno- 
graphic  axes. 

The  force  acving  on  the  point  mass  moon  due  to  the  earth's  oblateness,  R„(E), 
produces  an  equal  and  opposite  force  acting  on  the  earth.  Therefore,  the  inertial 
acceleration  of  the  earth  due  to  the  force  of  attraction  between  the  earth  ana 
moon  due  to  the  oblateness  of  the  earth  and  the  point  mass  moon  is 


Re(E)=  r„(E) 


(4-59) 


Similarly,  the  force  of  attraction  between  tie  earth  and  moon  due  to  the  oblate- 
ness of  w'.e  moon  and  the  point  mass  earth  produces  an  inertial  acceleration  of 
the  moon  given  by 


R„(M)  = -^Re(M) 

^ M 


(4-60) 
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Therefore,  the  inertial  acceleration  of  the  earth  due  to  the  oblateness  of  the 
earth  and  moon  is 


K = 

and  the  inertial  acceleration  of  the  moon  due  to  the  oblateness  of  the  earth  and 
moon  is 


Me 


(4-61) 


= R«(E)  * R«(M)  = 

I'he  resulting  indirect  acceleration  of  the  spacecraft  is  equal  and  opposite  to  the 
acceleration  of  the  reference  body;  consequently, 


— Km(E)  - — Rp(M) 


(4-62) 
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- R*.  = - ^ 
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when  the  earth  is 
the  reference  body 


when  the  moon  is 
the  reference  body 


(4-63) 


The  method  for  determining  the  inertial  acceleration  of  the  point-mass  moon 
due  to  an  oblate  earth,  (E),  and  the  inertial  acceleration  of  the  point-mass 
earth  due  to  an  oblate  moon,  Rg(M),  are  presented  in  Section  4.3.  However, 
since  the  effects  of  the  higher  harmonic  terms  can  be  neglected  for  this  appli- 
cation and  only  the  second  zonal  harmonics  considered,  the  gravitational  potential 
in  Equation  (4-26)  reduces  to 


^(r,  0)  = ^ (3  sin=  4.-  1) 


(4-64) 


The  partial  derivatives  of  V'  with  respect  to  r and  st  are 
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BtyROnUCIBlUTY  OP  THS 
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and  the  partial  derivatives  of  r and  cp  with  respect  to  r are 


Br 

BT 


r 


B0 

BT 


1 

r cos  (p 


- sin  0 cos  \ 
-sin0sinX. 
cos^  cp 


(4-66) 


Since  the  oblate  potential  model  is  S3onmetric  about  the  pole,  and  neglecting 
polar  motion,  the  inertial  acceleration  of  the  point  mass  moon  due  to  the  earth's 
oblateness  can  be  expressed  in  geocentric  true  of  date  coordinates 

B0  \ ^ B0  \ 
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R^C°(3  sin^  0^  - 1) 


sin<^j,  cos  V 
s in  0^.  s in 


(4-67) 


where  the  gravitational  constant  of  the  earth 

~ the  equatorial  radius  of  the  earth 
C®  ~ the  second  zonal  harmonic  coefficient  for  the  earth 
the  lunar  position  vector  in  true  of  date  coordinates 
0i^  ~ the  geocentric  latitude  of  the  moon 

~ the  right  ascension  of  the  moon  ir>  true  of  date  coordinates 

The  acceleration  vector  a (E)  is  transformed  to  inertial  mean  of  1950.0  coordi- 
nates via  the  transformation  matrix  of  Section  3. 3. 1.3,  i.e., 

SM<E)  = C’-a^(E)  (4-68) 


The  inertial  acceleration  of  the  point  mass  earth  due  to  the  moon's  oblateness 
is  expressed  in  selenographic  coordinates  as 
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(4-69) 
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where 


the  gravitational  constant  of  the  moon 
the  eqiiatorial  radius  of  the  moon 
^ the  second  zonal  harmonic  coefficient  for  the  moor 
F ~ the  position  vector  of  the  earth  in  selenographic  coordinates 
~ the  selenographic  latitude  of  the  earth 
~ the  selenographic  longitude  of  the  earth 


Transformation  of  a^CM)  to  inertial  mean  of  1950.0  coordinates  yieldj 


Rg(M)  = C'^MTag(M) 


(4-70) 


where  the  matrix  transforms  from  selenographic  to  selenocentric  true  of 
date  coordinates  (Section  3.3.3),  and  the  matrix  transforms  from  true  of 
date  to  mean  of  1950.0  coordinates.  If  a true  of  reierence  date  inertial  system 
is  being  utilized,  then  the  matrix  in  Equations  (4“68)  and  (4-70)  is  set  equal 
to  the  identity  matrix. 


4.5  AERODYNAMIC  FORCES  AND  ATMOSPHERIC  MODELS 
4.5.1  introduction 

The  modeling  of  the  aerodynamic  force  acting  on  a spacecraft  in  a near- 
earth  orbit  is  difficult  from  two  standpoints.  First,  the  characterization  of  the 
density  at  very  high  altitudes  above  the  surface  is  extremely  complex.  Although 
the  exact  natures  of  the  phenomena  are  not  well  understood,  there  is  experi- 
mental evidence  that  diurnal  and  seasonal  variations,  as  well  as  effects  due  to 
changes  in  solar  flux  and  geomagnetic  activity,  can  be  modeled  with  some  degree 
of  success. 

Atmospheric  density  models  can  be  divided  into  two  t5q>es.  Models  of  the  first 
type  are  characterized  by  their  dependence  on  altitude  and  their  independence 
of  any  other  parameters.  Those  of  the  second  type  are  characterized  by  their 
dependence  not  only  on  altitude,  but  also  on  the  position  of  the  sun  relative  to 
the  earth  and  the  amount  of  energy  emitted  from  the  sun. 
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Several  atmospheric  models  have  been  constructed  over  the  past  several  years 
(References  7-14)  to  account  for  various  geomagnetic  and  solar  activities.  There 
are  three  main  types  of  solar  radiation  known  to  affect  the  atmospheric  density. 
The  first  type,  which  is  the  most  important  in  terms  of  the  effect  on  the  structure 
of  the  atmosphere,  results  from  solar  ultraviolet  radiation  impinging  on  the 
atmosphere;  its  effect  on  temperature  and  density  is  maximum  two  to  three  hours 
after  local  noon.  This  r*’diation  heats  the  atmosphere  by  conduction  and  thereby 
increases  the  density  at  higher  altitudes.  The  process  is  known  as  the  diurnal 
(or  day-night)  effect  and  causes  a redistribution  of  density,  resulting  in  a diurnal 
bulge  in  the  atmosphere.  The  second  type  of  solar  activity  affecting  the  atmos- 
phere results  from  extreme  ultraviolet  radiation.  The  atmospheric  oscillations 
that  are  in  phase  with  this  solar  flux  are  often  referred  to  as  the  erratic  or  27- 
day  i^ariations,  since  the  oscillations  sometimes  exhibit  a semiregular  character 
fcr  intervals  of  several  months,  during  which  a period  of  27  days  is  easily 
recognizable..  It  has  been  found  that  the  decimetric  flux  from  the  sun  apparently 
varies  in  the-  same  manner  as  the  extreme  ultraviolet  emission,  and  can  therefore 
be  used  as  a fairly  reliable  index  cf  short-term  solar  activity.  The  decimetric 
flux,  specifically  the  10.7  cm  radiation,  is  expressed  in  units  of  10"^^  watt/m^/ 
cps  bandwidth  and  is  denoted  by  the  symbol  ^ . The  third  type  of  radiation 
is  corpuscular  in  nature  and  is  referred  to  as  the  solar  wind.  It  is  responsible 
for  the  changes  in  intensity  and  energy  spectrum  observed  in  the  cosmic  radi- 
ation and  is  the  largest  single  factor  affecting  short-term  fluctuations  in  the 
atmospheric  density.  Experiments  on  board  Pioneer  V were  the  first  to  establish 
that  the  11 -year  solar  (sun  spot)  cycle  is  a phenomenon  that  is  not  localized  near 
the  earth  or  its  immediate  environment  but  rather  affects  large  volumes  of  rhe 
inner  solar  system.  The  solar  wind  is  modeled  as  an  interplanetary  plasma 
streaming  radially  and  irregularly  outvard  from  the  sun,  compressing  the  earth’s 
magnetic  field  on  the  sunward  side  and  extending  it  on  the  night  side. 

Atmospheric  oscillations  connected  with  geomagnetic  storms  are  of  significant 
amplitude  but  of  very  short  duration  (one  or  two  days).  Present-day  studies 
indicate  a correlation  of  atmospheric  density  with  geomagnetic  activity. 

Apart  from  the  difficulty  of  accurately  representing  the  environment  (density) 
at  the  spacecraft  location,  the  second  aspect  of  the  problem  lice  in  the  complica- 
tion of  rigorously  modeling  the  force  itself  as  a function  of  spaceervaft  configura- 
tion and  atti'  de. 

GTDS  provides  the  user  with  the  choice  of  two  atmospheric  density  models  and 
three  types  of  force  representation.  The  atmospheric  density  models  available 
are  the  Modified  Harris-Priester  and  the  Roberts  analytic  formulation  of  the 
Jacchia  1971  model.  The  Harris-Priester  model  is  the  simpler  of  the  two  and 
permits  the  most  rapid  computation  of  density.  It  does  not  include  effects  due 
to  seasonal  variations  or  to  changes  in  solar  flux  or  geomagnetic  activity,  as 
does  the  Jacchia-Roberts  model. 
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The  aerodynamic  force  can  be  represented,  at  the  specification  of  the  user,  as 


• a simple  drag  force  acting  along  the  relative  wind  vector  on  a spherical 
spacecraft 

» a force  with  compc'nents  normal  to  and  along  the  axis  of  a cylindrical 
spacecraft 

• a force  with  components  along  each  of  the  three  spacecraft  body  axes  for 
a configuration  consisting  of  a cylinder  with  solar  paddles  oriented  at 
some  angle  to  the  axis  of  the  cylinder. 


These  modeling  options  are  described  in  detiil  in  the  following  sections.  The 
aerodjTtamic  force  modeling:  is  discussed  in  Section  4.5.2,  the  Jacchia-Roberts 
atmospheric  model  in  Section  4.5.4,  and  the  Modified  Harris-Priester  atmos- 
pheric model  in  Section  4.5.6. 


4.5.2  Aerodynamic  Force  Modeling 


Rigorous  treatment  of  the  aerodynamics  of  free  molecular  flov'  involves  the 
representation  of  the  complex  interaction  of  the  atmospheric  molecules  with 
the  surface  molecules  of  the  .spacecraft.  Under  certwdn  conditions,  this  inter- 
action is  characterized  as  a specular  or  perfectly  elastic  reflection  of  the 
impinging  molecules.  The  reflection  is  termed  diffuse  when  the  impinging 
molecules  penetrate  the  surface,  experience  multiple  collisions  with  the  body 
molecules,  and  are  re-emitted  randomly  with  no  memory  of  their  prior  history. 
In  the  case  of  specular  reflection,  there  is  no  momentum  transfer,  and  hence 
no  force,  tangential  to  a local  surface  element.  Diffuse  reflection  does  result 
in  such  a component  of  force,  although  it  is  small.  In  general,  both  types  of 
phenomena  are  involved  to  varying  degrees,  depending  upon  the  details  of  suxface 
reflectivity  and  em.issivity,  temperature,  free-stream  constituents  and  their 
mean  molecular  motion.  Conditions  typical  of  most  actual  situations  result  in 
forces  which  can  be  adequately  represented  in  terms  of  the  specular  reflectic.ii 
equations.  Therefore,  the  force  modeling  in  GTDS  rr  kes  this  simplifying 
assumption,  and  computes  the  force  acting  on  a local  surface  element  as  the 
momentum  transfer  normal  to  that  element. 

The  forces  on  all  elements  of  the  spacecraft  surfaces  exposed  to  the  free- 
stream  must  be  resolved  in  some  coordinate  frame  and  summed  in  order  to 
obtain  the  total  aerodynamic  force  acting  on  the  spacecraft.  This  resolution  has 
been  performed  for  a number  of  elemental  shapes  at  various  orientations.  GTDS 
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makes  use  of  the  force  coefficients  defined  in  Table  4-1  for  spheres,  cylinders, 
and  flat  plates.  A force  coefficient,  Cp,  is  defined  as  the  nondimensional 
quantity 


where 


(4-71) 


F = the  magnitude  of  the  force  acting  on  the  object 

P - the  density  of  the  medium  through  which  the  object  is  moving 

V = the  magnitude  of  the  velocity  of  the  object  with  respect  to  the  medium 
producing  the  force 

A = an  arbitrary  reference  area 


The  velocity  of  the  spacecraft  relative  to  the  atmosphere  is  determined  in  the 
inertial  coordinate  system  by  subtracting  the  motion  of  the  atmosphere,  assumed 
to  rotate  with  the  earth,  from  that  of  the  spacecraft 


V , = R - T x R (4-72) 

re  1 

The  earth  rotation  vector  7L  must  be  appropriately  defined  in  the  inertial  frame 
(mean  equator  and  equinox  of  1950.0  or  true  equator  and  equinox  of  reference 
date). 

For  the  case  of  a spherical  spacecraft,  the  drag  acceleiation  is  computed  simply 
using  the  general  form  of  Equation  (4-71)  and  = 1.0  from  Table  4-1 
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re  1 


re  1 


(4-73) 


where 


S r. 

s 


(4-74) 
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Table  4-1 


Aerodynamic  Force  Coefficients  for  Elementary  Surfaces 


durface  Shape 

Reference  Direction  for 
Measurement  of  Angle  a 
to  Relative  Velocity  Vector 

Reference  Area 

Force  Coefl‘icient(3) 
as  Functions  of  a 

Direction  of 
Force  Component 

Sphere 

Relative  wind  velocity 

Cross-sectional 
area  of  sphere 

S = 1-0 

Along  relative 
wind  vector 

Circular 
Cylinder 
(exterior  sur- 
face only) 

Cylinder  axis 

Length  times 
diameter  of 
the  cylinder 

C^^  = sir  a 

Normal  to  cylinder 
axis  in  the  plane  of 
the  axis  and  the 
relative  Vr:locily 

C.  =0 

Aloiig  cylinder 
axis 

Flat  Plate 

- 

Normal  to  plate 

Area  of  plate 

=2.0cos^a 

Np 

Normal  to  the  plate 

Ct  =0 

Tangent  to  the  plate 

d is  the  spacecraft  diameter,  and  m is  the  mass.  If  there  is  propulsive  thrust 
acting,  the  mass  m is  variable  and  is  represented  as  a polynomial  in  the  burn 
time.  The  polynomial  coefficients  are  assumed  to  be  known  inputs. 

When  the  spacecraft  configuration  is  more  complicated  than  a sphere,  it  is 
necessary  to  know  the  attitude,  in  addition  to  the  orbit,  in  order  to  model  the 
aerodynamic  force. 

It  is  not  necessary  to  compute  the  entire  direction  cosine  matrix  Q when  the 
spacecraft  is  a cylinder  (vdth  enclosing  end  plates).  Due  to  the  axial  symmetry, 
it  is  only  necessary  to  know  the  direction  cosines  j , qjj , qaj  of  the  cylinder 
axis. 

The  unit  vector 


Xb  = Qii^  + 921  j + '>31'^ 

then  gives  the  axis  orientation  in  the  inertial  coordinate  trame.  As  indicated  in 
Table  4-' , the  force  component  along  the  axis  is  pxoportional  to  the  square  of 
the  velocity  component  normal  to  the  end  plates.  The  normal  force  compo- 
nent is  proportional  to  the  square  of  the  velocity  uomponent  normal  to  the 
cylinder.*  Therefore,  the  velocity  relative  to  the  atmosphere  is  resolved  into 
normal  and  axial  components  in  order  to  obtain  the  total  acceleration  for  the 
cylindrical  spacecraft  as 


N = V,^,)  1X3  xV 


r e 1 


A ^ 


iXe-V 
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Rjj  = p(N  + A) 


*This  is  Analogous  to  the  solar  rodiotion  case,  where  the  force  is  proportionol  tn  the  effective  area 
normal  to  the  incident  radiation  (Section  4.6),  and  the  determination  of  this  effective  area  is 
directly  onalogous  to  the  determination  of  the  effective  area  normal  to  the  relative  velocity  vector. 
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In  these  equations 


(4-77) 


S 


e 


4m 


where  L is  the  length  of  the  cylinder  and  d is  the  diameter.  As  before,  m is 
the  spacecraft  mass,  which  may  be  variable. 

The  third  type  of  spacecraft  configuration  optionally  available  in  GTDS  is  a 
cylindev  with  solar  paddles,  mounted  on  trunnion  pivots  which  are  orthogonal  to 
the  cylinder  axis.  The  incidence  angle  i defines  the  angle  between  the  axis  and 
the  paddle  surface.  The  spacecraft  axis  system  is  chosen  so  the  x-axis  corres- 
ponds with  the  cylinder  axis,  y is  the  trunnion  axis,  and  z is  orthogonal  to  x and  y. 
The  y axis  is  directed  so  that  positive  ip  corresponds  with  positive  .rotation 
about  y,  according  to  the  right-hand  rule. 

This  configuration  is  not  axisymmetric  and  therefore  requires  the  calculation 
of  the  complete  transformation  matrix  Q (from  body  to  inertial  axes).  It  is  most 
convenient  to  transform  the  relative  wind  velocity  into  spacecraft  body  axes, 
compute  the  force  components  in  this  frame,  and  then  transform  the  result  back 
into  the  inertial  coordinate  frame.  This  leads  to  the  following  equations  for  the 
aerodynamic  acceleration: 

'b  “ ^ ^rel  " ^B^ 


Vn  = S sin  i^  + 7^  <'oz 


f,.  = - S.Ib  -S  V„|v„i  sin  i 


F..  = - 


S y_  + z3 

c B B 


|V„|  cos  i, 


Rb  = - 


(4-78) 
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Tiic  uefinitiors  and  S.  are  the  same  as  in  Equations  (4-77).  The  solar 

paddle  contribution  is 


where  the  paddle  area  is  an  input  constant. 

The  representation  of  the  aerodynamic  forces  in  Equations  (4-70)  does  not  con- 
sider the  effect  of  mutual  shadowing  or  shielding  from  the  free-stream  flow 
between  the  cylindrical  and  solar  paddle  surfaces.*  Such  effects  are  geometri- 
cally very  complex,  particularly  if  multiple  interference  reflections  between 
cylinder  and  paddles  are  considered.  The  simplifications  resulting  from  the 
neglect  of  this  phenomenon  in  Equation  (4-75)  are  thought  to  ue  consistent  with 
the  original  assumption  of  purely  specular  reflection  in  the  specification  of  the 
individual  surface- type  coefficients. 

The  factor  p in  the  three  expressions  for  is  not  simply  the  atmospheric 
density  . It  also  includes  a scale  factor 


= p 


a 


(4-80) 


to  permit  an  adjustment  of  the  /-  Cp  product.  A default  value  of  / j = 0 is  set 
in  the  program.  However,  this  value  can  be  modified  by  user  input,  or  it  can  be 
estimated  in  uie  differential  correction  process.  Adjustment  of  does  not 
alter  the  instantaneous  dire  tion  of  ; it  simply  changes  ihe  magnitude. 


4.5.3  Associated  Partial  Derivatives 


When  the  aerodynamic  force  option  is  exercised  in  GTDS,  it  i.s  necessary  to 
compute  partial  derivatives  of  R^^  with  respect  to  vaiiations  in  the  spacecraft 
local  inertial  state  for  use  in  the  variational  equations.  For  all  configurations, 
the  portion  of  the  partial  derivative  v'hich  accounts  for  the  effects  of  density 
variation  is 


3R  ‘ a c'R 
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*Shadowing  of  the  cylinder  end  plates  by  the  cylindricol  surface  Used  is  considered. 
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since  density  depends  only  upon  spacecraft  local  position  and  not  upon  local 
velocity.  The  forms  for  will  be  presented  in  Sections  4.5,5  and  4.5.7 

for  the  Jacchia-Roberts  and  Karris -Priester  models,  respectively. 

All  three  forms  for  are  expressed  in  terms  of  , which  can  be  written 
in  a slightly  different  form  from  that  in  Equation  (4-72) 


V , = R - QR 

re  l 


(4-82) 


where  the  matrix 


Q = 


(4-83) 


Thus,  the  partial  derivatives  can  be  computed  with  respect  to  , and  these 
can  then  be  used  to  compute 


5Rp 

al 

( 

BR 

P. 
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The  partial  derivatives  of  the  three  configuration  forms  with  respect  to 
(Xj,  Xj*  X3)  are 

Sphere: 


'av 


V V’' 

'^rel  rel 


r e 1 


re  1 


re  1 


(4-85) 
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Cylinder; 
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Cylinder  + Paddles : 


BF 


= - 2[Se  l^i  + %\\l  sin^  ip] 
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4.5.4  Jacchia-Roberts  Atmospheric  Model 


In  Reference  13,  L.  G.  Jacchia  defined  two  empirical  profiles  to  represent 
temperature  as  a function  of  altitude  and  exospheric  temperature.  One  profile 
is  defined  for  the  altitude  range  from  90  to  125  km  and  the  other  for  the  region 
above  125  km.  Jacchia  used  these  temperature  functions  in  the  appropriate 
thermodynamic  differential  equations  to  determine  density  as  a functxon  of  alti- 
tude and  exospheric  temperature.  He  assumed  that  mixing  is  predominant 
between  90  and  100  km,  and  substituted  the  low  altitude  temperature  profile  into 
the  barometric  differential  equation  for  this  regime.  Diffusive  equilibrium  was 
assumed  above  100  km,  leading  to  the  use  of  the  low  altitude  temperature  profile 
in  the  diffusion  differential  equation  for  altitudes  between  100  and  125  km  and 
the  high  altitude  temperature  profile  for  altitudes  above  125  km. 

Jacchia  solved  these  differential  equations  by  integrating  them  numerically  over 
the  altitude  regions  for  various  constant  values  of  exospheric  temperature,  as- 
suming fixed  boundary  conditions  at  the  90  km  lower  altitude  limit.  He  then 
tabulated  these  numerical  results  for  use  in  the  simulation  of  aerodynamic  drag 
effects  upon  satellites.  Most  mechanizations  of  this  model  atmosphere  in  com- 
puter programs  have  involved  some  means  for  storing  the  tabular  data  and  for 
interpolating  values  at  altitudes  computed  by  the  trajectory  integration  and  at 
exospheric  temperatures  calculated  by  the  Jacchia  formulas.  Although  the 
densities  determined  by  this  model  are  accurate,  these  mechanizations  are  gen- 
erally slow  running  and/or  require  large  blocks  of  core  storage.  In  addition, 
the  absence  of  explicit  anal54ic  expressions  means  that  the  drag  partial  deriva- 
tives must  be  calculated  numerically. 

C.  E.  Roberts,  Jr.  presented  a method  for  evaluating  the  Jacchia  m)del  analyti- 
cally in  Reference  14,  and  this  formulation  is  used  in  the  mechanization  in  GTDS. 
Roberts  found  that  the  barometric  and  diffusion  differential  equations  could  be 
integrated  by  partial  fractions,  using  Jacchia's  low  altitude  temperature  profile 
for  the  range  from  90  to  125  km.  Above  125  km,  Roberts  used  a different  as- 
ymptotic function  than  the  one  introduced  empirically  by  Jacchia  in  order  to 
obtain  an  integrable  form.  Apart  from  difficulties  of  numerical  computations 
with  finite  numbers  of  digits,  the  Roberts  analytic  expressions  match  the  Jacchia 
results  exactly  from  90  to  125  km  and  to  a close  approximation  above  125  km. 
The  existence  of  these  analytic  expressions  makes  possible  the  computation  of 
analytic  forms  for  the  drag  partial  derivarives.  Since  the  Roberts  formulas 
were  derived  for  the  Jacchia  1970  model,  his  constants  have  been  adjusted  for 
the  later  1971  model.  In  addition,  an  error  has  been  corrected  in  the  function 
W(v)  given  by  Roberts  in  Equations  (12)  of  Reference  14. 
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The  computations  begin  with  equations  given  in  Uie  Jacchia  report  to  determine 
the  exospheric  temperature  and  corrections  to  the  standard  density  due  to  various 
effects. 

Before  execution  of  a trajectory  generation,  GTDS  determines  the  total  'ime  span 
of  interest.  Then,  from  a permanent  data  file,  one  set  of  values  of  geomagnetic 
activity  data  and  two  sets  of  solar  flux  data  are  retrieved.  The  geomagnetic  data 
set  is  the  3 -hour  geomagnetic  planetary  index  Kp.  One  set  of  the  solar  flux  data 
is  the  daily  average  10,7  cm.  solar  flux,  Fjq  7 , as  observed  at  the  solar  observ- 
atory at  Ottawa,  Canada;  the  other  set  is  the  81 -day  running  average  (centered 
at  the  day  of  interest),  Fjq  7 ♦ Fjq  7 . The  solar  flux  data  are  substituted  into 
the  equation 

T,  = 379°  + 3?24F,o  , f 1^3lF,(,  , -F,„  ,]  (4-88) 


for  determining  the  nighttime  minimum  global  exospheric  temperature  for  zero 
geomagnetic  activity.  The  preprocessing  computation  of  Equation  (4-88)  is  done 
for  each  day  of  the  time  span  of  interest,  beginning  one  day  prior  to  the  start  of 
the  trajectory.  The  daily  values  cf  T^  and  the  3-hourly  values  of  Kp  (beginning 
el’?  prior  to  trajectory  start)  are  stored  i’'  a worlung  file  for  use  in  the  com- 
putation of  the  trajectory. 

At  each  trajectory  integration  time  point,  the  value  of  T^  is  retrieved  from  die 
working  file  for  the  day  before  the  current  time.  -is  accounts  for  the  fan  that 
there  is  a one-day  lag  in  the  temperature  variation  with  respect  to  solar  flux 
change.  This  value  of  T^  is  used  to  compute  the  uncorrected  exospheric  tem- 
perature Tj  from  the  formula 


Tj  = 1 + 0,3  sin^'^  0 + (cos^'^  i)  - 6)  cos^  ® -~|- 


(4-89) 


whei'< 


= j k - ^1 
= 1 10  + I 


T = H - 37?0  + 6®0  sin(H  ^ 43?0)  (-7r<T<7f) 
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RFlPRODUCmiLnY  OP  TH 
ORIGINAL  PAOB  E3  POOR 


5^  is  the  sun's  declination,  and 


(p  = tan"^ 


{<T^- 


(4-90) 


is  the  geodetic  latitude.  The  constant  f is  the  geodetic  flattening  and  X^,  Xj,  X3 
are  the  components  of  the  unit  position  vector  of  the  spacecraft  in  true  of  date 
coordinates.  The  »^arameter 


H = 130?0 


(81X2-82X1) 


cos 


-1 


7T 


ls,J^  -s,x, 


S,X,  f S;X, 

L(S?  . (X?  + X^)‘''^J 


(4-91) 


is  the  local  hour  angle  of  the  sun  (counted  from  upper  culmination).  The  com- 
ponents Sp  S2  , S3  comprise  the  unit  vector  to  the  sun  in  true  of  date  coordinates. 

The  effect  of  geomagnetic  activity  upon  atmospheric  temperature  and  density 
shows  a lag  behind  the  geomagnetic  disturbance.  Thus,  the  value  of  K is 
retrieved  from  the  working  file  for  a time  6.^7  earlier  than  the  current  inte- 
gration time  point.  The  correction  to  exospheric  temperature  is  given  by 


AT^  = 28?0  Kp  + 0?03  e (Z  > 200  km) 


AT„  = 14?0K^  + 0?02e  p (Z  < 200  km)  j 


(4-92) 


The  corrected  exospheric  temperature  is 


Ico  = Ti  + AT« 


(4-93) 


and  the  inflection  point  temperature  is 


= STl^bbTS  + 0.0518806  - 294?3505  (4-94) 


These  two  temperatures  together  with  the  spacecraft  altitude,  are  used  in  the 
Roberts  equations  to  compute  the  standard  density  value.  However,  a number 
of  corrections  must  be  applied  to  the  standard  density  values  in  order  to  account 
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for  various  physical  effects.  These  corrections  are  given  by  formulas  from 
Jacchia's  paper  (Reference  13),  and  will  be  presented  before  proceeding  to  the 
Roberts  equations. 

In.  addition  to  the  correction  to  the  exospheric  temperature,  there  is  another 
direct  geomagnetic  effect  on  the  standard  density  below  200  km 

(A  logjo  p\  = 0.012  Kp  + 1.2  X 10"5  A (4-95) 

The  semi-annual  density  variation  is  given  by  the  following  relationships  (for 
altitude  Z in  km): 


(A  lOP^g  = f (Z)  g(t) 


(4-96) 


where 


f(Z)  = (5.876  X 10"^  z2.331  ^ 0.06328)  e"  °02.S68-.: 


g(t)  = 0.02835  + [0.3817  + 0.17829  sin(2vr^^  + 4.137)] 


X sin(47rTg^  t 4.259) 


(4-97) 


T„.  = <P  + 0.09544 

SA 


11.  . l'“  il 

— + — s i n(27r<l)  + 6. 035)  2 f 

2 2 J J 


<D  = 


J^1958 

365.2422 


In  the  last  equation  JDjgsg  is  the  number  cf  Julian  Days  from  January  1,  1958. 

The  correction  for  the  seasonal  latitudinal  variation  of  the  lower  thermosphere 
is 
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(A  logjo  p\^  = 0.014(Z-  90) 

X s in  {2v^  + 1.72)  sin0  jsin^l 

Finally,  the  correction  for  the  seasonal  latitudinal  variation  of  helium  is 


(4-98) 


(A  logjo  ^ 0-65 


r 


<ph, 


sin" 


2 b. 


0.35355 


(4-99) 


where  e is  the  obliquity  of  the  ecliptic. 


As  mentioned  earlier,  for  altitudes  below  125  km  Roberts  used  the  same  tem- 
perature profile  that  Jacchia  used,  i.e., 

4 

(4-100) 

where 


dj 

T(Z)  = T^  . — > 


T,  -To 

Tq  = 183?0K 

Cq  = - 89284375.0 


c,  = 

3542400.0 

km~^ 

(4-101) 

C,  =: 

_ 52687.5 

km~^ 

o 

II 

340.5 

knf^ 

Ca  - 

- 0.8 

and  where  is  the  inflection  point  temperate  (at  =125  1cm)  given  by 
Equation  (4-94).  Roberts  substituted  the  ten  i ature  profile,  given  by  Equation 
(4-100),  in  the  barometric  differential  equaf  md  integrated  by  partial  fractions 
to  obtain 
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(Z)  = 


(4-102) 


M(Z) 

T(Z) 


Fj  exp(kF2) 


as  the  expression  for  density  for  90  < Z < 100  km,  where  the  subscript  "0" 
refers  to  conditions  at  90  km.  The  mean  molecular  weight  is  given  as 

6 

M(Z)  = 2^  A„Z"  (4-103) 

n = 0 

where 


Ao 

A, 

= -435093.363387 
= 28275.5646391 

km‘^ 

A2 

= -765.33466108 

km‘^ 

A3 

= 11.043387545 

km"3 

A, 

= -0.08958790995 

km”'* 

As 

= 0.0C038737586 

km‘5 

A* 

= -O.OO0OOO697444 

km”® 

These  constants  give  a value  of  M(90)  = = 28.82678,  which  is  not  too  different 

from  the  sea-level  mean  molecular  mass  of  28,960, 

The  value  of  density  at  the  lower  limit  is  assumed  to  be  constant  at  = 

3.46  X 10"^  gm/cm^.  The  constant  k in  Equation  (4-102)  is 


k = - 


3S\Rl 

Rd,C4 


where 

9.80665  m/sec^  = sea  level  acceleration  due  to  gravity 
= 6356.766  km 

R = 8.31432  Joules/°K  - mole  (universal  gas  constant) 
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repkoducibility  of  the 
orkuNAL  page  is  poor 


The  functions  Fj  , Fj  in  Equation  (4-lUii)  are 


Z + R 


.90  + R 


Z-  r, 


.90  ~ r. 


/ Z^  - 2XZ  + 

\8100  - 180X  + X2  y2/ 


(4-104) 


^2 


(Z  - 90) 


\ + 


Ps 

(Z  + RJ(90+RJ 


tan*’ 


r Y(Z  - 90)  

Ly2  + (Z-  X)(90-  XX 


In  these  functions  rj  and  Tj  are  the  two  real  roots  and  X and  Y are  the  real  and 
imaginary  parts  (Y  > 0) , respectively,  of  the  complex  conjugate  roots  of  the  quadratic 

4 

P(Z)  =2^  C^Z"  (4-105) 

n ■ 0 


with  coefficients 

•>  ■ C,d,  c, 


c*  --  Sl  1 < n < 4 
" C 

'^4 

for  values  of  given  by  Equations  (4-101).  The  parameters  Pi  in  the  functions 
F^  are 


P2  = 


S(r^) 

U(rj) 


Pa 


-S(r2) 

'b(r,) 
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S(-R.) 

Pt  = — r: 


P4  = ®o  - + Bj(2X  + Tj  + rj  - RJ]  + W(r,)  p, 

- r,rjB5R,(X2  + Y^)  + W(rj)  p, 

4 r,r,(R^-X2-Y2)p5}/X- 


Pe  = ^4  + ®s(2X  + fj  + Fj  - R_,  ) - pj  - 2(X  + R,)  p^ 


- (>2  + R.)  P3  - (Fj  + R.)  Pj 

p,  = B5  - 2p^  - P2  - P2 


In  these  parameters 


X*  = - 2f,  F2  R,  (r2  + 2XR.  + X^  + Y^) 

V = (R,  + Fj)  (R^  + Fj)  («l  4 2XR,  ^ X=  4 Y2) 

(4-106) 

U(f.)  = (F,  4 R.)^  (fJ  - 2Xf,  4 X^  4 Y2)  (f,  - I2) 

W(F^)  = F,F2R.(R.  4 Fj  ^R,  4ii!^^ 

The  function  W (r^ ) is  corrected  from  an  erroneous  expression  gi\'en  in  Refer- 
ence 14.  Finally,  the  coefficients  3^  and  the  function  S(Z)  are  given  by 


B 

n 


(n  = 0,  1 5) 
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where 


^ 3144902516,672729 

= -123774885.4832917 
= 1816141.096520398 

= -11403.31079489267 
= 24.36498612105595 


Pq  = -52864482.17910969 
Pj  = -16632.50847336828 
p2  = -1.308252378125 

P,  = 0.0 


= 0.0 


= 0.008957502869707995  = 0.0 

As  noted  above,  Equation  (4-102)  is  valid  below  Z = 100  km.  where  mixing  is 
assumed  to  be  predominant.  However,  diffusive  equilibrium  is  assumed  above 
Z = 100  km;  hance,  the  profile  given  by  Equation  (4-100)  was  substituted  into 
the  diffusion  differential  equations  (one  for  each  constituent  of  the  atmosphere) 
and  integrated  by  partial  fractions  by  Roberts  to  yield  for  100  < Z <125  km 


rAZ) 


-L-' 


Rigorously,  the  density  at  100  km,  p(lOO),  should  be  evaluated  by  means  of 
Equation  (4-102)  for  the  particular  exospheric  temperature  T,r  of  interest. 
However,  since  the  evaluation  of  that  equation  is  computationally  expensive,  it 
is  preferable  to  avoid  adding  that  expense  to  that  already  necessary  to  compute 
Equation  (4-107).  This  is  avoided  in  GTDS  by  precomputing  values  of  r (100), 
using  Equation  (4-102),  for  a series  of  values  of  . These  values  have  been 
least-squares  curve  fitted  by  the  polynomial 


A (100) 

M, 

where 

= 0.1985549  X 10‘^° 

= -0.183349  X 
^2  - 0.1711735  X 10"^^ 

',3  - -0.1021474  X 10"20 

\ - 0.372"894  X lO’^^ 

'4 

4s  - -0.7734110  X )0’2” 

- 0.7026942  x 10‘^^ 

and  Mj  = the  ^ea  level  mean  molecular  mass  = 28.9t.  gm/mole. 


(1-108) 
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This  approximation  is  used  in  Equation  (4-107). 

The  constituent  mass  densities  for  altitudes  between  100  and  125  icm  are  given  by 


/rr\ 


- /•i  no\M. 

Hi 


M. 


LT^J 


_M.k 


exp(M;kp4) 


(4-109) 


The  identification  of  the  constituents  and  the  values  of  the  corresponding  constants 
in  Equat'on  (4-109)  are  given  in  Table  4-2. 


Table  4-2 

Atmospheric  Constituents  and  Belated  Constants 


Index 

1 

1 

Constituent 

Molecular 

mass 

(grams/mole) 

Thermal 
diffusion 
coefficient  a. 

Pj,  constituent  number 
density  X (Mj/p(100)) 
divided  by  Avogadro’s 
number 

1 

N2 

28.0134 

0 

0.781  lO 

2 

Ar 

39.948 

0 

0.93432  X 10“^ 

3 

He 

4.0026 

-0.38 

0.61471  X 10“^ 

4 

^2 

31.9988 

0 

0.161778 

5 

0 

15.9994 

0 

0.95544  X 10“^ 

6 

tJ 

XI 

1.00797 

0 

- 

Hydrogen  is  an  insignificant  constituent  at  altitudes  below  125  km;  hence,  it  is 
not  included  in  Equations  (4-107)  and  (4-109).  The  temperature  at  100  km  is 
given  by  Equation  (4-100)  i the  form 


T ^100)  = + wdj 


14-110) 


where 


4 

0 ^ ^C^(IOO)'’  r 

n ■ 0 


0.94585589 


is  the  precomputed  value  of  the  polynomial  fcr  100  km.  The  parameter  k in 
Equation  (4-109)  is  the  same  as  defined  previously,  and  the  functions  F3  and 
are  given  as 
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^3^- 


^ ^ P f ^ ‘ ^ ~ V"  i + X^  + Y2  y^ 

R + 100/  ' 


100 -r/  VlOO-r^/  \l00^  - 200X  + X^  + Y^/ 

(4-1111 


q,(Z-  100) 


“ (Z  + R ) (R„  + 100)  ■ Y 


f -1 

+ — tan 


^ Y(Z-IGO) 

IY2  4 (Z  - X)  (100  - X) 


The  parameters  q ^ are  ddiiied  aj 


"l2 


1 


^3 


- 1 

U(r,) 


= {!  - r,  r,(R2  - - Y^)  q,  + W(r,)  q^  + W(rj')  q3',  /\' 

% = -^s  - 2(X  + R.)  ^4  - + R«)  ^3  - (''i  + Ra>  ‘52 

q,  = - 2cl,  - qj  -q^ 

and  X,  Y,  Pj  i Tj  , X*,  V,  l)(/),  and  W(v)  are  the  same  as  detined  previously. 

Finally,  diffusive  equilibrium  is  still  assumed  for  the  region  above  125  km,  but 
the  temperature  profile  given  by  Equation  (4-100)  is  no  longer  valid.  Jacchiu 
defined  the  temperature  for  the  upper  region  by  the  empirical  asymptotk:  function 


u-4 


(4-112) 


T(Z)  = T +i(T, -TJ  Van 


[1  + 4.5x 


10“^ (Z  - 125) 


In  order  to  be  able  to  integrate  the  diffusion  diff ere" .tial  equations  in  closed  form, 
Roberts  replaced  Jacchia’s  Equation  (4-112)  with  l ie  function 


T(Z)  = T,  - (T, -TJexp 


This  temperature  profile  is  continuous  at  Z = 125  km  regardless  of  the  choice 
of  the  parameter  i , The  slope  is  continuous  at  Z if 

X 


= 1.9  (R3  + ZJ  - 12315.3554  km 

The  value  of  i is  not  set  equal  to  this  constant  in  GTDS,  but  is  computed  by  a 
procedure  to  be  described  later. 


Integration  of  the  diffusion  differential  equations  for  the  temperature  profile 
given  by  Equation  (4-113)  yields,  for  the  first  five  constituents  (i  = 1,  2,  . . . , 5) 
in  Table  4-2 


(Z)n 


l+a  +y 


(4-114) 


where 


■ ^x\  / 35  ^ (4-115) 

/.  - Yif~  _ Tq/  \648L7^/ 

The  constituent  mass  densities  at  125  km  can  be  obtained  rigorously  from  Equation 
(4-109).  Hov/ever,  as  in  the  case  of  the  density  at  100  km,  GTDS  makes  a curve- 
fitting approximation  to  give  (for  i = 3 , 2,  . . . , 5): 


Iogjodi(125)  = 2^-,,T'  (4-116) 

J =0 
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as  a function  of  exospheric  temperature,  where  d-  is  the  constituent  number 
density  divided  by  Avogadro’s  number  (p.  = M^d.  ).  The  polynomial  coefficients 
in  Equation  (4-116)  have  been  determined  for  best  fits  to  the  values  corre- 
sponding to  Equation  (4-109),  and  are  given  in  Table  4-3, 

The  value  of  the  helium  density  computed  by  Equation  (4-114)  must  be  corrected 
for  the  seasonal  latitudinal  variation  as  given  by  Equation  (4-99).  The  specific 
form  is 


corrected  ~ 


Above  50C  km  the  concentration  of  hydrogen  (i  = 6 in  Table  4-2)  becomes  suf- 
ficiently large  that  it  also  must  be  taken  into  account 


'6 


(Z) 


,g(500) 


T(500)' 

(l+«6  ■!  n) 

' T,  - T(Z)  " 

_ T(Z) 

T,  - T(500)_ 

(4-117) 


where  the  hydrogen  density  at  500  km  is 


M J7^.i3-(39,4-5.5i<^jqT5  )log  t^qqI  (4-118) 

(500)  = -^  10  1“*  lio) 

® A 

For  exospheric  temperatures  lower  than  approximately  600° K,  the  relative  con- 
centration of  hydrogen  is  significant  at  altitudes  lower  than  500  km;  however, 
the  resulting  density  error  is  partially  compensated  for  by  the  least  squares 
fitting  of  Roberts'  parameter  f (Equation  4-122). 

In  Equation  (4-117),  is  computed  by  means  of  Equation  (4-115).  The  quantity 
A in  Equation  (4-118)  is  Avoga'^rc's  number  (A  = 6.02257  x lO*^^).  The  temper- 
ature at  500  km  is  computed  in  Equation  (4-113).  Finally,  the  constituents  are 
summed  to  yield 


,S(Z) 


as  the  standard  density  for  the  region  Z > 125  km. 


(4-119) 


The  standard  density,  as  computed  by  Equations  (4-102),  (4-107),  or  (4-119)  must 
be  corrected  for  geomagnetic  activity  (by  Equation  (4-95)),  the  semi-annual  vari- 
ation (by  Equation  (4-96)),  and  the  seasonal  latitudinal  variation  of  the  lower 
thermosphere  (by  Equation  (4-98)).  These  effects  are  summed  logarithmically 
to  obtain 
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Table  4 -3 


Polynomial  Coefficients  for  Constituent  Densities  at  125  km 


Degree  of 

Constituent  (i) 

polynomial 
term  (j) 

(1)  N2 

(2)  Ar 

(3)  He 

(4)  O2 

(5)  0 

0 

0.1093155x102 

0.8049405X10^ 

0.7646886x10^ 

0.9924237x10^ 

0.1097083x10^ 

1 

0.1186783x10"^ 

0.2382822x10"^ 

-0.4383486  xio”^ 

0.1600311x10“^ 

0.6118742x10’'* 

2 

-0.1677341  xl0~® 

-0.3391366  X 10"^ 

0.4694319  <10"^ 

-0.2274761x10’^ 

-0.1165003  x 10'^ 

3 

0.1420228x10“® 

0.2909714x10"® 

-0.2894886  X 10“^ 

0.1938454  X 10"® 

0.9239354  xl  o' 

4 

-0.7139785x10"^^ 

-0.1481702X10"^^ 

0.9451989x10'^^ 

-0.9782183x10’^^ 

-0.3490739x10’^^ 

5 

0.1969715x10“^^ 

0.4127600x10"^^ 

-0.1270838  X 10"*^ 

0.2698450x10"^^ 

0.5116298x10"'’ 

6 

-0.2296182  X 10' 

-0.4837461x10“^^ 

0.0 

-0.3131808x10“^® 

0.0 

(A  logjQ  (A  loR,jj  p)q  + (A  logjo  /:)g^  + (A  logj(^p)j^^ 


(4-120) 


Thus,  the  final  corrected  density  is 


P(Z)  - 


P (Z)  10 


(AlogioP)corr 


(4-121) 


The  standard  densities,  as  computed  by  Equations  (4-102)  and  (4-107)  for  the 
region  90  < Z < 125  km,  agiee  e.iactJy  with  values  published  by  Jacchia  in 
Reference  13.  Above  125  km  however,  the  values  given  by  Equation  (4-119)  do 
not  agree  exactly  with  the  Jacchia  data,  due  to  Roberts’  introduction  of  a differ- 
ent form  (Kmiation  4-113)  for  the  temperature  profile  at  the  higher  altitudes. 
Values  of  the  parameter  i in  Roberts’  temperature  profile  were  determined  for 
a series  of  exospheric  temperatures,  such  that  the  resulting  density  profiles 
versus  altitude  (from  125  km  to  2500  km)  gave  the  best  least  squares  fit  to  the 
Jacchia  tabulated  data.  Three  sample  fits  are  shown  in  Figure  4-3  for  low, 
medium,  and  high  values  of  the  exospheric  temperature.  Note  that  the  maximum 
deviation  from  the  Jacchia  values  is  less  than  6.7%.  The  best-fit  values  of 
are  shown  in  Figure  4-4  as  a function  of  exospheric  temperature  T^ . The  curve 
in  the  figure  is  the  polynomial 

(4-122) 

I =0 

with  coefficients 

Iq  = 0.1031445  X 10^ 
ij  - 0.2341230  X 10^ 

<'2  = 0.1579202  X 10'^ 

^^3  =-  -0.1252487  X 10'^ 

^^4  ---  0.2462708  x 10’^ 

computed  to  best  fit  the  optimum  ^ values.  Equation  (4-122)  is  programmed  in 
GTDS  to  provide  the  means  for  selecting  i in  Equation  (4-113).  In  general,  the 
values  of  i are  such  that  the  slope  of  the  temperature  profile  is  discontinuous 
at  =125  km,  but  this  is  not  thought  to  be  of  any  serious  consequence. 
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Figure  4-3. 


STmple  Dev'oiions  of  Jacchia-Roberts  Densities  from  Jacchia  1971  Values. 
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Parameter 


15500 


15000 


145f0 


14000 


V 


13500 


13000 


12500 


12000 


11500  I I \ I 

500  1000  1500  2000 

Exospheric  Temperature  ( K) 

Figure  4-4.  Best-fit  Values  of  * as  a Function  of  the  Exospheric  Temperature  T , 
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4.5.5  Associated  Partial  Derivatives 


The  equations  for  computing  the  partial  deri'  ative  R,  which  appears  in 
Equation  are  presented  in  this  section  for  the  Jacchia-Roberts  model. 

Equation  (4"12i)  for  the  density  is  written  in  the  form 


/o(Z)  = p^(Z) 

and  the  desired  partial  derivative  becomes 


P.  = + ^Pr  ~~=r 

3R  " BR  ^ 3R 


(4-123) 


The  variation  of  the  correction  factor  is  derived  from  Equations  (4-120)  and 
(4-95)  through  (4-98) 


BR 




.4342944819 


g(t)  f'(Z)  ^ 


+ .014  sin(277d)  + 1.72)  o‘-^o^3(z-90)2 


X 


(1  - .0026  {Z-  90}2)  sin^.  |sirwi^ 
L ■ BR 


(4-124) 


+ 2(Z  - 90)  I s i n t/  | 


cos 


f'(2)  ^ - ,00'>868  f(Z) 

4 2.331(5.876  . ,,-.0028ft8z 


where 


The  v^ariation  of  altituHe  with  position,  ^ Z./9  R,  is  computed  as  shown  in  Equation 
(4-150)  in  Section  4.5.7.  Differentiation  of  Equation  (4-90)  yields 


sin  2^ 
BR  2 


^2 


xj  + 


(4-125) 


X. 


The  variation  of  the  standard  density  is  computed  directly  from  the  barometric 
differential  equation  (Reference  13)  for  altitudes  below  100  km 


aR 


1 r nA  Z-. 

M Z-i 

n = 1 


Mg 

RT 


dZ  t dT 
BR  ■ T ;-^R 


(4-126) 


and  from  the  diffusion  differential  equation  (Reference  13)  for  altitudes  above  100  km 


i 

T 


^R 


R(Z  + R )2 


dz  , , bt 

“r*  + O’s  + ^3^  3^  ”T~ 

dR  dR 


(4-127) 


where 


1=  1 


The  partial  derivatives  of  the  temperature  are  computed  by  differentiating 
Equation  (4-100)  for  altitudes  below  125  km 


dT 


dR 


or  Equation  (4-113)  for  altitudes  above  125  km 


(4-128) 
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Finally,  the  derivatives  of 
(4-94)  and  (4-89),  respectively 


BT  \ T - T. 


i=i 


1 ^ (4-129) 

I IF 


R + Z 


(R  + zy 


35/  BR 


and  Tro  are  computed  by  differentiating  Equations 


BT 

— 0.0518806  + (294.3505)  (.0021622)  e 


0021622Too 


BT  r 

— 0.3  T ^2.2  sin^'^  d cos  oil  - — 

BR  "1  BR 


(4-130) 


oo  .-.1.2  ' ^.0*^ 

- 1. 1 cos  *^  V sin  Tj  CO"  — 


BR 


cos 


2.2 


• 2 

r,  - s 1 


2 r . T 
cos  — sin  — 
2 2 


or 

BR 


In  the  latter  expression  (from  Equations  (4-90)  and  (4-91)) 


ORIGIN/iL  page  is  pw« 
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Bt] 

1 

0-  s. 

d<p 

BR 

' T 

|0-  8, 

1 BR 

do  _ 

_ 1 

0 + 

. d(p 

br 

2 

|0  + 8j 

' BR 

dr 

77 

_ f.  . 

7T 

B jT  " 
1 

■ 180  V " 

c c 
30 

7f(H  + 43 
180 


3.0  )]1  3H 


(i  = 1.2) 


(4-131) 


BH  _ 180 

BX  “ 7T 

I 


/SA-S,x,  ye 

\|SiX2-S2X,|/y[(x2  + x^)'''2 


1 

(Sj  + S^)-  (SiXj-SjXj)^]'' 


\ 

y 


■(S,X,  -^X^)  X; 
. x[Tx2 


X,X2 

s 

1 


1 ^ X 

1 

__ 


(i  = 1,  2) 


dr 


BX 


3 


= 0 


It  might  be  argued  that  the  term  in  Equation  (4-129)  involving  the  derivative 
should  not  be  included,  since  Roberts  considered  as  a constant  in 
his  integration.  However,  and  = F(T^  ) were  also  held  constant  for  the 
integration  over  altitude.  Therefore,  if  variations  in  Xr  are  taken  into  account, 
and  ( is  a function  of  T„p , then  the  derivative  of  -i  should  also  be  included,  and 
is  computed  by  differentiating  Equation  (4-122),  the  best-fitting  polynomial  to 
the  optimum  values  of  I, 


4.5.6  Modified  Harris-Priester  Atmospheric  Model 


Harris  and  Priester  determined  tne  physical  properties  of  the  upper  atmosphere 
theoretically  by  solving  the  hea.  conduction  equation  under  quasi-hydrostatic 
conditions  (References  10-12).  Approximations  for  fluxes  from  the  extreme 
ultraviolet  and  corpuscular  heat  sources  were  included,  but  the  model  averaged 
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the  semiaruiual  and  seasonal-latitudinal  variations  pnd  did  not  attempt  to  account 
for  the  extreme  ultraviolet  27 -day  effect.  The  atmospheric  model  presently 
included  in  GTDS  is  a modification  of  the  Harris-Priester  concept.  The  modifi- 
cation attempts  to  account  for  the  diurnal  bulge  by  including  a cosine  variation 
between  a maximum  density  profile  at  the  apex  of  the  diurnal  bulge  (which  is 
located  ^proximately  30°  east  of  the  subsolar  point)  and  a minimum  density 
profile  at  the  antapex  of  the  diurnal  bulge.  Discrete  values  of  the  maximum  and 
minimum  density -altitude  profiles,  shown  in  Table  4-4,  correspond  to  mean  solar 
activity  and  are  stored  in  tabular  form  as  (h.  ) and  ,o^  (hj ),  respectively. 
Different  maximum  and  minimum  profiles  can  be  retrieved  from  disk  storage  for 
different  levels  of  solar  activity.  Exponential  interpolation  is  used  between 
entries,  i.e.,  the  minimum  and  maximum  densities,  and  , are  given  by 


h,  < h < h 

I 


i+1 


(a) 


(4-132) 


(b) 


and  the  respective  scale  heights,  and  , by 


H = 


«nU„(h.*,)A;(h  )] 


h - h. 


i+1 


(a) 


(4-133) 


(b) 


A good  approximation  (neglecting  polar  motion)  for  the  height,  h,  is  r.  /rr,  hv 


where  r^  ^s  the  radius  of  the  earth  given  by  Equations  (3-107)  c-nd  f.i-J  5)  as 


Re(l  - o 

r r — - " 

vT  - (2 f - f cos^  ^ 


135) 
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and 


r the  magnitude  of  the  satellite  position  vector 
Rg  the  equatorial  radius  of  the  earth 
f the  eprth's  flattening  coefficient 

6 the  declination  of  the  satellite.  It  is  assumed  that  5 equals 
the  geocentric  latitude  of  t^f^  subsatellite  point. 


Table  4-4 


Density  Altitude  Tables 


Height 

(km) 

— 

Min.  Density 
(gm/km^) 

Max,  Densit}'^ 
(gm/km^) 

Height 

(km) 

Min.  Dens  ty 
(gm/km^) 

Max.  Density 
(gm/km^) 

407400. 

497400. 

420 

5.384 

120 

24900. 

24900. 

440 

4.355 

130 

8377. 

8710. 

460 

.7701 

3.362 

140 

3899. 

4059. 

480 

.5474 

2.612 

150 

2122. 

2215. 

500 

.3916 

2.042 

160 

1263. 

1344. 

520 

.2819 

1.605 

170 

800.8 

875.8 

540 

.2042 

1.267 

UO 

528.3 

601.0 

560 

.1488 

1.005 

190 

361.7 

429.7 

580 

.1092 

.7997 

200 

255.7 

316.2 

600 

.08070 

.6390 

210 

183.9 

239.6 

620 

.06012 

.5123 

220 

134.1 

185.3 

640 

.04519 

.4x21 

230 

99.49 

145.5 

660 

.03430 

.3326 

240 

74.88 

115.7 

680 

.02632 

.2391 

250 

57.09 

93.08 

700 

.02043 

.2185 

260 

44.03 

75.55 

720 

.01607 

.1770 

270 

34.30 

61.82 

740 

.01281 

.1452 

280 

26.97 

50.95 

760 

.01036 

.1190 

290 

21.39 

42.26 

780 

.008496 

.09776 

300 

17.08 

35.26 

800 

.007069 

.08059 

320 

10.99 

25.11 

840 

.004680 

.05741 

340 

7.214 

18.19 

880 

.003200 

.04210 

360 

4.824 

13.37 

920 

.002210 

.03130 

380 

3.274 

9.955 

960 

.001560 

.02360 

400 

2.249 

7.492 

1000 

.001150 

.01810 
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If  the  density  is  assumed  to  be  maximum  at  the  apex  of  the  bulge,  then  the 
cosine  variation  between  maximum  and  minimum  density  profiles  is 


^o(h)  " ~ (4-136) 

where  0 Is  the  angle  between  the  satellite  position  vector  and  the  apex  of  the 
diurnal  bulge.  The  angle  0 is  given  by 

cos  \p  = sin  b sin  + cos  6 cos  5^  cos  (a  - o,^  - (4-137) 

where 

b^'^  the  declination  of  the  sun 
ot.  ~ the  right  ascension  of  the  satellite 
~ the  right  ascension  of  the  sun 

\ the  lag  angle  between  the  sun  line  and  the  apex  of  the  diurnal  bulge 
(approximately  30®) 

It  can  be  caloulated  in  vector  notation  as 


0 - cos"' 


(4-138) 


or  the  cosine  function  in  Equation  (4-136)  can  be  deterixiined  directly  as 


cos*^ 


ii= 

2 


1"  1 -f  cos 

11 

c 

'i  '■•V 

t — 
to 
1 

L 2 2r  J 

(4-139) 


where 

r'  the  satellite  position  vectoi  expressed  in  inertial  geocentric 
coordinates 

Og  the  unit  vector  directed  toward  the  apex  of  the  diurnal  bulge  ex- 
pressed in  inertial  geocentric  coordinates. 
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The  vectc  r has  f jllowing  components 


Ug  = cos  cos  (a^  + ^) 

X 

U„  =cosb  sin  (a.  + \) 

B s 'S' 

y 


M --  s i n b 

B s 

z 

In  the  modeling  of  accelerations  in  GTDS,  the  drag  coefficient  and  atmospheric 
lensity  p (h)  always  occur  together  as  a product.  The  following  error  model 
is  introduced  in  order  to  account  for  systematic  errors  in  either  or  p 


Cjj  • p - Cg  (1  + pj) 
0 


[1  + P2  (t  - t^)] 


1 + cos" 


(4-140) 


where 

Cg  'V  a priori  spcc’fied  drag  coefficient 
0 

Pj  'v.  scale  factor  error  coefficiexit  on  p 

p^  'v  error  coefficient  of  time  variation  of  C^p 

p^  error  coefficient  accounting  foi  deviation  > in  the  diurnal 
variation  of  p (h) 

t -v.  the  time  of  the  instantaneous  satellite  position 

t the  epoch  time 

0 

The  altitude  density  fur  lion,  ,',)(h),  is  determined  from  Equation  ^-ISJ).  The 
quantities  ^ ^2  » P3  ’ ^ adjustable  parameters  for  the  enor  model. 


4.5.7  Associated  Partial  Derivatives 

Equation  (4-14t)  for  the  product  of  the  d ’ag  coefficient  and  the  density  can  ue 
partitioned  as  follows 


) Ll  . . 2(t  - lo>- 


(4- MM 
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Making  use  of  Equations  (4-132)  and  (4-133),  the  partial  derivative  of  density 
with  respect  to  position  is  then  given  by 


where 


^P  oh  Bp  Bv'  (4-143) 

W ~ ^ ^ ^ Bh/  ^ ^ ^ 


(4-144) 


Bp 


cos"l 


/ 


cos" 


(4-145) 


Bh  " II 

m 


(4-146) 


_ '^M 


(4-147) 


The  partia’  derivative  of  density  with  respect  to  'p  and  the  partial  derivative 
of  \p  with  respect  to  R are  obtained  from  Equations  (4-138)  and  (4-142) 


By/ 

(4-14  ' 


= - — cos 
2 


n~  i P 


(A 


) 1 , p,  cos' 


4 ■[, 


RKPRfWUCiBniry  op  the 
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(4-149) 


“ 

/r-h  \ 

— 

1 

TI 

i 

' -B  ' 

1 R - — 

.R  sin. 

^ y 

' R 

The  partial  derivative  of  the  height  with  respect  to  R is  obtained  by  differentiating 
Equation  (4-134),  yielding 


where 


(1  - f;  (2f  - f^)  cos  c I j(cos  i?) 


- (2 f - cos"^  " J 


13  2 
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Substitution  of  Equations  (4-144)  through  (4-151)  into  Equation  (4-143)  determines 
the  partial  derivative  of  y with  respect  to  R,  as  required  in  Equation  (4-81). 

The  erior  coefficients  ^ p ^2  * ' 3 contribute  the  following  partial  derivatives 

to  the  C matrix  appearing  in  the  variational  equations 
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4.5.8  Comparison  of  Atmospheric  Models 


Only  a limited  number  of  comparisons  have  been  made  at  this  time  between  the 
results  obtained  using  the  Harris -Priester  and  the  Jacchia  models.  One  such 
comparison  evaluated  the  standard  deviation  of  the  weighted  residuals  in  differ- 
ential correction  runs  made  using  data  from  the  San  Marco-3  satellite,  with  a 
perigee  altitude  of  213  km  and  an  inclination  of  3 degrees.  A one  day  differential 
correction  was  performed  around  the  epoch  of  the  element  set  selected  in  order 
to  determine  the  elements  at  DC  epoch.  When  the  density  parameter  p (see 
Equation  (4 -80))  was  not  adjusted,  both  models  converged  to  the  same  standard 
deviation,  but  different  elements.  U%en  was  adjusted,  the  Jacchia  model  gave 
a somewhat  lower  standard  deviation  than  the  Harris-Priester  model.  If  the 
atmospheric  bulge  tingle  used  in  the  Jacchia  model  was  included  in  the  Harris- 
Priester  model,  the  standard  deviation  decreased  slightly,  but  was  still  larger 
than  that  foi  the  Jacchia  model. 

A second  compai'ison  was  made  by  generating  an  ephemeris  forward  3 days  from 
the  elements  obtained  in  the  original  differential  correction  and  comparing  the 
satellite's  position  and  velocity  with  a state  vector  obtained  in  a differential 
correction  about  the  new  epoch.  The  position  differences  resulting  from  this 
procedure  were  approximately  twice  as  large  for  the  Jacchia  model  compared 
with  the  Harris-Priester  model  (55  kilometers  versus  30  kilometers).  Trus, 
these  comparisons  were  inconclusive  since  some  indicated  better  results  with 
the  Jacchia  model,  while  others  indicated  better  results  with  the  Harris-Priester 
model. 

Clearly,  more  exhaustive  testing  is  desirable,  particularly  in  light  of  the  fact 
that  the  Jacchia-Roberts  model  is  significantly  more  expensive  computationally 
than  the  Hai  ris-Pi  iester  model.  The  Atmosphere  Explorer  satellite  series 
should  provide  a good  opportunity  for  such  .esting. 


4.6  SOLAR  RADIATION  PRESSURE 

4.6.1  Solar  Radiation  Pressure  Perturbation  Model 

The  force  due  to  solar  radiation  pressure  on  a vehicle's  surface  is  proportional 
to  the  effective  area  A of  the  surface  normal  to  the  incident  radiation,  Ihe  surface 
reflectivity  and  the  luminosity  of  the  sun,  and  is  inversely  proportional  to 
the  square  of  the  distance  R^_.  from  the  sun  and  the  speed  of  light  c. 
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The  magnitude  of  the  force  due  to  direct  solar  radiation  pressure  on  an  area  A 
is  therefore  given  by* 


F 

4t7R2  c 


(4-153) 


where 


C_  = 1 +Tj(c.g.,C-,=  1.95  tor  al uini num)  (4-154) 

K A 

The  magnitude  of  the  acceleration  acting  on  a spacecraft  of  mass  m and  area  A, 
due  to  direct  solar  radiation  pressure  at  one  astronomical  unit  from  the  sun,  is 


(4-155) 

m c m 

where  S denot'^s  the  mean  solar  flux  at  one  astronomical  unit.  The  quantities  Cj^, 
A and  m are  grouped  together  since  they  are  spacecraft  properties  and  can  be 
determined  prior  to  tUght.  The  magnitude  of  the  acceleration  on  a spacecraft 
due  to  direct  solar  raditdion  at  the  actual  distance  from  the  sun  is  given  by 

(4-156) 

m c j^2  m 

vs 

where  R^^,^  designates  one  astronomical  unit,  i.e.,  the  semimajor  axis  of  the 
earth's  orbit. 

All  of  the  above  factors  except  are  constant  for  a given  spacecraft  and 
mission.  For  computational  convenience,  replaces  S/c.  is  defined  as 
the  force  on  a perfectly  absorbing  surface  ( r;  ---  O)  due  to  solar  radiation  pressure 
at  one  astronomical  unit. 

The  acceleration  due  to  direct  solar  radiation  is  away  from  the  sun,  that  is,  in 
the  direction  of 


R R - R 

VS  s 


(4-157) 


The  determination  of  the  effective  area  A of  the  surface  normal  to  the  incident  radiation  is  directly 
analogous  to  the  determination  of  the  effective-  area  normal  to  the  relative  velocity  vector  for 
modeling  aerodynamic  forces,  which  is  discussed  in  detail  in  Section  4.5.2. 
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where 


R ^ the  position  vector  of  the  vehicle  in  the  inertial  mean  of  1950.0  coordi- 
nate system 

Rj  the  position  vector  of  the  sun  in  the  inertial  mean  of  1950.0  coordinate 
System. 

The  model  for  the  acceleration  due  to  direct  solar  radiation  is 


C_A  R 

R . vPR2 
SR  s s u n _ , 

m p3 

V S 


where  v is  an  eclipse  factor  such  that 


V = 0 if  the  satellite  is  in  shadow  (umbra) 
= 1 if  the  satellite  is  in  sunlight 
0 < z/  < 1 if  the  satellite  is  in  penumbr 


(4-158) 


A simple  cylindrical  shadow  model  is  used  to  determine  the  eclipse  factor. 

More  sophisticated  models  accounting  for  penumbr al  regions  and  reflected 
radiation  effects  may  be  considered  in  later  versions  of  the  program,  as  re- 
quired. From  Figure  4-5  it  is  apparent  that  the  satellite  is  in  sunlight  (*^  = 1)  if 


D =R'  • U > 0 

S 


(4-159) 


where 


R'  the  satellite  position  vector  relative  to  the  shadowing  body 
the  solar  position  unit  vector  relative  to  the  shadowing  body. 
If  D < 0 and  the  vector 


S -R'-DU  (4-160) 

has  a magnitude  less  than  the  body  radius  a„,  then  the  spacecraft  is  in  shadow 
(i.e.,  I = 0);  otherwise,  it  is  assumed  that  the  satellite  is  in  sunlight  and  ; - 1. 
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4.7  ATTITUDE  CONTROL  EFFECTS 


The  function  of  the  attitude  control  system  is  related  to  two  modes  of  operation. 
During  the  first  mode,  commonly  known  as  the  acquisition  and  cruise  mode,  the 
attitude  control  system  is  used  to  establish  and  maintain  three-axis  stable  orien- 
tation of  the  satellite.  Such  an  orientation  is  obtained  during  an  interplanetary 
flight,  for  example,  by  fixing  two  directions  in  space.  One  direction  is  always 
such  that  the  sensitive  surface  of  the  solar  panels  faces  the  sun  and  the  other 
direction  is  determined  by  pointing  an  on-board  sensor  toward  a predetermined 
star.  Usually  another  requirement  that  must  be  satisfied  during  the  latter  portion 
of  the  flight  is  that  the  high-gain  antenna  used  for  communication.,  should  point 
toward  the  earth. 

In  the  second  mode  of  operation,  applicable  during  midcourse  maneuvers,  the 
attitude  control  system  orients  the  satellite  so  that  the  thrust  vector  of  the  vehicle- 
fixed  rocket  motor  is  aligned  along  a predetermined  direction  in  space.  This 
orientation  is  maintained  by  controlling  the  thrust  vector  to  pass  through  the 
center  of  mass  of  the  satellite,  .\fter  the  maneuver,  the  attitude  control  system 
re-establishes  the  cruise  orientation. 

The  low-thrust  forces,  generated  by  the  normal  functions  of  the  attitude  control 
system,  can  produce  accelerations  of  1 x 10"’  cm/sec2  to  3 x lo~7  cm/sec  2. 

This  can  result  in  a target  miss  of  100  to  300  km  at  Mars,  for  example.  The 
translational  forces  producing  the  acceleration  are  the  result  of  thrusters  not 
acting  in  couples,  thruster  misalignment  and  unbalance,  or  the  result  of  gas 
leaks  through  the  valves  during  times  th  ;he  thrusters  are  not  firing. 


4.7.1  Attitude  Control  Perturbation  Model 

The  model  used  to  account  for  such  accelerations  has  been  constructed  from 
the  application  of  curve-fitting  techniques  to  telemetered  data  and  is  defined 
as  follows: 
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The  coefficients  (a^,  Sy*  . . . c^,  c^,  c^)  are  low -thrust  polynomial  coefficients 
to  be  determinea.  The  terms  T^^^  and  T^^^  input  epochs  at  which  the  attitude 
control  acceler^tioo  polynomials  are  turned  on  and  off,  respectively.  The  function 
u is  defined  by 


- Tad)  = 


1. 

O-  ‘ T.d 


(4-166) 


1.  t > T 


a c 2 


0,  t < T , 

^ ac2 


(4-167) 


The  subscript  x denotes  the  acceleration  component  along  the  spacecraft's  x 
(roll)  axis;  the  subscript  y denotes  the  acceleration  component  along  the  space- 
craft’s y^  (pitch)  axis;  and  the  subscript  z denotes  the  acceleration  component 
along  the  spacecraft’s  (yaw)  axis. 

Two  transformations  are  necessary  in  order  to  represent  this  acceleration  in 
the  mean  of  1950.0  coordinate  system:  (1)  a transformation  from  the  vehicle- 
fixed  coordinate  system  (x^,  y^,  z^)  to  the  true  of  date  coordinate  system  and 
(2)  a transformation  from,  the  true  of  date  coordinate  system  to  the  mean  of 
1950.0  coordinate  system. 

The  transformation  fromi  the  vehicle -fixed  coordinate  system  to  the  true  of  date 
coordin^-te  system  is  described  in  Section  3.3.12,  and  is  given  by 


7 = 07  (4'168) 

^ V 

where  the  transformation  matrix  Q is  defined  in  Section  3.3.12.  The  matrix  , 
which  transforms  from  the  true  of  date  system  to  the  mean  of  "OSr.o  system  is 
described  in  Section  3.3.1.  Thus,  the  total  transformation  is  given  by 


R 


TAC 


(4-1G9) 


4-65 


4.7.2  Associated  Partial  Derivatives 


Since  C,  Q,  and  are  functions  of  time  only,  and  not  of  the  satelJite  position 
or  velocity,  then 


^^TAC 

~W~ 


dR 


TAC 


= 0, 


dR 


(4-170) 


The  contributions  to  the  variational  equations  (Equation  (4-7))  of  the  control  system 
acceleration  parameters  a^,  a^,  a^ , . . . , c^  are 

BRtap 

— ^ = c’'0  [»  (t  -u  (t  -T  ,2)1  (4-171) 
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where  a,  b,  and  c denote  the  vectors 


(4-174) 


4.8  THRUST  EFFECTS 

There  are  many  forces  acting  on  a spacecraft  during  the  transfer  phase  and 
during  the  orbiting  phase  of  its  trajectory.  Even  though  such  forces  have  been 
modeled,  the  state  oi  the  vehicle  is  still  uncertain,  primarily  because  of  the  im- 
precision associated  with  the  injection  conditions  and  the  physical  parameters 


4-()() 


appearing  in  the  mathematical  models.  Very  small  errors  in  the  thrust  mag- 
nitude and/or  thrust  direction  at  injection  magnify  into  very  large  errors  in 
position  and  velocity  near  the  target  body.  In  order  to  avoid  such  errors  and 
attain  pre-assigned  terminal  conditions,  spacecraft  are  designed  with  the 
capability  to  perform  multiple  propulsive  maneuvers  during  the  interplanetary 
phase  of  a mission.  Furthermore,  if  the  spacecraft  is  to  orbit  a distant  planet, 
maneuvering  capability  must  be  available  to  inject  into  orbit. 


4.8.1  Thrust  Acceieration  Model 

The  model  describing  the  acceleration  during  such  ccrrecti'>’e  maneuvers  is 
based  on  the  reduction  of  data  taken  during  the  motor  bum  testing  procedures 
and  is  represented  in  an  inertial  true  of  date  system  by 


r^.  = a(u(t  - Tq)  - u(t  - Tf)} 


(4-175) 


where 

a 'v.  magnitude  of  the  thrust  acceleration 
l).p  unit  vector  in  the  direction  of  the  thrust  acceleration 
Tq  ~ effective  initiation  time  of  the  motor  burn  (ET) 

Tf  ~ effective  termination  time  of  the  motor  burn  (ET) 
and  u is  defined  as  in  Equations  (4-166)  and  (4-167). 

TiiS  ixioior^s  effective  bum  time  is 

T„.  (4-176) 

The  propulsiv'8  acceleration  is  modeled  as  follows 
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(4-177) 
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where 


T 


t -T. 


Equation  (4-177)  characterizes  the  thrust  acceleration  as  a fourth  degree  poly- 
nomial in  T , the  time  from  effective  thrust  initiation.  The  polynomial  coefficients 
a.Q,  a^ , a 2>  a and  are  djmamic  model  parameters  which  can  optionally  be 
specified  or  estimated  and  represent  the  effective  thrust-mass  ratio  as  a function 
of  time. 

The  unit  vector  is  directed  fdong  ^he  spacecraft’s  thrust  axis  (assumed  ^ 
be  coincident  with  the  -axis).  The  true  of  date  components  of  the  vector 
are 
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(4-17S) 


where 


the  right  ascension  of  the  spacecraft’s  thrust  axis  relative  to  the 
true  equator  and  equinox  of  date 

the  declination  of  the  spacecraft’s  thrust  axis  relative  to  the  true 
equator  and  equinox  of  date. 

The  thrust  a:ds  orientation  is  represented  by  the  fourth-degree  polynomials  in  r 
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where . . . , . . . , , ^ are  dyinmic  parameters  which  can  optionally 

be  estimated. 
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The  unit  vector  can  also  be  expressed  in  the  orbital  frame  system,  which  is 
obtained  from  the  orbit  plane  system  (Section  3.2,5)  by  a translation  of  the  origin 
to  the  center  of  mass  of  the  spacecraft  and  a redesignation  of  axes  such  that 


where 
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The  thrust  direction  is  defined  by  a rotation  of  (the  yaw  angle)  about  the 
axis,  fol.'owed  by  a rotation  of  (the  pitch  angle)  about  the  new  x axis,  'fhe 
components  of  in  the  orbital  frame  system  are  of  the  same  form  as  Equation 
(4-178),  with  6^  replaced  by  and  a^.  replaced  by  P^,  The  true  of  date  compo- 
nents of  Uj  are  then  given  by 


U,  = (E.EjTUT  = Ej  U 


(4-181) 


where  E is  the  transformation  matrix  from  the  inertial  true  of  date  system  to  the 
orbit  plane  syatem  (see  Section  3.3.5). 

Tne  thrust  acceleration  expressed  in  the  true  equator  and  equinox  of  date 
coordinate  system  via  the  unit  ver  or  Uj  . The  transformation  to  the  mean 
equator  and  equinox  of  195'vhO  system  is  accomplished  as  follows 

R^.  ■ (4-182) 

v/here  the  transformacion  matrix  C ‘ is  des:  ibed  in  Section  3.3.1. 


4.8.2  Associated  Partial  Derivatives 

When  the  acceleration  is  modeled  in  tne  direction  Uf  given  by  Equatio  i,4-178) 
it  is  independent  of  both  R and  R;  therefore 


;^R^  ^Rj.  (4-183) 
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However,  when  the  direction  of  the  acceleration  Uy  is  expressed  as  in  Equation 
(4-181),  the  following  partial  deiivatives  are  used. 

Using  Equations  (4-175),  (4-181)  and  (4-182),  the  thrust  acceleration  during  a 
thrusting  interval  can  be  expressed  as 


Rj.  = a(E.EC)'^  U 

Since  only  the  matrix  E is  a function  of  position  and  velocity, 


(4-184) 
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The  rows  of  the  matrix  E are  defined  in  Section  5.3.5  lo  be  the  unit  vectors  U, 
V,  and  W.  The  necessary  partial  derivatives  then  may  be  expressed,  using 
subscript  notation,  as 
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h. . is  the  Kronecker  delta  operator 

ij 

is  the  angular  momentum  vector  (R  x R) 

L is  the  maj^nitude  of  the  angular  momentum  vector 
p is  any  one  ot  the  parameters  x^,  x x^, 


(4-19?) 
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T?e  C matrix  components  resulting  trom  the  accelerat’on  model  parameters 
3-q  » • • • ) a^  Hi  e 
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a {u(t  - Tq)  - u(t  - T '}  (4-196) 
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4.9  RFPLACHMENT  ACCELERATION 


4.9.1  Replacement  Acceleration  Model 


When  accelerometer  data  is  available  from  a spacecraft,  this  data,  when  properly 
converted,  may  be  used  to  replace  the  model  of  all  nonpotential  accelerations 
(i.  e.,  atmospheric  drag,  solar  radiation  pressure,  thrust,  and  attitude  control 
system  accelerations).  Letting  R^  represent  the  total  acceleration  as  measured 
by  an  on-board  acceler<)meter,  and  letting 
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+ ^TAC  + 
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then  Equation  (4-1)  reduces  to 


R = R 
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(4-203) 


It  is  understood,  ol  course,  that  she  accelerations  measured  by  the  accelerometers 
at  any  instant  of  time  need  not  rcjpresent  all  of  the  accelerations  on  the  right  hand 
side  of  Equation  (4-202). 


The  acceleration  R^  is  computed  from  the  following  relationship 

R^  = 0 fKA  f B]  (4-204) 


where  Q is  a 3 x 3 transformation  matrix  from  the  accelerometer  axes  to  the 
coordinate  system  of  integration,  K is  a di^^gonal  matrix  of  accelerometer  scale 
factor  corrections  (in  addition  to  those  scale  factors  used  during  the  pre-processing 
of  the  telemetered  accelerometer  data),  B is  a 3 x i vector  of  bias  corrections 
(in  addition  to  those  biases,  such  .s  zero  sets,  employed  in  the  pre-processing), 
and  A is  the  3x1  vector  of  external  accelerations  expressed  in  the  accelerometer 
coordinate  system. 

The  matrix  Q is  comprised  of  a number  of  rotations:  Q^,  the  transformation 
matrix  from  the  accelerometer  axes  to  the  vehicle-fixed  axes;  Q^,  the  transfor- 
mation matrix  from  the  vehicle-fixed  axes  to  the  inertial  true  of  data  system; 
and,  if  necessary,  the  transformation  matrix  from  the  inertial  true  of  date 
system  to  the  user  selected  coordinate  system  oi  integration.  Thus,  Q is  de- 
termined by 


Q-QcQbQ. 


(4-205) 
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(4-206) 


where  Q.  is  a constant  matrix,  and  Q„  is  determined  from 

A B 

Ob  =f(e^.s,.  s,) 

and  , and  0^  are  the  attitude  orientation  angles  which  relate  the  spacecraft 

vehicle-fixed  coordinate  system  to  the  true  of  date  coordinate  system,  as  described 
in  Section  3.3.12. 

4.9.2  Associated  Partial  Derivatives 
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where  q ^Is  the  element  in  the  row  and  column  of  [Q],  and  a . and  b. 
are  the  elements  in  the  i*^  row  of  the  vectors  A and  B,  respectively. 


4.10  ANALYTIC  PARTIAL  DERIVATIVES 

The  differential  correction  process  requires  the  develop  nent  of  a set  of  partial 
uerivatives  called  the  matrizant,  or  state  transition  matrix.  These  partial 
derivatives  give  the  relationships  between  perturbations  in  the  spacecraft  state 
at  observation  times  to  perturbations  in  the  state  at  the  epoch.  Analytic  expres- 
sions for  these  partial  derivatives  which  were  developed  originally  for  the 
Brouwer-Lyddane  method  (References  15  and  16)  are  available  for  use  with  all 
of  the  orbit  generators  utilized  in  GTDS.  The  perturbation  variables  utilized 
in  the  analytic  partial  derivatives  are  defined  in  such  a way  as  to  couple  the 
perturbation  propagation  process  with  the  differential  correction  process.  These 
variables  are  referred  to  as  the  DODS  variables. 


4.10.1  Definition  of  the  Perturbation  Variables 

In  the  statistical  estimation  process,  the  spacecraft  dynamic  state  variables  in  x 
are  normally  expressed  in  an  inertial  Cartesian  coordinate  system.  As  a result, 
the  estimator  algorithm  solves  for  the  differential  correction,  Sx  , to  be  added 
to  the  epoch  state  on  the  ith  iteration,  x .,  to  yield  an  improved  estimate  x-.^j  . 
Note  that  the  unknowns  that  are  solved  for  are  corrections  to  the  Cartesian  state 
variables.  The  variables  for  the  Brouwer -Lyddane  theory  are  also  stale  correc- 
tions, but  are  defined  as  follows: 
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(4-208) 

(cont'd) 


na  Vl  - cos  E 

Xjg  = SO  + SCtl 


Xg  - d6 


5 V ( ve loc i ty  ) 

(tlight  path  angle) 
(longitude  of  periapsis) 


Vai'i&bles  and  account  for  in-plane  perturbations  of  the  orbit,  i.e., 

perturbations  in  the  semimajor  axis  a,  the  eccentricity  e,  and  the  true  anomaly 
f,  respv^ctively.  Tlie  variable  x^  can  also  be  related  to  a perturbation  in  the 
mean  anomaly  M as  follows 


^^3  = 


ei/ 1 - e" 


(1  e cos  E) 


v^2 


(4-209) 


Variables  andx^  account  for  angular  rotations  of  the  orbit  plane.  Figure 

4-6  illustrates  an  orbit  around  a planet.  The  unit  vector  a is  normal  to  the  orbit 
plane;  the  unit  vector  $ lies  in  the  orbit  plane  and  is  displaced  from  the  ascend- 
ing node  by  the  angle  The  unit  vector  y forms  a right  hand  system  with  a 
and  /S,  i.e.,  > = a x Variable  x.  accounts  for  the  rotational  perturbation  Sa 

about  a,  Xc  accounts  for  the  rotational  perturbation  about  and  x,  accounts 

D 


T. 


Figure  4-6.  Orbital  Geometry 
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for  the  rotational  perturbation  h-y  about  >.  Variables  and  x^  can  be  re- 

lated to  the  orbit  inclination  i.  the  right  ascension  of  the  ascending  node  Q , and 
the  argument  of  peri  apsis  a as  follows 


8i  = x,  cosS  -x-sin8 
5 a 6 a 


8Q 


X-  s in  8 + X,  cos  8 

3 a o a 

sin  i 


(4-210) 


3 

bco  = X (Xe  sin  8 + X,  cos  8 ) cot  i 

“0  0 8 D 8 ' 

The  angle  8^  between  the  line  of  nodes  and  the  ^ vector  defines  the  and  y 
directions.  This  angle  can  bec^j^,  Wq+  f^  , w+  f,  or  some  other  specified  angle. 

In  the  equations  that  follow,  8^  is  assumed  to  be  co  + f,  i.e.,  is  directed  towards 
the  spacecraft. 

Only  six  of  the  ten  variables  in  Equations  (4-208)  are  independent.  Therefore, 
any  six  can  be  selected  to  be  solved  for  in  an}^  orbit  determination  problem.  The 
selection  criteria  are  dependent  upon  the  sensitivity  of  the  variables  to  pertinent 
characteristics  of  the  orbit  being  determined.  Experience  has  shown  that  vari- 
ables Xj , X2 , X3,  X5,  Xg  and  x^^  are  usually  a reliable  set  of  variables  to  use  in 
a variety  of  earth  orbital  missions.  The  dependence  of  the  variables  on  orbital 
characteristics  is  shown  in  Table  4-5. 
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Table  4-5 


DODS  Variable  Dependency 
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The  Brouwer -Lyddane  theory  was  developed  for  use  with  drag -free  orbits. 
However,  for  high  altitude,  small  eccentricity  orbits  the  primary  effect  of  drag 
is  a secular  change  in  the  mean  anomaly.  This  effect  is  relatively  small  and  is 
noticeable  only  ove^  a long  period  of  time.  Consequently,  an  optional  first  order 
correction  to  the  mean  anomaly  is  ine.aded  of  the  form 


m 3 


q ■ 0 p • 2 

m = 0,  1.  , 19 


(4-211) 


where 

the  Brouwer  drag  parameters 
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t the  reference  time  associated  with  the 
q 

Brouwer  drag  parameters 

The  correction  is  applied  to  the  mean  motion  as  follows 


M-  = n,At  + MAt  + M;  + AM^^^ 


(4-212) 


Forty  DODS  variables  which  account  for  the  forty  drag  parameters  N in 
Equation  (4-211)  are  defined  as 


^20+q 
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2 


q = 0,  1,...,  19 


(4-213) 


40  + q 


3q 

,2 


These  variables  are  estimated  by  means  of  the  differential  correction  process 
in  order  io  determine  the  secular  corrections  to  the  mean  anomaly. 

4.10.2  State  Transition  Matrix  Elements 

The  statistical  estimation  algorithm  requires  the  matrix  of  partial  derivatives 
of  the  observations  f(t^  ) at  time  t,  with  respect  to  the  solve-for  state  variables 
Xj  at  the  epoch  time  t^.  These  partial  derivatives  are  computed  as  follows 


^x. 

J 


'■'X 

j 


j = 1,  2 19 


(4-214) 


The  partial  derivative  of  the  observation  model  f(t^ ) with  respect  to  the  oscu- 
lating Cartesian  state  vector  r(t^ ) is  modeled  as  described  in  Chapter  7.  How- 
ever, the  partial  derivatives  of  the  osculating  Cartesian  stat'^  with  respect  to 
the  DODS  variables  must  be  determined.  When  the  Brouwer  or  Brouwer-Jyddane 
theor3  is  being  utilized^  (tj)/c?x^  is  obtained  analytically,  where  the  solve- 
for  vpriables  x^  are  the  DODS  variables.  When  one  of  the  other  GTDS  orbit 
generators  is  used,  requiring  numerical  integration  of  the  orbital  equations,  two 
options  are  available:  (1)  the  required  partial  derivatives  can  l>e  obtained  from 
numerical  solution  of  the  variational  equations  or  (2)  the  above  analytic  partial 
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derivatives  can  be  used  by  replacing,  via  the  chain  rule,  the  required  partial 
derivative  in  Equation  (4-214)  with 


Br(t.)  Br(t.) 

Bx.  Bx,  Bx. 

J k 1 


(4-215) 


where,  in  this  case,  the  x,^’s  are  the  DODS  variables,  the  first  term  on  the  right 
represents  the  analytic  partial  derivatives  of  the  osculating  Cartesian  state  with 
respect  to  the  DODS  variables,  and  the  second  term  represents  the  partial  deriv- 
atives of  the  DODS  variables  with  respect  to  the  appropriate  solve-for  variables, 
depending  on  the  orbit  generator  being  used. 

The  analytic  partial  derivatives  of  the  osculating  Cartesian  state  with  respect 
to  the  DODS  variables  are  approximated  by  two-body  Keplerian  partial  derivatives 
evaluated  using  the  osculating  Keplerian  elements  at  t^  and  to-  This  approach 
neglects  the  higher  oraer  effects  of  the  Brouwer  secular  variation,  as  well  as 
the  partial  derivatives  of  the  osculating  position  and  velocity  with  respect  to  the 
Brouwer  mean  position  and  velocity.  These  partial  derivatives,  which  are  de- 
veloped in  Reference  17,  are  presented  below. 
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^ ^ ^ ^ - [2  cos  Eq  + e s in^  Eq  - 2e  - (1  - e^)  cos  E]  p 
^*3  ^ ^/i  - 

+ [1  -•  (2  cos  Eq  + e s in^  Eq  - cos  E)  cos  E]  ql 
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(4-216g) 
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where  p and  q are  unit  vectors  in  the  orbit  plane,  with  p directed  toward  perigee^ 
and  q advanced  90  degrees  in  the  direction  of  motion  from  perigee,  i.e.,  q = a x p. 
The  parameter  n is  the  mean  me  ti  jn. 

The  Bkouwor  mean  elemeni.s  are  utilized  when  the  above  equations  are  used  for 
determining  the  partial  derivatives  at  time  t.  Although  the  Brouwer  mean  ele- 
ments at  time  t are  not  determined  from  two-body  relationships,  the  above  equa- 
tions still  provide  a good  approximation  for  the  state  transition  matrix  elements 
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foi  the  mean  motion. 

The  partial  derivatives  of  the  position  and  velocity  with  respect  to  the  DODS 
drag  parameters  Xjo Xjg  are 


Br 
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q = 0 1 irf 


4.10,3  Conversion  Differential  Corrections 

Use  of  the  preceding  partial  derivatives  results  in  the  expression  of  the  state 
perturbations  at  epoch  time  in  terms  of  DODS  variables.  Consequently,  the 
weighted  least-squares  estimator  algoritixm  yields  the  differv^ntial  corrections 
in  terms  of  DODS  variables.  These  corrections  must  then  be  converted  into 
more  meanir.gful  variables,  such  as  Keplenan  elements  or  Cartesian  compo- 
nents. Specifically,  GTDS  converts  the  DODS  corrections  Xj,  

into  corrections  of  the  Brouwer  mean  elements,  i.e.,  Kepl«>rir.n  aleiuents.  The 
reference  mean  elements  at  epoch  are  then  updated  to  begin  the  next  iteration. 
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As  dGScribed  in  Section  4.10.2,  when  anal;^'t  c partial  derivati  /es  aie  used  in 
GTDS  with  orbit  generators  other  than  the  ^irouwer  or  Braiwer-Lyddane  tech- 
niques, the  statistical  estimation  FJgorivhm  is  modified  by  introducing  the  partial 
derivatives  of  the  DODS  vp,riabl^.  s with  respec*  to  the  solve-for  state  variables 
appropriate  for  the  orbit  generator  in  »ise.  The  estimation  algorithm  then  yields 
the  differential  corrections  in  terms  of  these  soive-for  state  variables. 

Only  six  of  the  DODS  variables  described  in  Section  4.10.1  are  independent. 

The  user  has  the  option  of  selecting  which  elements  are  to  be  corrected.  The 
following  conversion  equations  show  the  dependency  of  the  mean  Keplurian 
element  corrections  on  all  the  DODS  variables;  however,  only  the  six  independent 
variables  selected  for  inclusion  in  the  differential  correction  process  should  be 
included.  All  the  other  DODS  variables  should  be  set  equal  to  zero.  The  follow- 
ing equations  also  include  the  conversion  relationships  for  the  related  variables 
E,  f , r,  Q , and  V. 
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+ byXg  + CgXg  + Xjg 
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CHAPTER  5 

FORMULATION  OF  THE  ORBITAL  EQUATIONS  OF  MOTION 


5.1  INTRODUCTION 

Direct  analytical  solution  of  the  differential  equations  descr  .bing  the  motion  of 
a satellite  perturbed  by  the  total  acceleration  vector  (Equation  (4-1))  is  not 
possible.  Historically,  solutions  tc  this  problem  have  been  obtained  using  two 
principal  approaches.  In  one  approach,  known  as  the  General  Perturbation 
Method,  the  perturbation  model  is  limited  such  that  an  analytical  solution  is 
possible.  Brouwer  theory  is  a well  known  orbit  generation  technique  which  falls 
in  this  category.  Brouwer  formulated  the  problem  of  an  earth  satellite,  perturbed 
by  point  mass  and  zonal  gravitational  effects,  in  terms  of  canonical  variables 
and  analytically  solved  the  resulting  Hamilton- Jacobi  differential  equations  to 
first  order  in  a small  parameter,  using  the  Von  Zeipel  method.  The  resulting 
orbit  generation  method  is  extremely  efficient,  but  its  accuracy  is  limited  by 
the  restricted  perturbation  model  and  the  truncated  small-parameter  expansions 
(Reference  1). 

In  a second  approach,  known  as  the  Special  Perturbation  Method,  the  entire 
perturbation  model  can  be  included  in  the  differential  equations  (also  known  as  the 
equations  of  motion).  The  differential  equations  are  solved  by  the  numerical 
integration  techniques  described  in  Chapter  6.  The  Cowell  method  is  the  best 
known  orbit  generation  technique  which  falls  in  this  category.  In  the  Cowell 
approach,  the  equations  of  motion  are  expressed  in  terms  of  the  total  accelera- 
tion vector  (i.e.,  point  mass  central  body  effects  plus  perturbing  accelerations) 
and  solved  directly  for  the  position  and  velocity  vectors. 

Recently,  considerable  research  has  focused  on  improving  the  accuracy  and 
efficiency  of  orbit  generation  methods.  This  research  indicates  that  there  is 
no  best  orbit  generation  procedure  for  all  orbit  types.  For  this  reason,  several 
orbit  generation  formulations  are  included  in  GTDS;  taken  together,  these 
formulations  are  suited  to  a broad  range  of  accuracy  and  efficiency  requirements 
for  tlie  various  classes  of  satellite  orbits  supported  by  GSFC. 

In  general,  development  of  optimum  methods  for  orbit  prediction  consists  of 
reformulat’ng  the  equations  of  motion  in  terms  of  a new  set  of  variables  such 
that  the  resetting  equations  are  more  amenable  to  solution.  The  principal  guide- 
lines used  in  these  reformulations  are  the  following: 
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1 . Choose  a dependent  variable  set  which  is  appropriate  for  the  numerical 
method  of  solution. 


General  Perhirbation  Methods  usually  require  the  use  of  canonical  vai  ables, 
which  are  amenable  to  the  use  of  averaging  transformation  techniques  t.uch  as 
the  Von  Zeipel  method;  similarly,  in  the  Special  Perturbation  Methods  selection 
of  appropriate  variables  may  be  dictated  by  the  numerical  m<jthcd  of  solution. 

For  example,  the  accuracy  of  numerical  integration  formulas  increases  with 
order.  However,  each  integration  formula  has  a numerical  stability  region, 
outside  of  which  the  error  growth  is  exponential  (see  References  2 and  3 for  a 
more  complete  discussion  of  numerical  stability).  For  a given  set  of  differential 
equations,  this  stability  region  dictates  the  allowable  stepsizes.  As  a result, 
changing  dependent  variables  may  affect  the  stability  characteristics  of  the 
process. 

Reformulations  of  the  Class  II  equations  of  motion*  in  terms  of  other  dependent 
variables  usually  results  in  a set  of  Class  I equations  of  motion*,  e.g.,  the 
Variation  of  Parameters  equations  (Section  5.7).  In  general.  Class  I multistep 
numerical  integration  formulas  (Equations  (6-21)  and  (6-26))  have  smaller  regions 
of  numerical  stability  than  the  Class  II  multistep  methods  (Equations  (6-22)  and 
(6-27)).  Consequently,  the  numerical  stability  characteristics  of  the  transformed 
equations  of  motion  are  a very  important  consideration. 

"Well-behaved"  equations  of  motion,  i.e.,  those  which  change  only  slightly  due  to 
a small  change  in  the  elements,  will  yield  large  regions  of  numerical  stability 
in  terms  of  stepsize,  thus  allowing  the  use  of  the  accurate  high  order  formulas. 
For  example,  element  sets  which  are  constants,  or  vary  linearly  with  time  in  the 
unperturbed  problem,  yield  equations  of  motion  which  are  more  numerically  stable 
than  the  corresponding  set  of  equations  expressed  in  terms  of  the  position 
and  velocity  coordinates. 


2.  Choose  an  independent  variable  so  as  to  achieve  uniformizatlon  of  local  error 
over  the  entire  orbit. 

Efficient  numerical  integration  can  be  achic\^ed  by  adjusting  the  stepsize  to  obtain 
uniformizatlon  of  the  local  error  over  the  entire  orbit.  For  near -circular  orbits, 
fixed  step  integration  produces  uniformizatlon  when  time  is  the  iudependent 
variable.  To  achieve  uniformizatlon  for  eccentric  orbits,  a mechanism  is 
required  for  using  a small  time  step  in  the  region  of  large  perturbations,  and 
a large  time  step  in  the  region  of  small  perturbations.  A variable  stepsize 


Class  I differential  equations  are  of  the  form  dy/dx  =f(x,  y);  Class  II  differential  equations 
are  of  the  form  d^y/dx^  r f(x,  y). 
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integration  algorithm 's  available  in  GTDS  (see  Section  6.9);  however,  frequent 
stepsize  changes  are  costly  and  usually  introduce  error.  For  this  reason, 
formulations  have  been  developed  which  achieve  uniformization  through  analytic 
stepsize  regulation,  accomplished  through  the  use  of  an  independent  variable 
other  than  time.  A new  independent  variable  s,  related  to  the  time  t by 


ds  = 


rn 


(5-1) 


is  available  in  GTDS,  where  r is  the  magritude  of  the  satellite’s  position  vector 
and  n is  known  as  the  uniformization  constant.  The  effect  of  such  a transforma- 
tion is  that  fixed  steps  in  s yield  smaller  steps  in  time  for  small  r (where  the 
perturbations  are  usually  larger)  than  for  large  r. 

The  appropriate  choice  for  the  uniformization  constant  depends  on  both  the  de- 
pendent variable  set  and  the  local  error  source.  In  the  Cowell  method  the  primary 
source  of  local  error  is  inaccurate  integration  of  the  point  mass  and  J2  gravi- 
tational effects  of  the  earth.  A uniformization  constant  of  3/2  is  appropriate  for 
these  perturbations  and  is  used  in  the  Time  Regularized  Cowell  orbit  generator 
(Section  5.3).  The  Delaunay-Similar  (DS)  equations  of  motion  (Section  5.5)  are 
uniformized  for  the  Jj  oblateness  perturbation  through  the  choice  of  a uniformi- 
zation constant  of  2.  The  Kustaanheimo-Stiefel  (KS)  formulation  (Section  5.4) 
uses  a uniformization  constant  of  1,  v/hich  removes  the  singularity  at  collision 
from  the  equations  of  motion.  In  the  Intermediate  Orbit  formulation  (Section  5.11), 
the  uniformization  constant  can  be  adjusted  to  produce  uniformization  with 
respect  to  the  dominant  source  of  local  error.  It  should  be  noted  that  uniformiza- 
tion of  local  error  cannot  be  achieved  through  analytic  stepsize  regulation  alone 
for  highly  elliptic,  long  period  orbits,  for  which  both  the  nonspherical  effects 
of  the  earth  and  lunar  effects  are  equally  important.  In  such  cases,  a variable 
stepsize  algorithm  is  also  needed. 


3.  Choose  a dependent  variable  set  in  terms  of  which  the  solutions  to  the  un- 
perturbed problem  are  closed,  explicit  expressions  in  the  independent 
variable. 

In  General  Perturbation  applications,  the  need  for  such  dependent  variable  sets 
is  clear.  However,  such  variable  sets  also  are  advantageous  for  use  in  Special 
Perturbation  Methods.  Differential  equations  for  quantities  which  vary  slowly 
and  smoothly  with  time  are  known  to  be  more  amenable  to  numerical  integra- 
tion methods  (i.e.,  more  numerically  stable)  than  those  for  quantities  which  vary 
rapidly.  In  the  case  of  satellite  motion,  the  acceleration  caused  by  the  attraction 
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of  the  primary  body  is  usually  much  greater  than  the  perturbing  accelerations 
arising  f’^r-m  other  bodies,  nonspherical  effects,  etc.  Since  dependent  variable 
sets  exu-  t which  yield  closed,  explicit  solutions  to  the  unperturbed  problem,  it  is 
logical  to  remove  the  point  mass  effects  of  the  primary  body  from  the  differential 
equation  W considering  the  relative  elliptic  orbit  described  about  the  primary 
as  a first  approximation  to  the  motion.  Thus,  the  equations  of  motion  oi  such 
dependent  variables  include  motion  arising  only  from  the  perturbing  acceleration 
vector  Methods  which  employ  this  approach  are  known  as  Variation  of  Param- 
eters (VOP)  methods  (Section  5.7).  GTDS  includes  VOP  orbit  generators  which 
use  Keplerian,  equinoctial,  rectangular,  Delaunay-Similar  (DS),  and  Kustaanheimo- 
Stiefel  (KS)  element  sets.  The  resultant  formulations  vary  with  respect  to 
regularity  of  the  dependent  variables  and  the  choice  of  independent  variables. 

also  includes  the  Intermediate  Orbit  formulation,  in  which  the  equations 
of  iiiotion  represent  the  variation,  arising  from  other  perturbations,  about  the 
solution  to  the  point  mass  earth  plus  Jj  problem. 

4.  Choose  a completely  regular  dependent  variable  set. 

It  is  desirable,  from  the  standpoint  of  generality,  to  use  a set  of  dependent 
variables  which  is  well  defined,  or  regular,  for  the  full  range  of  possible  orbital 
conditions.  For  example,  the  Keplerian  and  Delaunay  variables  are  not  well 
defined  for  small  eccentricities  or  for  small  or  near  180-degree  inclinations. 
Unfortunately , regularity  and  the  requirement  for  tractable  canonical  formula- 
tions of  Genera]  Perturbation  Methods  appear  to  be  mutually  exclusive.  For  this 
reason,  the  Brouwer -Lyddane  formulation  was  developed  in  terms  of  Poincare 
rather  than  Delaunay  variables  for  use  with  small  eccentricity  and  small  inclina- 
tion satellites.  For  Special  Perturbation  applications,  the  KS  and  rectangular 
variables  are  completely  regular.  The  equinoctial  elements  consist  of  two 
variable  sets  which  together  yield  a completely  regular  set  except  at  collision. 


5.  Choose  a dependent  variable  set  for  which  the  equations  of  motion  are 
completely  regular. 

The  practical  effect  of  singularities  in  the  equations  of  motion  is  to  cause  rapid 
oscillations  in  some  of  the  orbital  elements  when  the  orbit  is  in  a near-singular 
condition.  This  condition  is  not  desirable  from  the  standpoint  of  efficiency  in 
numerical  integration.  Accurate  integration  of  such  equations  requires  extremely 
small  stepsizes  in  the  near-singular  region.  The  rectangular  variables  and 
equinoctial  elements  yield  completely  regular  equations  of  motion  except  at 
collision.  The  KS  equations  of  motion  are  completely  regular,  while  the  VOP 
equations  of  motion  are  singular  for  the  Kepler  and  Delaunay  elements  at  small 
eccentricities  and  at  small  and  near  180-degree  inclinations. 
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6 . Choose  a dependent  v ariable  set  such  that  the  equations  of  motion  have 
dynamically  stable  soiations  for  the  unperturbed  problem. 

A solution  is  dynamically  stable  if  small  variations  r.i  the  initial  values  produce 
a variation  of  the  solution  which  remains  small  for  aiiy  value  of  the  independent 
variable  greater  than  zero-  Djmamic  stability  is  one  of  the  primary  motivations 
fox  the  KS  transformation.  This  characteristic  should  be  particula’*ly  advantageous 
when  the  solution  is  obtained  via  numerical  integration. 


7 . Choose  an  element  set  for  which  the  equations  of  motion  do  not  contain  short 
periodic  effects. 

As  mentioned  previously,  the  efficiency  of  numerical  integration  is  ontimal  for 
the  integration  of  variables  which  vary  smoothly  and  slowly.  Elimination  of 
short  periodic  effects  from  the  equations  of  motion  significantly  smooths  the 
dependent  variable  motion,  thus  allowing  the  use  of  very  large  stepsizes.  Tb.? 
Intermediate  Orbit  elements  and  the  Method  of  Averages  (Section  5.8)  use  thic 
approach.  The  equations  of  motion  of  an  averaged  element  set  are  integrated. 

The  resulting  orbit  generation  method  is  extremely  efficient,  but  is  limited  to 
average  element  accuracy  rather  than  the  osculating  element  accuracy  achieved 
in  high  precision  methods. 

It  should  be  noted  that  several  of  the  guidelines  stated  above  are  mutually  exclu- 
sive. The  requirements  of  the  specific  application  dictate  which  of  the  guidelines 
are  most  important.  The  characteristics  of  the  orbit  generation  methods  available 
in  GTDS  are  summarized  in  Tables  5.1  and  5.2. 

The  choice  of  an  optimum  orbit  generation  method  is  dependent  on  orbit  type, 
accuracy,  and  efficiency  requirements.  In  general,  the  reformulated  high  pre- 
cision methods  are  more  accurate  than  the  Cowell  method.  However,  the  tran-.- 
fdrmations  required  in  these  formulations  increase  computational  time;  there- 
fore, these  methods  should  be  used  only  for  orbits  for  which  they  yield  improved 
accuracy  at  larger  stepsizes  as  compared  with  the  Cowell  method,  or  where  these 
methods  have  a more  appropriate  method  of  analytic  stepsize  control  than  does 
Time  Regularized  Cowell. 

For  circular  orbits,  analytic  stepsize  regulation  is  not  necessary.  In  fact,  inte- 
gration of  the  time  equation  increases  computational  time  and  may  introduce 
errors  into  the  solution.  For  orbits  with  eccentricity  greater  than  0.1,  analytic 
stepsize  regulation  is  usually  beneficial.  The  independent  variable  is  therefore 
an  important  consideration  in  the  choice  of  the  orbit  generation  formulation. 

As  the  uniformization  constant  is  increased,  the  sii.e  of  the  time  step  at  perigee 
decreases  and  that  at  apogee  increases.  This  constant  should  be  chosen  so  that 
the  local  error  is  uniformized  over  the  entire  orbit. 


5-5 


Table  5-1 

Characteristics  of  High  Precision  Orbit  Generators 


r — 

CRBIT  GENERATOH 

.^ir^THOD  or 

St'LUTION 

^ 

COM  PU  TA  T IONA  L 
SPEED 

ANALYTIC 

STEPSIZE 

CONTROL 

TIME 

REGULARIZATION 

CONSTANT 

LIMITATIONS 

COMM  ENTS 

CoT'ell 

Muiti^itep  Numeric^'.  Integration 
Using  Storm er -Coveil  Formulas 

Medlu." 

X 0 

None 

Time  Reg.  Cowell 

Multistep  Numerical  Integration 
Using  S'  Tier-Cowell  Formulas 

M ediurn 

3/2 

None 

1 

VOP  - Keplerlai> 

Multistep  Niunerical  Integration. 
Using  Adams  Formulas 

Medium 

No 

Singularities  for 
e 0;  i--0,  180’ 
Elliptic  motion  only 

Provides  closed  form 
solution  to  imperturbed 
problem 

VOP  - Equinoctial 

Multistep  Numerical  Integration 
Using  Adams  Formulas 

Mediiun 

No 

Elliptic  motion  only 

Providers  closed  form 
solution  to  unperturbed 
problem 

VOP  - R»ztangular 

Muitistep  Numerical  Integration 
Using  Adams  Formulas 

Medium 

No 

None 

Provides  closed  form 
solution  to  unperturbed 
problem 

Intermediate  Orbit 

Muitistep  KumerieaJ  5nt“gration 
Using  Adams  Formulas 

Medium 

Yes 

2 

Singularities  for 
e=^0;  i=0,  63.4' 
Elliptic  motion  only 

Provides  closed  form 
solution  Co  J}  through 
problem 

KS 

Muitistep  Numerical  Integi  ation 
I'sing  Adanis  Formulas 

Medium 

Yes 

1 

Elliptic  motion  only 

Provides  clraed  form, 
stable  oscillator,  solution 
to  unperturbed  probl^ 

Multirtep  Numerical  Intagr ation 
Using  Adams  Formulas 

Medium 

Yes 

2 

Singularities  for 
e-0;  i=0,  ino- 
Elliptic  .-nattoB  only 

Provides  closed  ^or^^, 
dynamically  stable,  solution 
to  unpeLiurbed  problen 

Cbeb^'shev  Series 

. 

Picard  Iteration 

Low 

N 'A 

NoTie 

Table  5-2 

Characteristics  of  Approximate  Orbit  Generators 


cn 

I 


onSIT  GENERATOR 

METHOD  OE 
SOLUTION 

UOMPUTATIONAL 

SPEED 

ANALYTIC 

STEPSIZE 

CONTROL 

TIME 

REGULARIZATION 

CONSTANT 

LIMITATIONS 

COMMENTS 

Brcuwer 

Analytic 

High 

N/A 

Singularities  foi 
e-0,  i=0,  63.4* 
Elliptic  motion  only 

Solution  Includes  only 
through  Jj  effecto 

Brouwer-  Lyddane 

Analytic 

High 

H/A 

Singularities  for 
i=63.4” 

Elliptic  motion  only 

Solution  includes  om> 
through  offecti 

Vlnti 

Aus.  lytic 

High 

N 'A 

Elliptic  motion  only 

Solution  Includes  Jj  throu^ 
J4  effects 

veraged  Kepler 

Multistep  Numeric ul  Integ^  .itioa 
Using  Adams  Formulas 

Hij^i 

No 

Singularities  for 
e-0,  1 0,  180* 
Elliptic  motion  only 

Solution  doe  3 not  include 
short-period  effects 

Averaged  E<]uiiioctlal 

Multistep  Numerical  Integra  ion 
Using  Adams  Formulas 

High 

No 

Elliptic  motion  oriy 

Solution  does  not  Include 
short-period  effects 

For  applijatiOiiis  tviiich  recfniK^  ii^  efficiency,  it  is  important  to  consider  the 
number  of  output  points  which  r^jired.  Using  analytic  methods  such  as 
Brouwer  theory,  the  computat^orytt  cost  is  directly  proportional  to  the  number 
of  output  points.  However,  vfhaa  numorical  integration  is  used,  the  cost  is 
mainly  dependent  on  the  arc  length  nud  not  the  number  of  intermediate  output 
points.  For  DC  applications,  the  computational  cost  of  the  averaged  orbit  gen- 
eration methods  is  often  competitive  with  that  of  Brouwer  theory  and  offers 
considerably  greater  fle^dbility  with  respect  to  the  perturbation  model. 


5.2  COWELL  METHOD 

The  Cowell  equations  of  motion  of  a satellite  are  exfiessed  by  the  general 
formula 


r _ fiT  ^ - 

dt^  I'rj^ 


(5-2) 


where  7 'v 
t ^ 

P 'V 


the  position  vector  in  an  Inertial  Cartesian  coordinate  system 

the  physical  time 

the  gravitational  constant 

the  total  perturbing  acceleration 


P can  include  any  of  the  perturbing  accelerations  discussed  in  Chapter  4. 


This  set  of  three  CL.ss  II  differential  equations  is  solved  directly  for  the  position 
vector  using  the  Stbrmer- Cowell  numerical  integration  formulas  (Equations 
(6-22)  and  (6-27)).  The  three  Class  I equations  for  the  velocity  vector  ? 


£r  = - iii  * p (5-3) 

dt  |7|3 

are  integrated  using  the  Adams  numerical  integration  fciiuular  (Equations 
(6-21)  and  (6-26))  in  the  case  of  velocity  dependent  perturbations,  such  as 
atmospheric  drag. 

The  Cartesian  coordinates  and  the  equations  of  motion  are  regular,  except  at 
collision.  This  metliod  can  be  used  for  elliptic,  parabolic  and  hyperbolic  orbits. 
The  poffit  mass  gravitational  attraction  of  the  primary  body  appears  explicitly 
in  the  equations  of  motion,  and  is  usually  the  dominant  acceleration  which  must 
be  integrated. 
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For  cL  'nilar  orbits,  the  choice  of  time  as  the  independent  variable  produces 
uniformizaUon  of  the  local  error  with  r^;j?pect  to  the  integration  of  the  two-body 
acceleration.  The  Time  Regularized  Cowell  formulation  (Section  5.3)  was 
developed  to  achieve  uniformization  of  local  error  in  the  case  of  noncircular 
orbits. 


5.3  TIME  REGULARIZED  COWEIX 

Efficient  numerical  integration  is  aided  by  uniformization  of  the  local  error  at 
each  integration  step.  To  achieve  uniformization  of  local  error  using  the  Cowell 
method,  the  equations  of  motion  (5-2)  and  (5-3)  must  be  uniformized  with  respect 
to  the  dominant  local  error  source,  which  is  generally  the  point  mass  and  J2 
gravitational  accelerations.  These  equations  are  already  uniformized  for  circular 
orbits.  For  noncircular  orbits,  however,  uniformization  is  achieved  by  reform- 
ulating the  Cowell  equations  in  terms  of  a new  independent  variable  s,  defined  by 
the  relationship 


(5-4) 

dt 

where  n is  the  uniformization  constant.  The  resulting  equations  of  motion  are 
called  the  Time  Regularized  Cowell  equations.  The  choice  of  3/2  for  n uniform - 
izes  the  local  error  with  respect  to  the  point  mass  and  gravitational  effects. 

Under  this  general  transformation,  the  Time  Regularized  Cowell  equations  of 
motion  become 


r"  - r(2n-3)7,  H;:  p 

\ r / M 

where  the  prime  notation  refers  to  differentiation  with  respect  to  +hs  Independent 
variable  s.  This  equation  Involves  derivatives  with  respect  to  tlie  variable  s only. 
The  position  vector  is  obtained  by  integrating  Equation  (5-5)  using  the  Class  iJ 
Stormer-Cowell  formulas  (Equati  js  (6-22)  and  (6-27)).  The  velocity  vector  is 
obtained  by  iiitegrating  Ecpiatlon  (5-6)  using  the  Class  I Adams  formulas  (Equa- 
tions (6-21)  and  (6-26)).  Since  the  voioclty  appears  explicitly  in  the  equations 
of  motion,  the  velocity  equation  inust  be  integrated  even  in  the  case  of  velocity 
free  perturbations.  In  addition,  the  following  Class  II  equation  is  integrated  for 
the  timo 


(5-5) 


t" 


Pjr2n“l  f 


(5-6) 
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Comparison  of  the  Tine  Regularized  Cowell  and  the  Cowell  integration  schemes 
indicates  that  the  favo/able  properties  of  simplicity,  precision  and  adaptibility 
are  shared  by  both  methods,  w’hile  for  highly  eccentric  or  drp,g  perturbed  orbits 
the  analytic  stepsize  reguJation  afforded  by  the  Time  Keguiai'ized  Cowell  is 
superior. 


5.4  KUSTAANHEIMO  - STEIJ  EL  (KS)  FORMULATION 

By  means  of  the  KS  transformaaon,  the  nonlinear  equations  of  two-body  motion 
are  transformed  to  a set  of  linear,  dynamically  stable  differential  equations, 
similar  to  those  of  an  xmpei*turbed  harmonic  oscillator  (see  Reference  4 for  a 
complete  derivacion).  This  transformation  consists  of  choosing  a set  of  regular 
dependent  variables  such  that  the  resulting  differential  equations  are  regular, 
i.e.,  have  no  singularities.  Regularization  of  the  differential  equations  requires 
the  extsTiSion  of  the  position  and  velocity  vectors  from  three  dimensional  to  four 
dimensional  vectors.  The  singularity  at  collision  is  removed  by  choosing  the 
generalized  eccentric  anomaly  E as  the  independent  variable  such  that 


dt  r 


where  the  freqiiency  a)  is  related  to  the  negative  of  the  total  energy  = v^h/2. 

In  aodition,  this  transfcimation  produces  analytic  stepsize  regulation  with  a 
uniform ization  constant  of  1.  therefore,  a time  equation  must  also  be  integrated. 
A time  element  r is  introduced  such  that 


t = T 


1 

(U,  U ) 


(5-8) 


where  u rnd  u'  arc  the  transformed  position  and  velocUy  vectors  (u  ==  du/dE), 
and  the  notation  (u,  u ')  denotes  the  scalar  product  of  the  two  vectors.  This  time 
element  varies  linearly  with  the  independent  variable  for  unperturbed  motion 
and  is  therefore  more  amenable  to  numerical  integration  than  the  time  equation. 
(See  Appendix  B for  a more  detailed  discussion  of  time  elements.) 

Regularized  equations  of  motion  behave  considerably  better  with  respect  to 
numerical  integration  than  the  corresponding  nonregularized  equations.  For 
unperturbed  two-body  motion,  every  solution  to  the  regularized  differential 
equations  is  dynamically  stable,  This  means  that  small  variations  of  the  initial 
values  produce  a variation  of  the  solution  which  remains  small  for  any  positive 
value  of  the  independent  variable.  Dynamic  stabilization  of  the  KS  equations  of 
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moHon  is  accomplished  by  using  a time  element  and  by  including  as  a dependent 
variable  the  frequency  co,  'which  is  related  to  the  totpl  energy,  and  taking  advantage 
of  the  fact  that  it  is  a constant  of  the  motion  ici*  conservative  forces.  Consequently, 
a total  of  ten  equations  of  motion  are  integrated. 

The  KS  equations  of  motion  are  formulated  as  VOP  equations  in  terms  of  regular 
elements:  The  frequency  co , the  time  element  r , and  the  two  4-vectors  a and  P . 
Elements  are  quantities  which,  during  unperturbed  two-body  motion,  are  con- 
stants or  linear  functions  of  the  independent  variable.  The  advantage  of  intro- 
ducing elements  is  that  they  vary  almost  linearly  if  the  motion  is  subjected  to 
weak  perturbations. 

5.4.1  The  KS  Variation  of  Parameters  (VOP)  Equations  of  Motion 

The  KS  equations  of  motion  are  VOP  equations  in  Lagraigian  form.  'Fhe  equations 
for  the  4-vector  elements  a and  /ti  are 


while  the  equations  of  motion  for  the  time  element  r and  the  frequency  co  are 


dr 

dl 


Ox  - 2rV)  - (u,  ~ - 2L'^P 

Scl?  16cJ^  \ 3m  > 


2 da' 

^2^ 


(u,  u') 


(a) 

(5-10) 


^ _ JL  ± (U' , L*^) 

^ 8o;2  2co 


In  the  above  equations 

V 'v  perturbing  potential  function 
P ~ additional  perturbing  accelerations 
^ ~ gravitational  constant 

L ~ KS  transformation  matrix  defined  by  Equation  (5-21) 
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In  GTDS,  the  perturbing  potential  V which  is  v sed  is  the  potential  arising  from 
the  J2  nonspherioal  effects 


2 


(5-11) 


where  is  the  radius  jf  the  central  bocfy.  The  quantity  P represents  the  per- 
turbing accelerations  due  to  higher  harmonics,  drag,  radiation  pressure,  etc. 

The  components  of  u , the  traiisformed  position  vector,  andu',  the  transformed 
velocity  vector,  are  obtained  from  the  elements  as  follows 


u 


E -75  . E 
a cos  — + p s in  — 
2 ^ 2 


(5-12) 


u'  = - ^ a s in  - + - cos  — (5-13) 

2 2 2 2 

The  magnitude  of  the  position  vector  is 

r = uj  + *1^  + i|2  + uj  (5-14) 

The  position  vector  r of  the  satellite  is  computed  for  use  in  the  evaluation  of  the 
perturbing  accelerations  using  Equations  (5-37)  through  (5-39),  The  velocity  T 
is  also  computed  in  the  case  of  velocity  dependent  accelerations,  using  Equations 
(5-40)  through  (5-42).  The  physical  time  is  computed  from 


t = r - i (U,  u'  ) 

cu 

The  notation  (u,  u')  denotes  the  scalar  product  of  the  two  vectors. 

The  transformed  components  of  the  perturbing  accelerations  are  computed  as 

(L^P),  = 'j,?,  + UjPj  + U3P3  '5-16) 
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“2^1  +‘^1^2+  “4P3 


(5-17) 


/r.Z  p\  _ 
VI-  j;,- 


(L^P)3  = - UjPj  - U^p2  + UjP^ 


(5-18) 


(LTp)4  = u^Pj  - U3P2  + U2P3  (5-iy) 

5.4.2  Transformation  from  Cartesian  Position  and  Velocity  to  KS  Pgrametric 
Values 

The  KS  transformation  is  defined  as 

X = L(u)  • u (5-20) 

where  x is  a vector  whose  first  three  components  are  the  Cartesian  position 
coordinates  and  the  fourth  component  is  always  zero,  i.e.,  x = (x,  y,  z,  0). 

The  matrix  L(u)  is  C?e  KS  matrix  with  components  given  by 


-4  \ 


L = 


U2  Uj  -U4  -U3 


'•3  ^4  ^2 


(5-21) 


U4  -U3  U2  HJ 


. 


The  elements  of  this  matrix  are  computed  as  follows. 

Assuming  ^hat  r and  f are  given  at  the  instant  t =--  to,  the  radial  distance  is 
computed  from 


r = /x^  + 4. 


(5-22) 


and  the  frequency  from 


r 2 


(5-23) 
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where  V represents  the  perturbing  potential»  which  is  the  J2  potenti^  in 
(see  Equation  (5^11)). 

If  X > 0,  the  parametric  state  vector  is  found  from 


+ ‘^4  = 2^'' 


+ X) 


yu,  + zu. 


r + X 


u 


3 


zuj  - yu^ 


r + X 


or,  if  X < 0,  from 


-X) 


u 


1 


yu2  + ZU3 
T “ r 


ZU2  - yu3 


TTie  derivatives  of  the  transformed  position  vector  with  respect  to  E are 


^ (u.  X + Ujy  + UgZ) 
4a)  * ^ 
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(5-25) 


(5-26) 


(5-27) 


(5-28) 


(5-29) 


(5-30) 


OF  THE 
)P00R 


(5-31) 


, 1 / • • -N 

Uj  = T~.  + UjY  + U^z) 


U3  = ^ (-  U3X  - u^y  + UjZ) 


(5-32) 


“4=5;;;  («4^  - “3y  + “2^) 


(5-33) 


The  initial  value  of  tlie  time  element  is 


T = 1 01,  U' ) 


(5-34) 


If  E = 0 is  adopted  as  the  initial  value  of  the  eccentric  anomaly,  then 


a = u 


(5-35) 


and 


= 2U' 


(5-36) 


6.4.3  Transformation  from  KS  Parametric  Variables  to  Cartesian  Position 
and  Velocity. 

Using  Equation  (5-20),  the  Cartesian  components  of  position  are  calculated  from 


2222 

X = iq  - - U3  + LI4 


y = 2(ujii2  - U3II4) 


z = 2(Uj\i3  + u^u^) 


(5-37) 

(5-38) 

(5-39) 
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Pnd  the  Cartesian  velocity  components  are  determined  from 


X = (UjUj  - U2U2  - U3U3  + U4U4) 


(f-40) 


y = -f  (uju;  + uju'j  - - U3U;) 


(5-41) 


4oj 


z = — ('JjUj  + u^u'  + UjU'  + UjU^) 


(5-42) 


5.5  DEIAUNAY  - SIMILAR  (B3)  ELEMENTS 

The  DS  method  is  ?.  formulation  which  was  developed  using  the  generalized 
true  anomaly  as  the  independent  variable,  such  that 


where  L,  G and  <I>  are  defined  later  in  this  section  (see  References  5,  6,  and  7 
for  a more  complete  discussion). 

This  choice  for  the  Independent  variable  is  particularly  appropriate  for  numerical 
integration  of  the  oblateness  perturbation.  The  dependent  variables  are  a gen- 
eralization of  the  classical  Delaunay  elements  and  are  singular  for  e = 0,  i = 0 
and  at  collision.  The  transformation  of  the  equations  of  motion  is  carried  out 
in  terms  of  canonical  variables.  This  approach  leads  to  the  requirement  for  a 
canonical  variable,  conjugate  to  the  physical  time,  which  is  the  negative  of  the 
total  energy.  The  resulting  set  of  equations  of  motion  is  unitormized  with  respect 
to  Integration  of  the  J2  nonspherical  perturbation. 

The  geometrical  and  physical  interpretations  of  the  eight  DS  elements  for  the 
vinperturbed  problem  are: 

^ the  true  anomaly 
g ~ the  argument  of  pericenter 
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h ~the  longitude  of  the  ascending  node 


'i  ~the  '’mean"  mean  anomaly 

O a measure  of  the  perturbing  energy,  which  vanishes  in  unperturbed  motion 
G ~ the  total  angular  momentum 
H ~the  z -component  of  the  angular  momentum 
L ~ the  total  energy 

where  L-,  is  the  initial  value  of  the  total  energy. 

This  set  of  DS  elements  contains  one  fast  variable,  the  generalized  true  anomaly  0 . 
The  element 't  has  been  defined  such  that  it  is  a constant  in  the  case  of  unper- 
turbed motion. 

For  the  two-body  problem,  the  DS  elements  yield  closed  and  explicit  solutions 
in  terms  of  the  independent  variable.  Not  all  of  the  DS  elements  are  osculating. 
The  reason  is  that  the  orbits  are  situated  on  the  energy  surface 

F = Fq  + r^V  = 0 (5-4<) 

where  Fq  is  the  unperturbed  Hamiltonian. 

This  energy  manifold  depends  on  tlj,e  perturbing  potential  V.  To  compute  the 
osculating  elements  at  a certain  time,  the  potential  V must  be  set  equal  to  zero 
since,  by  definition,  osculating  elements  represent  the  Keplcrian  position  and 
velocity  with  respect  to  the  moving  coordinate  system  inherent  in  the  VOP 
equations  of  motion. 

The  DS  elements  vector  is  denoted  by 

(aj,  a^,  o.g)  = (y,  g,  h.  t,  G,  H,  L)  (5-45) 

in  the  following  sections. 


5.5.1  The  DS  Variation  of  Parameters  (VOP)  Equations  of  Motion 


The  DS  equations  of  motion,  which  are  VOP  equations  in  canonical  form,  are  as 
follows 


da 

1 

ds 


+ V 


'a 


da 


1+4 


(5-46) 


i = 1...,  4 
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(5-47) 


where  x^,  and  are  the  three  components  of  r and  x^  is  the  time.  V is  the 
perturbing  potential  given  in  Equation  (5-11),  and  the  scaling  factor  q defining 
the  time  transformation  in  Equation  (5-43)  is  given  by 


q = 


(5-48) 


The  unperturbed  Hamiltonian  Fq  is  given  by 


and  its  derivatives  by 


^0  ■"  “ 


■/2  a, 


(5-49) 


da. 


= 1 


(5-50) 


(5-51) 


.!!« 

da- 


= 0 


(5-52) 


3 

da 


8 (2a.y^^ 


(5-53) 


P is  the  additional  perturbing  acceleration  vector  expressed  in  rectangular  co- 
ordinates. The  extension  of  phase  space  by  the  inclusion  of  time  and  total  energy 
as  variables  results  in  the  introduction  of  an  additional  canonical  force 
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(5-54) 


- 

P.  = - — ' P 


Br 


The  elements  of  the  8 x 4 matrix  D, 


B(x  , X,,  X , X.) 
D = — - — r 

B(a.j,  Oj ttg) 

are  computed  by  the  following  relationship 


^ - -2l  r + r ^ 

Ba.  Ba.  ‘ Ba. 

J J j 


i - 1,  , 3 

i = 1.  , 8 


where 


and 


Tj  = cus(aj  + a^)  cos  - sin(aj  + a^)  sir  a^  cos  I 
Tj  = 'os(ttj  + a^)  sin  a^  + sin(aj  + a^)  cos  cos  I 
= s in(ttj  + a^)  s in  I 


'OS  I = 


sin  I = sign  (a^ ) 


r 


P 

1 + e cos  Qj 


(5-55) 

(5-56) 

(b-57) 

(5-58) 

(5-59) 

(5-60) 

(5-61) 

(5-62) 

(5-63) 

(5-64) 
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The  p?i'cial  derivatives  of  Tj  , T2 , , and  aro  g<v<«  in  Table  5,3.  The 

partial  derivatives  of  r,  p,  q,  and  e are  given  ir.  Taole  5,4.  The  vector  ^(r^/q)/^a 
Is  evaluated  using  the  relationship 


-L  = 2i  if_  - 1!  h.  (5-65) 

Ba.  yq  y q Ba,  q2  Ba. 

The  conservative  accelerations  present  in  V give  ) ise  to  a differential  equation 
for  L,  the  total  energy  of  the  orbit, 

(5-66) 

ds  q y 

where 

H = 0 . (5-67) 

B % . 

4 

Therefore,  L is  a constant  in  tliis  case.  This  fact  is  exploited  in  GTDS  by  not 
integrating  the  equation  fo**  L numerically  when  only  conservative  forces  are 
present.  This  avoids  cumulative  magnified  errors  in  other  elements  which  are 
Qi  iven  by  smaU  numerical  errors  in  L. 

5.5.2  Transformation  from  Cai^tesian  Position  and  Velocity  to  DS  Elements 

It  is  assumed  that  r,  r,  and  t are  given,  'h  order  to  numerically  integrate  the 
DS  equations  of  moMon,  the  initial  values  of  the  DS  variables  are  computed. 

The  total  angular  momentum  G is  computed  from 

G = (5-68) 


where 


G - 7 X r 


(5-69) 


The  7-component  of  the  angular  momentum  G is  given  by 


H = G, 


(5-70) 
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The  total  energj"  L is  computed  as 


where 


1 2 2 
r = vs  - +y-‘  + 

r~~2 ^ 

V = V + y + z 

and  V is  given  by  Equation  (5-11). 

The  perturbing  energy  is 


= G - V 2r2y  + 

V 2L 

The  generalized  true  anomaly  is  computed  as 

0 = tan"^  (sin  0/cos  0) 

where 


(5-71) 


(5-72) 


(5-73) 


(5-74) 


(5-75) 

(5-7C) 


„ ; « / pr  4rV  /l  L cos  0\ 

sin0  = -iL_  .0 

er'  L N*"  i 


-1 


(5-77) 


f = ^ ^ 


(5-78) 


p = i (q  +-^-  <dV 

M I V^2L  ' 


(5-79) 


and 


e - 


Ft 


(5-80) 


(5-81) 


This  last  derivative,  given  by  E'juitlcns  (5-48)  and  (5-^^C),  depends  only  on  L,  G, 
and  4>  given  above. 
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The  longitude  of  the  ascending  node  h is  given  by 


h X 


and  the  argument  of  pericenter  g by 


where 


g = U ^ (-  77  < g < 77) 


(5-82) 


(5-83) 


u = tan 


z(GJ  + G2)  - G3(xGj  + yG2) 

G(yGj  - XG2) 


The  eccentric  anomaly  E is  computed  as 


E = 2 tan”^ 


(~  77  < E < "^) 


and  the  variable  -i  is  given  by 


(5-84) 


(5-85) 


(2L)3'2  L 


e V 1 - 


r 

_ sin  [p 
P 


(5-86) 


5.5.3  Trans  for  riidtion  from  DS  Elements  to  Cartesian  Position  and  Velocity 

Predicted  values  of  tlie  DS  variables  obtained  from  the  numerical  integration 
must  be  transformed  to  physical  Cartesian  position,  velocity  and  time  in  order 
to  evaluate  the  perturbing  forces  and  for  computation  of  observations.  The 
following  equations  yield  the  Cartesian  state. 

7 = exj  4 dx2  (5-87) 

F r exj  4 dx2  ^ eXj  4 dx2  (5-88) 


where  c and  d are  the  vectors 
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c 


(5-89) 


cos  g cos  h - sin  g sin  h cos 
cos  g sin  h + sin  g cos  h cos 
‘ sin  g sin  I 


I 

I 


sin  g cos  h - cos  g sin  h cos  I 


d = ( - sin  g sin  h + cos  g cos  h cos  I 


cos  g sin  I 


and 


Xj  = r cos  (// 

X2  = r s in 

The  required  derivatives  for  the  velocities  are  given  by 

• 

c = dg 
d = -eg 

Xj  = f cos  4)  - sin  \j} 

Xj  = f sin  i//  + r0  cos  \p 


The  quantity  r can  be  expressed  directly  in  terms  of  DS  elements  as 

• e s in  0 
r = Z. 

P 

and  0 is  given  by  Equation  (5-81). 

The  physical  time  is  computed  from 


MP 


. 4rV  L cos  0 

0 +-;=•  - + 
r 


t = 'C  + 


(2L) 


3/2 


E - 0 - r - w 1 - s i n 0 
P 


(5-90) 


(5-91) 

(5-92a) 

(5-92b) 

(5-93a) 

(5-93b) 

(5-94) 


(5-95) 
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\tiiere 


E = 2 tan**^ 


(5-96) 


5.6  PICARD  ITERATION  USING  CHEBYSHEV  SERIES 

Tfce  Picai'd  iteration  method  used  in  GTDS  (derived  in  Reference  8)  can  be  used 
to  integrate  the  Class  I Cowell  equations  of  motion 


dr 


(5-97) 


dr 

dt~  ^ 

using  the  following  iterative  process  (Reference  9) 


(5-98) 


+ r(to) 


) dt' 


(5-99) 


(5-100) 


The  starting  values  r^  (t),  (t)  are  arbitrary  continuous  vector  hinctions  on  the 

interval  [t^,  t ] which  satisfy  the  given  initial  conditions 


ro(to)  = r(t(,) 


(5-101) 


ro(to)  = r(to) 


(5-102) 
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In  the  present  version  of  GTDS,  (t)  and  (t)  are  solutions  to  the  unperturbed 
problem  (P  = 0 in  Equation  5-97)).  Since  the  sequence  converges  to  a close 
approximation  of  the  exact  solation,  the  method  can  be  used  to  generate  very 
accurate  solutions.  Except  at  collision,  the  Cartesian  coordinates  and  equations 
of  motion  are  regular,  \^ch  means  that  the  method  can  be  used  for  elliptic, 
parabolic  and  hyperbolic  orbits. 

In  order  to  solve  Equations  (5-97)  and  (5-98)  for  a given  value  of  n.  (i.e.,  to 
accomplish  one  iteration),  the  Chebyshev  series  is  used  as  follows..  The  position 
and  velocity  vectors  available  from  the  (n-1)®*  iteration,  F^_j  andr^.j,are 
evaluated  at  the  Chebyshev  points  in  time.  (The  precise  location  of  the  Chebyshev 
points  are  given  in  the  next  section.)  The  forces  (per  unit  mass)  are  then 
evaluated  at  each  of  these  points  in  time  (using  the  values  of  r^.,  and  F ). 
These  special  values  of  the  acceleration  vector  are  then  used  to  determine  the 
interpolating  polynomial  in  time  in  the  form  of  a Chebyshev  series.  The  coef~ 
ficients  of  the  Chebyshev  series  are  determined  directly  from  the  special  values 
in  a rather  simple  way  due  to  the  orthogonality  of  the  Chebyshev  polynomials  (as 
described  later  in  this  section).  The  Chebyshev  series  representation  of  the 
acceleration  is  then  integrated  in  order  to  obtain  the  Chebyshev  series  repre- 
sentation of  the  velocity  to  within  an  arbitrary  constant  of  integration.  The 
constant  of  integration  is  determined  by  requiring  that  the  initial  velocity  f (t^) 
agree  with  the  series  for  the  velocity  evaluated  at  to . The  result  is  an  approxi- 
mation to  f^.  Similarly,  the  series  representation  of  the  velocity  is  then  inte- 
grated in  order  to  obtain  the  series  representation  of  the  position,  where  now  the 
initial  position  r(to)  is  used  to  determine  the  constant  of  integration.  The  result 
is  an  approximation  to  r^,  thus  completing  one  step  of  the  Picard  Iteration 
procedure. 

The  preceding  set  of  operations  are  repeated  until  two  successive  approximate 
solutions  agree  to  wiihin  a tolerance  that  may  be  specified  by  the  user.  This 
completes  one  step  of  the  integration  and  the  process  is  continued  stepwise 
until  the  final  time  is  attained. 

A.  finite  Chebyshev  series  fitted  to  a function  has  the  significant  property  of 
making  the  least  possible  maximum  error  of  all  the  common  interpolating 
orthogonal  polynomial  series.  The  maximum  error  committed,  as  well  as  the 
overall  truncation  error,  diminishes  as  the  number  of  points  used  In  the  fitting 
Increases.  Since  the  error  in  the  fitting  of  the  accelerations  oscillates  with  an 
amplitude  less  than  or  eq’ial  to  the  maximum  error,  the  errors  partially  cancel 
each  other  during  integration. 

The  Chebyshev  series  soh  tion  is  derived  in  the  following  manner.  The  Interval 
of  time  (tg,  tj)  is  mapped  linearly  onto  the  Interval  (-1,  1)  by  means  of  the 
expression 
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(5-103) 


1 «2 


'wiiez.e 

^ the  normalized  time 
tQ  ~ the  initial  time 
i f ~ the  final  time 

the  interval  of  time  for  ^vhlch  the  orbit  is  to  be  integrated  by 
Chebyshev  series 

The  normalized  time  ^ = 1 corresponds  to  t = t^ , The  time  points  for  vMch 
the  Chebyshev  series  is  to  be  fitted  are  the  zeroes  of  the  (N  + 1)*‘  Chebyshev 
polynomial.  At  these  points » the  Chebyshev  polynomials  have  an  orthogonality 
property  with  respect  to  summation.  The  Chebyshev  polynomials  Tj  are  defined 
as 


T.(/f)  = cos  j (cos“^  O - 1 < f £ 1 


(5-104) 


and  the  N + 1 Chebyshev  points  are  given  by 


= cos 


f or  k 


0,  1.  . . . , N (N  < 48) 


(5-105) 


An  interpolating  polynomial  p^  (^),  representing  the  i‘^  component  of  acceleration 
as  a function  of  the  normalized  time  ^ , is  expressed  as  a finite  series  in 
Chebyshev  polynomials 


j * 0 


(5-106) 


where  M is  the  degree  of  the  polynomial  (M  < N)  and  tiie  prime  denotes  that  the 
first  term  is  factored  by  one-half  (if  M = N»  the  last  term  should  also  be  factored 
by  one-half).  The  Cj  *s  are  numerical  coefficients  which  are  determined  from 
the  i**’  acceleration  components  r j ) at  the  Chebyshev  points  by  means  of 
the  relationship 
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(5-107) 


k"0 

'^ere  the  double  prime  indicates  that  the  first  and  last  terms  (for  j = 0 and 
j *=  M)  are  factored  by  one-half . 

The  integration  with  respect  to  time  is  carried  out  using  the  following  formula 

n.(o  df = 1 |j4t)  - (ri)  i 

Special  cases  hold  for  j = 0 and  j - 1»  i«e., 

fW'j  - T,(f)  (5-109) 

jTi  (g)  = i {T„(f ) + Tj (f )}  (5-110) 

The  coefficients  for  the  integral  of  the  series  for  p^,  (^)  are  represented  oy  bj  , 

i.e., 


j F^/x)dx  = E b,T,(f) 

•'-1  j«0 


(5-111) 


At  ^ = 1,  this  expression  for  the  i^’’  velocity  component  is  set  equal  to  the  Initial 
value  of  that  component  of  velocity  oy  adjusting  the  constant  bo  to  satisfy  this 
condition.  A similar  adjustment  is  made  after  the  integration  of  velocity 
components  in  order  to  match  the  series  evaluated  at  - 1 with  the  initial 
component  of  position. 

The  integration  formulas  lead  to  a simple  relationship  between  the  bj's  and  cj 
gi.ven  by 


b.  [c,.,  -c,,,]  1 j£(M+l)  (5-112) 

where  c^f  i = 0^4.2  = 0 by  definition^  and  bo  is  obtained  as  described  above. 
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Once  the  Cj  *s  are  known,  the  summations  required  to  evaluate  p,^(^ ) for  any  value 
of  time  can  be  done  more  efficiently  by  use  of  a backward  recurrence  relationship. 
Intermediate  quantities  d.  are  computed  using  the  algorithm 

dj(f)  = - d.^j«)  + c.  (5-113) 

for  j = M,  M-1,  ...  0,  starting  with  d„+j  (^)  = d^+j  (^ ) = 0.  The  value  Pm(f ) is 
then  computed  from 


= 5 [do(f)  - d,(f)] 


5.7  GAUSSIAN  VARIATION  OF  PARAMETERS  FORMULATIONS 

In  real  space,  the  unperturbed  satellite  orbit  is  a conic  section  lying  in  a plane 
^ich  has  a constant  orientation,  shape,  and  size  relative  to  an  inertial  frame. 
For  a perturbing  acceleration  which  is  small  compared  with  the  central  attrac- 
tion, the  characteristics  of  the  conic  section  (e.g.;  cemiinajor  axis,  eccentricity) 
vary  slowly  with  time.  To  a lesser  extent,  cne  attitude  of  the  orbital  plane  with 
respect  to  the  inertial  frame  is  a continuous  function  of  time.  However,  the 
satellite’s  position  along  its  orbit  changes  rapioiy  with  time. 

The  numerical  integration  process  is  improved  by  intrcducing  state  variables 
which  take  advantage  of  this  disparity  of  effect.  The  introduction  of  such 
variables  allows  comparison  of  the  motion  within  the  plane  to  a reference  orbit 
and  treatment  of  the  motion  of  the  plane  as  a slight  correction.  The  method  of 
Variation  of  Parameters  (VOP)  uses  this  approach. 

In  this  section,  three  orbit  generators  are  discussed  which  are  based  on  the 
Gaussian  form  of  the  VOP  equations 


3a  _ p 

3r 

where  ^ ~ a slow  element 

7 -V  the  velocity  vector 
P ~ the  perturbing  acceleration  vector 

and 


3t 


= /j'  + p 
3x 


(5-115) 


(5-116) 
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where  /3  ~ a fast  eieirent 

/3'  ~ the  derivative  of  p for  unperturbed  two-body  motion 

Tlies€)  three  orbit  generators  differ  in  the  choice  of  dependent  variables,  i.e., 
elthei’  Keplerlan,  equinoctial,  or  rectangular  elements.  Some  of  the  Kepler ian 
elements  become  undefined  when  the  inclination  is  zero  or  near  180%  when  the 
eccertricity  is  zero,  and  at  collision.  The  equinoctial  elements  (discussed  in 
Section  fl.2.6)  and  rectangular  elements  are  selected  to  eliminate  all  singularities 
except  for  collision.  All  three  generators  use  time  as  the  independent  variable 
and  are  therefore  well  suited  to  the  accurate  integration  of  cLcular  orbits.  The 
Kepler  ian,  equinoctial,  and  rcctrngular  VOP  formulations  are  discussed  in 
Sections  5.7,1.  5.7.2,  and  5,7.3,  respectively. 


5.7.1  Keplerlan  Elements 

The  input  initial  conditions  for  an  orbit  in  GTDS  may  be  expressed  as  rectangular 
comjDonents  of  position  and  velocity  at  a given  time  t.  The  equations  used  in 
GTDS  for  the  conversion  of  rectangular  position  and  velocity  components  to 
Keplerlan  elements  are  discussed  in  Section  3.3,8. 3.  For  calculation  of  disturb- 
ing Jbrces  and  for  printout,  GTDS  converts  instantaneous  values  of  the  Keplerlan 
elements  to  rectangular  components  of  position  and  velocity.  The  formulation 
usecl  for  these  conversions  is  discussed  in  Section  3.3.8.I.  Althou^  all  three 
classes  of  Keplerlan  orbits  (elliptic,  parabolic,  and  hyperbolic)  are  treated  in 
the  conversions,  the  VOP  methods  of  GTDS  apply  only  to  the  elliptic  case. 

The  VOP  equations  of  motion  for  Keplerlan  elements  are  taken  in  the  form  of 
the  (jaussian  planetary  equations 


da 


(5-117a) 


de 

dt 


2 

na'^e 


y X 

jp  p 


P 


(5-117b) 


d i 
dt 


dr 


(y  X - X y ) cos  i + , 

p <3pj 

_ ;■ 

na'  .1  - O'*  s 1 n i 


(5-117C) 
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(5-117d) 


dfz 

dt 


na' 


v'l  - s i n i 


dr 

dl 


P 


dco 

dt 


+ Nyp)  + 


cot  i dr 


• p 


(5-117e) 


15! 

dt 


_ 1 - e“ 


- 27  - 


(Lx.  + Ny„) 


• P 


(5-117f) 


where  Xp  and  yp  are  the  orbit  plane  coordinates  given  in  Equation  (3-145),  Xp 
and  Yp  are  Keplerlan  unit  vectors  defined  in  Section  3.2.5  and  given  by  the 
inverse  of  Equation  (3-159),  and  P is  the  perturbing  acceleration  vector.  The 
following  auxiliary  quantities  are  also  defined 


n = 


(5-118a) 


d r 

7 

dQ  " 

1 "" 
V 0 

37  _ 

/: 

Ji  ~ 

Z s in  fi 


(Xp  s in  lv  + Vp  cos  w)  cos  i 


(5-118b) 


(5-118c) 


L = — [e  cos  E - 1 “ s in^  E] 
r 


(5-118d) 


N_  _2i_li^(cos  E - e) 


r . 1 - 


77 


(5-118e) 


The  eccentric  anomaly  is  obtained  by  solving  Kepler’s  equation  according  to  the 
method  described  in  Section  3. 3.8.1. 
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5.7.2  Equinoctial  Elements 


Since  disturbing  forces  are  calculated  as  rectangular  components,  and  initial 
values  may  be  rectangular  components  of  position  and  velocity,  GTDS  has  a 
capacity  for  converting  Cartesian  coordinates  to  equinoctial  elements  (see 
Section  3. 3. 9. 2).  The  transformation  from  equinoctial  elements  to  Cartesian 
coordinates  is  discussed  in  Section  3.3.9.I.  The  Gaussian  equations  in  equii^octial 
elements  are  given  by  the  following  expressions  (References  10  and  11) 


h-  -p 
'■t  n^a 


(5-119a) 


dt 


* [(2X,Y,  - X,Y,)  f - X,X,|]  +i(qIY,  -PX,) 


w 


P (5-119b) 


dt 


- - [YjV  - (2XjY,  - X^Yj)  g]  - ^ (qlYj  - pX^) 


.1  - 


w 


p (5-119C) 


dk 

dt 


2 _ . Bh  , Bk\  1 , _ V N 

n r + ^ ^ ^ 

na^  \ or  Br/  na^  _j 


p (5-119d) 


dp 

dt 


1 + p2  + q2 


2G 


Y,w 


(5-119e) 


±L=  V w 

dt  L JG  * . 


(5-119f) 


where 


G = r,a2  > rrpTF 


(5-1 19g) 


The  f,  g,  and  w unit  vectors  are  defined  in  Sections  3.2.5  and  3.3.9 .1,  while  the 
componencs  of  the  position  and  velocity  vectors  in  the  orbit  plane  Xj , Y, , X Y,, 
and  B are  defined  In  Section  3.3.9.I. 
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5.7.3  Rectaiiguldj.  Formulation 


ii.  initial  Cartesian  components  of  po3ition  and  velocity  completely  define  any 
orbit  whether  it  be  elliptic,  parabolic,  hyperbolic,  or  any  degenerate  rectilinear 
orbit.  From  the  initial  position  and  velocity  a completely  general  closed- form 
solution  of  the  twc-body  problem  is  available  for  determining  coordinates  and 
velocities  at  any  other  time  (Reference  12).  The  close'.!  form  solution  avoids 
the  singularities  fissociated  with  different  types  of  two-body  motion.  In  the 
rectangular  VOP  formulation,  tiie  dependent  variables  r,  and  are  the  initial 
conditions  at  the  time  to  on  an  osculating  two-body  trajectory  which  yields  the 
same  state  r and  r at  time  t as  that  of  the  perturbed  trajectory.  The  dependent 
variable  is  the  time.  The  osculating  position  and  velocity  at  time  t are  obtained 
by  inserting  the  perturbed  initial  comiitions  for  the  time  of  interest  in  the 
standard  closed  formulas  for  two-body  motion. 

The  dependent  v?ir tables,  or  perturbed  initial  conditions,  arc  all  slow  variables, 
i.e.,  their  time  derivatives  are  all  zero  when  the  perturbing  accelerations  are 
set  to  zero.  Therefore,  all  the  equations  of  motion  are  in  the  form  given  in 
Equation  (5-1 15). 


where  the  partial  derivative  matrices  are  as  follows 


(5-120a) 


(5-120b) 
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(5-121a) 
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[x  y z] 
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(f  - 1)  s. 

'Hie  position  and  velocity  are  comv^^^ted  as  follows 

7 = frj  + g?J 
7 = f7o  + 47' 

where 


(5-121b) 


X y z 

> y i 


(5-122a) 

(5-122b) 


f =:  1 - MS2  /r;*, 

g = - to)  -fis^ 

f = - /uSj/(rrJ) 
g = 1 /is^/r 

In  ilic  ?bove  formulas,  m is  the  gravitational  constant  and 

*■0  = (^0  t Vq  + ^0  ) 

«*  = 7oS(j  + aJSj  + 

Sq  = 1 4 a V'^'^2!  + a'VV4!  : a ^^'6  ! + ... 

Sj  = i/;  + a'  i -i-  ,'5  ! + a'  ' 7 ! + . . • 


(5-123a) 

(5-123b) 

{5-123C) 

(5-123d) 

(5-124a) 

{5-124b) 

(5-124C) 

(5-124d) 
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/ 2 ! + or'  \p^  /4  ! + a'  2(^6 /6  \ ^ a'  ^\p^/S  ! + ••• 
s,  = /3 ! + a \p^  /5\  +0.'  ^0^/7  ! + a'  /9\  + • * • 


(5“124f) 


where  the  parameter  ^ satisfies  the  following  modified  form  of  Kepler *s  equation 

t - t X r*  ^ • rj‘ s:  i.  /j  (5-125) 

The  equal  Ion  Is  solved  for  using  a Newton-Raphson  Iteration  process.  In  this 
equation 


t \ ■ % \ ‘\  **» 

^0  ” ^0^0  *■  ^0  ^0 


(5-126a) 


» •»  2 *'2  *'2  2u 

^ = ^0  + Vo  + Zq 


(5-126b) 


The  parameter  U Is  evaluated  as  follows 

U = - 3s,)  (5-127) 

where 

s^.  r.  '.^/4!  +a  v/;®/6i  +a'2//8!  + a' ^0‘VlO ! ^ (5-128a) 

Sp  - (fr^/5  ! + a'  /7  ! + a ! + a Vl  1 ! + • • • (5-l28b) 


The  following  accelerations  at  time  t^  on  the  osculating  trajectory  are  also  med 


•*'  ' ' 3 

Xq  = - ^Xq  / Fq 

(5-129a) 

Vo  = - 

(5-129b) 

r = - M^/rV 

(5-129C) 

Initial  conditions  are  specified  by  the  values  Xq,  yoi  Zq*  yo» 

ordinates  at  a given  reference  time  tg.  At  time  tg, 

Zg  of  the  CO- 
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5.8  NUMERICAL  AVERAGING  FORMULATIONS 

The  efficiency  of  numerical  integration  methods  can  be  increased  by  eliriiinating 
short  period  effects  (i.e.,  those  with  a period  less  than  or  equal  to  the  satellite’s 
period)  from  the  equations  of  motion.  The  Method  of  Averages  uses  this  approach* 
wherein  the  equations  of  motion  for  an  average  element  set  are  integrated.  The 
resulting  orbit  generation  method  is  extremely  efficient,  but  is  limited  to  average 
element  accuracy  rather  than  the  osculating  eiement  accuracy  achieved  in  high 
precision  methods. 

The  averaging  methods  are  particularly  useful  fo'*  orbit  determination  problems 
for  which  tlie  cost  of  precision  orbit  calculations  is  prohibitively  expensive,  or 
where  high  accuracy  is  not  essential.  Mission  design,  for  example,  is  based  on 
the  consideration  of  both  the  scientific  objectives  of  the  mission  and  the  engineer- 
ing constraints.  Optimum  mission  aesig  usually  requires  a iar-^e  number  of 
orbit  calculations  to  determine  t characteristics  of  the  proposed  orbits.  An 
averaging  orbit  prediction  process  is  well  suited  to  the  preliminary  stages  of 
mission  planning  where  long-term  trends,  not  local  fluctuations,  are  of  primary 
interest.  The  averaging  methods  may  also  be  useful  for  differential  correction 
problems  involving  large  qua*'tities  of  data.  The  only  assumption  required  for 
application  of  the  averaging  method  is  that  the  orbital  elements  remain  reason- 
ably constant  throughout  one  period. 

The  averaging  process  can  be  handled  either  analytically  or  numeric^  ly  (Reference 
13).  The  analytic  method  averages  the  effect  of  each  perturbation  (drag,  oblate- 
ness, third-body  effects,  etc.)  separately.  The  resulting  closed -form  expressions 
for  the  averaged  rates  can  be  ti-  ed  to  const»’«:^4,  a very  efficient  orlnt  generator. 

The  numerical  averaging  technique  c<^mbia€«  majiv  of  the  advantagf^s  of  analytic 
averaging  with  the  ability  to  simulate  the  effect  of  any  small  perturbations  which 
can  be  deterministically  modeled.  These  effects  are  included  by  averaging  out 
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the  short-period  oscillations  m the  perturbations  by  means  of  a mechanical 
quadrature  technique.  3y  using  the  Gaussian  form  of  the  Variation  of  Param- 
eters equations  in  conjunction  with  the  GTDS  force  model,  the  long-term  effect 
u'  any  combination  of  perturbations  can  be  computed.  Consequently,  the  nu- 
merical technique  is  more  flexible  than  the  analytic  method. 


5.8.1  The  Averaged  Equations  of  Motion 

The  averaging  methods  in  GTDS  use  either  the  equinoctial  or  the  Keplerian 
formulation  (Section  5.7)  of  the  Variation  of  Parameters  equations  of  motion. 
The  precision  Variation  of  Parameters  equations  can  be  written  in  the  form 


where 


X = e f(x, 


y) 


(5-131) 


y = h(x)  + cg(x,  y) 

X the  vector  of  slow  osculating  orbital  elements 

y ~ the  fast  osculating  orbital  element  (e.g.,  mean  or  eccentric  anomaly) 

£ a small  parameter  which  is  proportional  to  the  perturbing 
acceleration 


and  f.  g,  and  h are  sufficiently  smooth  functions  which  are  periodic  in  y with 
period  2t:.  The  averaged  solution  to  these  equations  is  defined  by  (Reference  14) 


x*(t) 


y*(t) 


2tt 


2t7 


t)-n 

-y  .(  t ) +7T 

J 

t)-n 


x(t')dy^(t') 


y(t')dy^(t') 


(5-132) 


Differentiating  Equations  (5-132)  and  suostituting  the  results  into  Equations 
(5  T31)  yields  the  averaged  equations  of  motion 
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M]  t cg[x(t'),  y(t')]}  dy^(t') 


(5-133) 


When  x,(t‘)  and  (f)  are  used  in  the  evaluation  of  the  arguments  of  the  f,  g,  and 
h functions,  the  standard  first  order  averaged  equations  of  motion  are  obtained 
(Reference  15).  In  GTDS,  the  integrals  in  Equation  (5-133)  are  evaluated  nu- 
merically using  a Gaussian  quadrature  method. 


5.8.2  Numerical  Evaluation  of  the  Averaged  Equations  of  Motion 

Four  different  approximitions  are  currently  available  for  evaluation  of  the 
arguments  of  the  f,  g,  and  h functions  in  Equations  (5-133): 

1.  Traditional  mean  element  behavior 


(5-134) 


x(t')  = x/t) 

y(t')  = yA(t') 

2.  Traditional  mean  element  behavior  plus  mean  long-period  effects 

x(t')  = x^(t)  + x^(t)  [t'  - tj 

y(t')  = yA(t') 

where  is  the  averaged  rate  computed  in  the  previous  evaluation 

3.  Traditional  mean  element  behavior  plus  short-period  effects  arising  from  Jj 


(5-135) 


x(t')  = X^(t)  + Axj^ 

y(t')  = yA(t')  + Ayj  ^ 

The  short-period  corrections  are  obtained  using  Broower  theory. 


(5-136) 
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4.  Traditional  mean  element,  mean  long -period  and  short-period  effects 


x(t')  = x^(t)  + x^(t)  [t'  - t]  + Axj^ 


y(t')  = YaC^')  + 


(5-137) 


Currently,  only  Equation  (5-134)  is  available  for  evaluation  of  the  argument 
in  Equations  (5-137). 


5.8.3  Averaged  Equinrctial  Variation  of  Parameters  Formulation 

The  averaged  equinoctial  formulation  (Section  5.7.2)  uses  a slow  element 
vector  X = (a,  h,  k,  p,  q)  and  a fast  variable  equal  to  the  mean  longitude  /V  . To 
unitormize  the  integrand  in  Equation  (5-133)  and  to  reduce  computational  time, 
the  integration  variable  is  transformed  from  mean  to  eccentric  longitude  F, 
using  the  relationship 


[1-K  cosF,-h,s.nFJ-^  (5-138) 

d;v^  A A A A 

5.8.4  Averaged  Kepierian  Variation  of  Parameters  Formulation 

The  averaged  Kepierian  formulation  uses  a slow  element  vector  x = (a,  e,  i,n,  u ) 
and  a fast  variable  equal  to  the  mean  anomaly  M.  All  four  methods  outlined  in 
Section  5.8.2  are  available  for  evaluation  of  the  equations  of  motion.  When 
methods  3 and  4 are  used,  the  integration  variable  is  transformed  to  the  true 
anomaly  f,  using  tl\e  relationship 


(5-139) 


where  r^  is  the  magnitude  of  the  position  vector  computed  using  the  averaged 
elements. 


5.8.5  Transformation  from  Osculating  Orbital  Elements  to  Averaged  Elements 

The  accuracy  of  predictions  obtained  using  the  averaged  orbit  generator  are 
improved  if  initial  avera^^e  elements  are  used  instead  of  osculating  elements. 

In  GTDS,  this  transformation  is  accomplished  by  solving  the  integral  equation 
for  the  average  semimajor  axis 
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using  the  following  Newton-Raphson  iterative  procedure 


1 r*"(V2)n 
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(5-141C) 


where 

[a^(t)]Q=  a ~ the  osculating  semimajor  axis 
and  where  , the  average  period,  is 


T.  = 2tt 

A 


(5-142) 


The  average  equinoctial  element  set  is  then  computed  by  averaging  the  osculating 
elements  over  the  average  period,  i.e., 


1 

x(t')dt' 

A *^t-T./2 


(5-14?a) 


,(t)  = f j y(t’)dt' 


^5-143b) 


The  average  equinoctial  elements  are  transformed  to  average  position  and  velocity 
vectors,  Keplerian  elements,  and  spherical  cocrdinates. 
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5.9  BROUWER  THEORY 


GTDS  includes  two  aual3rtical  solutions  of  satellite  motion  for  a simplified  dis- 
turbing potential  field  limited  to  zonal  harmonic  coefficients  for  Jj  through  Jj 
(see  Section  4.3).  Brouwer's  first  order  solution  of  this  problem  is  obtained 
by  applying  the  Von  Zeipel  method  in  Delaunay  canonical  variables:  (Reference  i). 
The  resulting  solution  con<^aios  singularities  for  small  inclinations  and  eccentrici- 
ties and  at  a critical  inclination  of  63°26*. 

Tt  was  shown  in  Reference  15  that  the  first  order  Brouwer  solution  for  secular  and 
long  period  effects  is  identical  to  that  obtained  using  first  order  numerical  averag- 
ing (Section  5.8)  with  the  same  perturbing  force  model.  Thus,  Brouwer  theory 
is  equivalent  to  the  first  order  averaging  solution  plus  short  period  effects  for  the 
through  Jg  perturbing  acceleration.  For  applications  which  require  more 
complete  perturbation  models,  averaging  methods  are  more  accurate  than 
Brouwer  theory. 

Brouwer  theory  provides  a rapid  means  of  determining  a satellite  ephemeris. 

Its  precision  is  related  to  the  error  committeu  in  omitting  all  perturbations 
except  the  low  order  zonal  harmonics.  The  orbit  from  the  Brouwer  theory  can 
also  be  used  as  an  intermediate  orbit  in  the  semianalytic  techniques  discussed 
in  Section  5.11. 

For  applications  which  require  high  efficiency,  it  is  important  to  consider  the 
number  of  output  points  which  are  requirea.  For  Brouwer  theoj  v,  the  compu- 
tational cost  is  directly  proportional  to  the  number  of  output  poii  >.  However, 
when  averaged  numerical  integration  is  used,  the  cost  is  mainly  dependent  on 
the  arc  length  instead  of  the  number  of  intermediate  output  points.  For  differen- 
tial correction  applications,  the  computational  cost  of  the  averaged  orbit  genera- 
tion methods  is  often  competitive  with  that  of  Brouwer  theory  and  offers  con- 
siderably greater  flexibility  with  respect  to  the  perturbation  model. 

Computationally,  the  Brouwer  solution  is  divided  into  secular,  long  period,  and 
short  period  terms.  The  solution  consists  of  a secular  motion,  upon  which  is 
superimposed  a number  of  long  period  terms.  Superimposed  on  the  sum  of  the 
secular  and  long  period  terms  are  a number  of  more  rapid  oscillations  or  short 
period  terms.  The  periodic  terms  of  both  long  and  short  period  are  developed 
to  order  (Jj),  while  secular  terms  are  developed  to  order  (Jj  )^.  The  harmonic 
coefficients  J3  , J4,  and  Jg  are  considered  to  be  of  order  (Jj)^  in  the  derivations. 
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The  Delaunay  elements  are  related  to  the  classical  elements  in  the  following 
way 


1/2  ^ 

L = (/xa)  = the  mean  anomaly  = M 

G = L (1  - e^)  g = the  argument  of  peri  center  = 

H = G cos  i h = the  longitude  of  the  ascending  node  = H 

However,  the  solution  is  written  here  in  terms  of  classical  elements  (a,  e,  i,^ , 
g,  h)  = (a,  e,  i,  H).  In  the  formulas  that  follow,  double  primed  variables 
refer  to  secular  or  mean  motion,  single  primed  variables  refer  to  secular  plus 
long  period  terms,  and  unprimed  variables  refer  to  secular  plus  long  and  short 
period  terms.  The  unprimed  variables  are  osculating  elements. 

Only  the  elements  ^ , g,  and  h undergo  secular  motions.  Mean  elements  at  epoch 
are  denoted  by  a subscript  ’’O"  and  the  time  elapsed  from  epoch  by  At.  Mean 
elements  are  usually  obtained  from  osculating  elements  by  the  procedure  outlined 
in  Section  5.9.1.  The  first  order  solutions  to  the  mean  element  equations  of 
motion  are 

a"  = a"  + Aa 
e"  = ej  + Ae 
i"  = i;  + Ai 

V = n„At  4 -lAt  4 il  4 A-C  4 

g"  - gAt  + gj  + Ag 

h"  = hAt  + h"  + Ah 

where  Aa,  Ae,  Ai,  A^  , A g,  and  Ah  are  user-provided  perturbations  not  accounted 
for  in  the  Brouwer -Lyddane  model,  and 


(5-144a) 

(5-144b) 

(5-144C) 

(0  < < 2v)  (5-144d) 

(0  < g"  < 2 7)  (5-144e) 

(0  < h"  < 2v)  (5-144f) 


19  3 

AA>rao  = T y <5-145) 

q-0  ^ 

where  are  the  Brouwer  drag  coefficients,  and  tq  is  the  reference  time  of 
the  Np  , This  model  is  based  on  the  premise  that  drag  is  a minor  component 
of  the  total  perturbation  force. 
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The  restricted  perturbation  model  and  first  order  approximation,  which  are  usee, 
in  the  derivation  of  these  equations,  may  lt;ad  to  errors  which  increase  with  time*. 
The  element  rates  of  change  are  given  by 

^ [I  (3^^  §2  >2(257)2  + 16  7)  - IS  + (30  - 96  7,-  90t,2) 

t (105  + 1447,+  2S7,2)5<)J  + i|y^e"2(3-  30£)2  + 3S.,^)|  (5-146) 

e = "o  {y'i  [|  ^ >'^(257,2  ^ 247,  - 35 

t (90  - 1927,  - 126t,2)  92  ^ (3g5  ^ 36O7,  * 457,2)  S*^ 

+ >'+  [21  - 9’!^  + (1267,2  . 270)  92  (385  _ 189t,2)  9<]j  (5-147) 


'’  = "0  {>2  [l'  yj((97,2  + 127,  - 5)  e - (35  + 367,  + 5t,2)  7-3)  - 3^1 
+ |r;&(5-  37,2)  (3_  7^2)1 


(5-148) 


The  following  substitutions  have  been  made  in  order  to  abbreviate  the  preceding 
expressions , ^ 


^0  =1/^ 

r a«3 

r?  = v \ - e"^ 

1^'  = cos 

2 

>2=-^ 

a"*' 

II 

*—} 

1 

II 

>3=^ 

^ 8 

ti 

”i|*" 

y 
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ks  = - 


ITie  secular  terms  depend  only  on  the  even  zonal  harmonic  coeiUcients  and  J4 . 

The  mean  value  of  the  eccentric  anomaly  E"  is  obtained  iteratively  from  Kepler’s 
equation 

E"  - e"  sin  E'  = 't"  (5-149) 

The  mean  true  anomaly  f"  and  mean  radial  distance  r"  are 


f"  = tan"^ 


- ~ sinE" 
cos  E"  - e" 


(5-150) 


r"  = a"(l  - e"  cos  E") 


(5-151) 


5.9.1  Transformation  from  Osculating  Orbital  Elements  to  Brouwer 
Mean  Elements 


The  iterative  algorithm  used  for  conversion  of  osculating  Keplerian  elements  to 
Brouwer  mean  elements  is  described  here  (see  References  16  and  17),  This 
algorithm  is  useful  in  two  situations.  Since  Brouwer  or  Brouwer -Lyddane 
theories  require  Brouwer  mean  elements  as  an  initial  state,  the  first  application 
consists  of  converting  osculating  elements  to  mean  elements  for  use  with  the 
Brouwer  ar.d  Brouwer -Lyddane  orbit  generators.  Secondly,  osculating  elements 
may  be  converted  to  Brouwer  mean  elements  for  reporting  purposes.  Such 
mean  elements  are  also  useful  as  initial  data  for  the  integration  of  orbits  by 
the  Method  of  Averaging  and  for  other  purposes. 

Singular  points  for  zero  eccentricity,  zero  inclination,  and  at  inclination  63°26’ 
do  not  permit  calculation  of  mean  elements  there.  Only  Keplerian  elliptic  motion 
can  be  treated,  which  requires  0 < e < 1. 

The  iterative  process  is  executed  according  to  the  equation 


^ X»(S)  ^ . y(s)) 

i = 1,  2 6 


(5-15?,) 
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where  ~ the  mean  classical  Keplerian  element  obtained  from  the 

s**’  iteration 

y.  the  initial  osculating  Keplerian  element 

y(f)  ^ the  osculating  Keplerian  element  estimated  from  the  iteration 

Double  primes  denote  mean  elements  at  the  time  of  conversion.  This  algorithm 
ignores  correlations  between  the  elements  of  the  order  of  lO"^ , which  are  of  no 
practical  importance  in  the  calculations. 

A convergence  criteria  limits  the  number  of  iterations.  The  sum  of  the  squares 
of  the  differences  between  estimated  and  initially  given  osculating  elements  are 
compared  with  a prescribed  tolerance;  when  the  sum  is  less  than  the  tolerance, 
the  calculation  is  terminated. 

The  following  method  for  obtaining  mean  elements  at  a given  time  is  more  exact 
than  those  methods  which  propagate  mean  elements  from  some  previous  time 
using  Equations  (5  -144)  and  (5-145),  since  the  propagated  mean  elements  deteri- 
orate with  time  due  to  perturbations  not  included  in  the  solution.  The  values  of 
the  mean  elements  on  the  s^^  iteration  are  used  to  compute  estimates  of  the 
osculating  elements.  As  shown  by  Equation  (5-152),  the  difference  between  the 
s^^  estimated  value  and  the  initial  known  value  of  the  osculating  elements  is  used 
to  correct  the  s*^  estimate  of  the  mean  elements,  starting  approximation 
for  the  mean  elements  is  the  set  of  initially  known  o^i.ulating  elements. 


5.9.2  Transformation  from  Brouwer  Mean  Elements  to  Osculating  Keplerian 
Elements 

Thp  osculitling  elements  include  the  secular,  long  period,  and  short  period  te^ms. 
ihe  osculating  elements  are  expressed  by 


a 


(-1  + 3d^) 


,«3 


+ 3(1  - d^)  f — cos(2| 

..♦3 


(5-153) 


c 


+ 


V 

1 


L 1 + 30^) 


,«3 


,'3 


rf*  cos(2g'  4 2f') 


~ >2(1  - r ;3r"  cos  (2r'  4 f ' ) 4-  o"  cos(2g'  + 3f ' )] 


(5-154) 
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(5-155) 


i = i"  + Sji  + i 72^(1  - [3  cos(2g'  + 2f') 

+ 3e"  cos(2g'  + f')  + e"  cos(2g'  + 3f')] 


i - V*  '6^1  ^ iL_  7'  |2(-1  + 3!^^)^^  -72  + 4.  sin  r' 


4e 

+ 3(1  - ^^2) 


/ a-2  2 a 


- — + 1 sin(2g'  + f') 
L\  r'2  r'  / 


a"2  2 a"  1 


+ ( T + _ 4 s in(2g'  + 3f  ) 

,r'2  r'  3 


g = g* 


/a"2  , a- 


+ bjg4-T^>2  |2(-lf36'2)f  7]2  4- _.  + 1 


sin  f ' 


^ 3(1  - t^2) 


— -/2  -f.  4-  l)  sin(2g'  + f') 

,»2  r' 


.“2 


,*2  r'  3 


if  + f».4.i)sin(2g'  +3f') 


1 


+ I 'A  (6(-  1 + 5^'2)  (f'  - e"  s i ?i  f') 
4 ■* 


+ (3  - 56'2)  [3  s in(2g'  + 2 f ' ) 4 3e"  s in(2g'  + f ' ) 


+ e"  s in(2g'  + 3f' )] 


h = h*  + Ojh  - 1 7^.'  L6(f'  - + e"  sin  f')  - 3 sin(2g'  + 2f') 


- 3c"  s in(2g'  + i'  ) - c s in(2g*  + 3f'  )] 


(5-156) 


(5-157) 


(5-158) 
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where  the  long-  period  effects  (denoted  by  ) affect  the  elements  e,  i,-i,  g,  and 
h,  but  not  the  semimalor  axis  a,  and  are  given  by  the  following  equations 


y‘e"r]^  [1  - 1 1 - 40^^!  - 


- ^ ^ e"  [1  - ~ 8t?^  (1  - cos  2g" 


12 


{1  ^ 2 * * w ^ 2 * * ft  / A f»  ^ \ 

4 7^"*"*  (4  + 3e-) 


X [1  - 9(92  _ 24d^(l  - 5c^2)-j4  g« 


y> 

— ~~  e"^rj^  sin  i"  [1  - - 16r9'*(l  - 5^2)“ij 


384  y 
'2 


S,i=. 


e"^^e 


rj^  tan  i" 


b^t  = /'rjMl  - llt^2  _ 40r9^(l  - 5t92)-i] 


„ J.  - 3(-;-2  - 8y^(l  - sin  2g" 

12  >'  J 


r 1 ^3  -I?  . .«  s o „2n 

i j _L  sin  1 sin  i (4  + 9e 

^ >2  P >2  ^ 


X [1  - 9(9^  - 2465  »(l-5^^)'^]r  cos  g" 


+ ii  II  n^o"  sin  i"[l  - 5(9^  - 1665^1  - 56^2)M] 
384  y' 
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*■  !.,j 


(5-159) 


sin  3 g" 


(5-160) 


(5-161) 


cos  3g" 


■ij'uJn'  OK  THIS 
I’AuE  lU  POOR 


>,B  = V-  ^ >"2  [(2  + e"2)  - ll(i!  T 3e*2)  02  _ 40(2  Se“2)  g4(i  . 

c y* 

- 400e"26?6(i  _ 502^-2]  + _i  [2  + e"2  - 3(2  + 3e"2)  02 


24  y; 


- 8(2  + 5e“2)  (7^(1  » 502^"!  - 80c“2^®(l  ^ 5^2)-2j|sij^  2g" 


1 >3  /sin  i"  e"6^?  \ 5 >5 


+ — 


4 y'  \ e"  sin  i"/  64  y' 


77‘  Sin 


in  i"  \ 

" sin  i7 


(4  + 3e"2)  + e"  sin  i"(26  + 9e"2) 


(5-162) 


X [1  - _ 24^‘»(1  - 5^2)"^] 


- 11  e“6>2  sin  i*(4  + 3e"2)  [3  + 16<92(1  - 


32  y' 


1 . 1 

35  r 

^ cos  g + 4 

f 1152  [ 

e"  sin  i"(3  + 2e“2) 


s in  1 


[1  - 5t^2  , 16^4^1  ^ 


y* 

+ ~ — e"2-2  --/^s  ^ 32^2(1  - 

576  -y* 

■2 


- 5c'2)-2l| 


+ 80^'Vl  - 5d>2)-2]  \ cos  3g" 
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• jh  =|-  i7'e"26>[J  1 + 801^2(1  - 56^2)-!  ^ 2006^^1  - 5(92)'2] 
5 U 


i2  y' 


ij-  sin 


+ ~ — e"-c^[3+  !fi/92(l  - 5^2)-i  ^ 40^\i  _ 5^?2)-2j^  sJn  2g" 

(4  + 3e"‘) 


J i II  ^ + i-  Zi 

yj  sin  i"  yj  s in  i' 

X [1  - 9^2  „ 24^*' (.1  - 


15  > 


+ jj  — e’6^  sin  i"(4  i-  3e"^)  [3  + 16  6*^(1  - 


^2 


+ 40^?^(l  - 56^2)'2j|  cos  s,“ 


L.  h _y  [1  - Se-  - 16  6^(1  - 5^2)-i] 

\ 1152  y'  sin  i" 


^ Zi  e"^6^  sin  i"  [5  + 32  6^(1  - Sa*)’^ 
576  y' 


+ 80 ^^^1  . 5£?2)-2]|  cos  3g" 

In  these  formulas,  f and  r'  are  computed  frc  n 


E'  - e"  s in  E'  = 


and 


tan-  f'  = 

2 M - e" 


2 


a"  _ 1 + o"  cos  f' 

r'  1 - e 


«2 


(5-163) 


(5-164) 


(5-165) 
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or 


I_  sin  f'  = (1  - Q<'2y/2  sin  E' 


I_  cos  f'  = cos  F/  - e" 
a" 

r' 

— = 1 - e"  cos  E' 


(5-166) 


For  the  calculation  of  the  coordinates  at  any  time,  the  complete  values  of  e and 
I should  be  used  for  the  solution  of  Kepler’s  equation 

E - e sin  E - ^ (5-167) 

The  conversion  of  osculating  Keplerian  elements  to  rectangular  components  of 
position  and  velocity  is  discussed  in  Section  3.3.8. 


5.10  BROUWER -LYDDANE  THEORY 

Lyddane  modified  Brouwer’s  formulation  to  obtain  algorithms  applicable  for  zero 
eccentricity  and  zero  inclination  (Reference  18).  He  reformulated  the  orbital 
equations  in  terms  o ' Poincare  variables  rather  than  the  Delaunay  variables 
used  by  Brouwer.  The  solution,  carried  out  by  the  Von  Zoipel  method,  accounts 
for  up  to  fifth  order  zonal  harmonicr^  of  the  gravitational  potential.  The  results 
are  written  here  in  classical  elements  rather  than  Poincare  elementf.. 


The  Brouwer  formulas  are  suitable  tor  the  computation  of  the  classical  elements 
with  one  exception.  In  computing  short  period  terms,  Lyddane  uses  and  g” 
instead  of  and  g’.  Brou  ver  remarked  that  either  is  satisfactory,  but  in  the 
Lyddane  theory.  and  g’  may  be  ill  defined.  In  addition,  the  relationships 


(1  c")  [(a"/ r'' - 7“ =77“^ic'  + c"  (1  + 

T 3 COS  f"  + 3e"  cos^  f"  + e"^  cos^  f"] 


(5'168a) 


and 


(1  e")  [(a"  r")^-  + 3 cos  f"  t 3e"  ros^  f"  + cos^  f"]  (5-168b) 

are  used  in  the  computation  of  oc  to  avoid  roundoff  problems,  where  ^ is  de- 
fined following  Ecuation  (5-148). 
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5.10.1  Transformation  from  Osculating  Orbital  Elements  to  Brouwer  Mean 
Elements 


Tne  mean  motions  due  to  secular  terms  are  ctlculated  by  Equations  (5-144) 
through  (5-148)  of  Section  5.9. 

5.10.2  Transformation  from  Brouwer  Mean  Elements  to  Osculating  Keplerian 
Elements 


The  osculating  elements  are  computed  using  Equations  (5-169;  through  (5-185) 
(Reference  19).  Since  the  periodic  terms  are  somewhat  lengthy,  a number  of 
substitutions  have  been  made  in  these  equations. 


Semimajor  Axis 


a = a"  J 1 + /, 


(3c'^  - 1) h”v  + + cos  f"  (3  + 3e"  cos  f" 

.6  \ 1 + V 


+ e--  os2  f"))  + 3{1  - (-^l  cos(2f"  + 2g")| 


(fj 


1 


Eccentricity 


(5-169) 


c = ■ (e"  + dc)^  + 


(5-170) 


wnere 


dc  = [3  ^,^5  ^2g"  + f")  + cos(3f"  + 2g")] 


- 3>.  _L  (1  - - cos  (2g'‘  + 2 f" ) (3e"  cos^  f"  + 3 cos  f'' 


+ e"2  cos3  f"  + e")  - >\  --  (3t^2  . 

• £ 


(5-171) 


e 17  + 


1 + 


+ 3e"  cos2  f"  + 3 cos  f"  + e"^  ccs^  f 
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wmr  AT?  IliB 


e"  h-i  = s in  2g"  - cos  g"  + Bg  cos  3g 


Lse^.l)  P(£J  .£1.1 

L L vr  / r _ 


sin  f" 


+ 3(1  - 5^) 


- i-pl  -7  " *)  ==^■•’(28'  + f') 


and 

Inclination 


[2  /a'Y  a"  1\  . 

■*■  h ( "1  + 3 1 ^ 

6^v  = Bj3  cos  2g"  + Bj4  sin  g"  - Bj5  sin  3g" 


i = 2 s in->  |[s  in  (i)  5h]  + g i i cos  (^)  + s in^]  }' 


where 


8i  = - c>>'  sin  i"{e"  cos(3f"  + 2g") 


+ 3[e"  cos(2g"  + f")  + cos(2  f"  + 2g")]} 


and 


A 

--i^(B^  cos  2g"  + Bg  sin  g"  - sin  3g") 

7^2 


in  hh  - ! ^|Bjo  i-  in  2g"  f B,j  cos  g"  4 Bjj  cos  3g" 

2cos(i"/2)'‘ 

sin  i"[6(e"  s hi  f"  - + f") 

- 3(sin(2g"  + 2f")  + e"  sin(2g"  + f")) 

~ o"  sin(3f"  + 2g")]| 


(5-172) 

(5-173) 

(5-174) 

(5-175) 


(5-176) 
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Mean  Anomaly^ , Argument  of  Perigee  g.  and  Right  Ascension  of  Ascendin:^ 
Node  h ~ 


■i  = tan”^^  e“  bi  cos  -1“  + (e”  -f  ^e)  sin 
|(e"  + Se)  cos 't"  - e"S'C  sin 


if  e / 0 


(5-177) 


i = 0 


if  e = 0 


(5-178) 


(5-179) 


h = 0 


if  i = 0 (5-180) 


? = + g + h)  - - h 


(5-181) 


where 


3(1  - t?2)  sin(3f-  + 2g") 


+ 2 sin  f"(3(92  ^ 


(5-182) 


+ 1 7j[(S;<^  - 20  . 1)  (c"  sin  r + r - i-)\  + (3  + . so^) 

^ {|>2  sin(.T  + 2g")  + 3(sin(2g“  * 2f")  . o'  sin(2g"  + f"))]j 
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where 


(C'  + g'  h')  = {V  \ g"  4 h")  + B3  cos  3g"  + Bj  sin  2g"  + B2  cos  g"  (5-183) 

The  quantity  6 is  defined  following  Eq’iation  (5-148),  The  following  abbrevia- 
tions are  introduced  to  shorten  the  written  formulas. 


a;  = 


(1  - 562) 


A,,  = (Se“2  t 2)  6*A; 


*1  = g yWO-  - 11 1)2  _ 406^A;)  A„  = e"26^A;2 


A'  = 3(?2  + 86*  a; 


A.S  = <?’a; 


Aj  = ^ - A') 


^16  “ ^15 


yt 

A3  = 4 (3e"2  4 4) 
>2 


= e"  sin  i' 


A,  4 (1  - 3AJ) 
^2 


A - _ 

- 1 ^ 


(5-184) 


Aj  = A3(1  - 3a;) 


Ajg  = (1  + f.')  s in  i' 


1 >3 
A,  = - — 


A = c"r 
“20  '■  ^ 


A.  = A^  ?/^  sin  i" 


A3.  . .-'A^, 


6-35 


= _le"2(l  . 5c^2  _ = A,,  tan 


Mo 


Ml 


= rf  sin  i" 

*23 

= t;2Aj3 

= 2 + e"2 

*a, 

= *u  + 2 

(5-184) 

cont'd 

= 3e"2  + 2 

^25 

= 16Aj3  + 40A,,  + 3 

= A ^-'2 

"11 

C 1 
< 

= 1*31(11  + 200  A., 

+ 8OA15) 

and 


Bj  = t7(Aj  - A,) 


-fe 


l’-\Tk  (*10  - 400A;,  - 40A.3  - llA,^)  + g A^^Cll  + 200Aj, 
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15 
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B3  = ^ -i  c"  sin  i"(-  - 1)  Aj,  '80A„  + 5 + 32A,,’' 

^2 


35 

1152 


^ |a2,  tan  [2c"^  + 3(1  - >,^)]  sin  i"| 


E,  = ,,o“(A,  - A3) 
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Bs  = ^ + “t)  + \ 


„ 35  3 . . .. 
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® 384  ^ 


®7  ~ 


y*  ~i 
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Tne  mean  value  of  the  eccentric  anomaly  E"  is  obtained  iteratively  from  Kepler’s 
equation 


E" 


e"  sin  E" 


(5-186) 


The  mean  true  anomaly  i",  the  mean  radial  distance  r",  and  the  ratio  of  the 
mean  semimajor  axis  and  the  mean  radial  distance  are  given  by 


{”  = tan~i 


V 1 - e"2  sinE" 
cos  E"  - e" 


(5-187) 


r = a (1  - e cos  E ) 


(5-188) 


a"  _ 1 (5-189) 

r"  (1  e"  cos  E") 


5.11  INTERMEDIATE  ORBIT 

The  Intermediate  Orbit  methods  used  in  GTDS  (Reference  20)  are  semianalytic 
methods  which  combine  analytic  theory  and  numerical  integration.  The  solution 
to  a simpler  problem  obtained  by  means  of  an  analjd;ic  theory  is  used  as  a ref- 
erence solution,  and  the  difference  in  the  lime  rate  of  change  between  the  true 
solution  and  this  reference  solution  is  integrated  io  obtain  the  true  solution. 

Either  a Variation  of  Parameters  or  an  Encke  approach  can  be  used  in  the 
development  of  these  methods.  Using  Intermediate  Orbit  mc/nods  causes  the 
quantities  on  the  right  hand  side  of  the  resulting  differential  equations  to  vary 
slowly  and  smoothly  with  time,  making  them  more  amenable  to  numerical  inte- 
gration methods  (i.e.,  more  numerically  stable)  than  the  original  differential 
equations. 

Intermediate  Orbit  methods  can  be  developed  for  any  analytical  theory;  however, 
only  two  intermediate  orbits  have  been  considered  for  implementation  in  GTDS. 

The  first  is  an  orbit  in  which  short  period  effects  due  to  J2  have  been  eliminated 
using  the  Brouwer  theory.  The  second  is  the  orbit  resulting  from  J2  perturba- 
tions using  the  complete  Brouwer  theory  for  secular,  long  period,  and  short 
period  perturbations.  The  equations  of  motion  are  better  conditioned  for  numerical 
Integration  when  they  are  smootlied  by  removal  of  fast  varying  short  period  J2 
effects  or  when  made  slower  and  smoother  varying  by  using  the  complete 
Eirouwer  theory  to  remove  secular,  long  period,  and  short  period  perturbations 
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arising  from  Jj . Orbits  of  small  eccentricity  and  low  inclination  can  be  con- 
sidered by  an  optioi^  which  uses  the  same  intermediary  orbits  as  above,  but 
which  are  expressed  in  Poincare  rather  than  Delaunay  variables. 

Efficient  numerical  integration  is  achieved  through  minimiziiag  local  error  by  an 
appropriate  choice  of  a uniformization  constant  n.  This  involves  selection  of  a 
new  independent  variable  s,  related  to  the  time  t by 


ds  = 


r 


n 


where  r is  the  magnitude  of  the  satellite's  position  vector,  is  the  gravitation’ al 
constant,  and  n is  known  as  the  uniformization  constant.  To  a considerable  extent, 
the  optimum  choice  of  n depends  on  the  dominant  perturbation  rifecting  the  orbit 
under  consideration.  Thus,  for  the  Intermediate  Orbit  method  based  on  short 
period  J2  perturbations,  the  main  portion  of  J2  must  be  modeled,  leading  to  a 
choice  of  n = 2;  however,  the  Intermediate  Orbit  method  using  the  full  Brouwer 
theory  may  still  require  a selection  of  n = 2 (or  higher  for  an  elliptic  orbit)  if 
the  orbit  is  significantly  perturbed  by  drag.  If  the  intermediary  orbit  is  out  of 
the  high  drag  region,  then  the  choice  of  n depends  upon  the  ellipticity  of  the  orbit 
and  whether  or  not  third  body  perturbations  are  significant. 

GTDS's  full  Brouwer  intermediary  is  an  osculating  Keplerian  orbit  which  changes 
due  to  Jj  , the  coefficient  of  the  second  zonal  harmonic.  Perturbations  due  to 
dominate  those  caused  by  other  gravitational  harmonics,  third  bodies,  drag,  etc., 
for  many  close  earth  satellites.  While  other  secular  perturbations  eventually 
cause  the  intermediary  and  true  orbit  to  become  widely  separated,  the  GTDS 
intermediary  stays  near  the  true  orbit  much  longer  than  the  two-body  solution. 


5.12  VINTI  THEORY 

Vinti  theory  is  a General  Perturbation  Method.  In  an  approach  similar  to  that  of 
Brouwer,  the  dependent  variable  set  is  chosen  such  that  the  Hamilton- Jacobi 
equations  of  motion  are  separable.  Of  the  eleven  coordinate  systems  which 
have  this  property,  oblate  spheroidal  coordinates  p,r] , t?,  are  chosen  since  they 
are  most  appropriate  for  describing  motion  about  an  oblate  earth.  These 
coordinates  are  related  to  the  rectangular  position  coordinates  as  follows 


X + iy  = 


0’^  +C-2)  (1  -t;') 


.2 '.I  '2 


(5-190) 


Z r pr] 


(5-191) 
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where 


c 


2 


(5-192) 


and  where  is  the  mean  equatorial  radius  of  the  earth  and  Jj  and  J3  are  co- 
efficients of  the  zonal  harmonics  (see  Section  4.3.i).  On  the  other  hand,  Brouwer 
theory  was  developed  in  terms  of  elliptic  coordinates,  which  rre  most  appropriate 
for  describing  motion  about  a point  mass  body. 

Vinti  obtains  an  analytic  solution  for  perturbed  satellite  motion  arising  from  a 
potential  of  the  form 


V = - (p  + 77^) 

where 


The  above  potential  leads  to  a fit  of  the  gravitational  potential 


(5-193) 


(5-194) 


V - 


(5-195) 


exactly  for  the  second  zonal  harmonic  and  about  two-thirds  of  the  fourth  zonal 
harmonic. 

The  resulting  solution  gives  the  periodic  terms  correctly  to  order  J j and  the 
secular  terms  for  the  intermediate  orbit  to  arbitrarily  high  order.  The  math- 
ematical details  are  given  in  Reference  21.  This  method  for  treating  the  effects 
of  J3  eliminates  singularities  for  small  eccentricities  and  for  small  or  18(  degree 
inclinations  which  usually  occur  in  perturbation  theories.  Thus,  Vinti  theory 
is  particularly  appropriate  for  computation  of  polar  and  circular  equatorial 
orbits. 
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CHAPTER  6 


N76-?4296 


NUMERICAL  INTEGRATION  OF  THE  EQUATIONS  OF 
MOTION  AND  VARIATIONAL  EQUATIONS 

This  chapter  describes  the  Stormer-Cowell/ Adams  integration  processes 
available  in  GTDS  for  the  integration  of  the  Cowell  and  various  VOP  (Chapter  5) 
formulations  of  the  equations  of  motion.  These  processes  were  selected  on  the 
basis  of  several  efficiency  studies  (References  1,  2)  comparing  various  classes 
of  popular  integration  algorithms  as  applied  to  special  perturbation  techniques. 
This  chapter  also  describes  a single  step  integration  method,  the  Ruuge-Kutta 
method,  which  is  used  in  GTDS  in  connection  with  sequential  estimation  and  as 
a starter  for  certain  multi-step  processes. 

Multi-step  methods  of  the  type  described  below  were  found  to  minimize  the 
number  of  derivative  evaluations  required  to  produce  a given  accuracy  at  the 
end  of  the  requested  interval  of  integration.  Since,  in  general,  the  major  cost 
in  computing  an  orbit  is  the  evaluation  of  the  complex  force  function  (Chapter  4), 
this  implies  multi-step  algorithms  are  most  efficient. 

Within  the  class  of  multistep  methods  one  must  still  select  options  such  as: 

(1)  Type  of  formulation  — i.e.,  methods  may  be  u3-=»d  which  solve  second 
order  systems  directly  (Class  II),  such  as  Stormer's  method,  or  which  normalize 
the  second  order  systen.  into  a higher  dimensional  first  order  system  ard  use  a 
Class  I formula  such  as  Adams-Bashiorth; 

(2)  Type  of  algorithm  - several  algorithms  may  be  selected  within  the 
muitistep  predictor-corrector  schemes  ranging  from  PE  (prediction  only)  to 
P(EC)^  , PE(CE)‘^  and  PECE*,  where  P = predict,  E = evaluate  derivative, 

C = correct,  and  E’**  = pseudo-evaluate,  i.e.,  correct  or  re-correct  only  part  of 
the  total  derivative; 

(3)  Order  of  process  - various  order  formulas  may  be  selected  to  use  in 
the  algorithm,  recognizing  the  fact  that  higher  order  formulas  are  more 
accurate  but  less  stable; 

(4)  Stepsize  control  - since  the  orbit  dynamics  may  undergo  large  variations 
during  a revolution,  e.g.,  high  eccentricity  orbits,  an  algorithm  must  be  selected 
to  allow  stepsize  variations.  This  can  be  done  either  by  numerical  monitoring 

of  local  errors  or  by  analytic  transformations  of  the  independent  variable  (Time- 
regularization). 
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Most  of  the  above  mentioned  degrees  of  freedom  are  available  in  the  GTDS 
system  and  have  been  studied  for  various  problems  ^References  3,  4).  Some 
general  conclusions  reached  are: 

(1)  For  formulations  involving  second-order  equations,  Class  II  integrators 
should  be  used  to  solve  the  system  directly,  utilizing  a Class  I method  to  obtain 
first  Derivatives  if  required; 

(?)  The  highest  possible  order  formula,  subject  only  to  the  constraints  of 
numerical  stability,  should  be  used; 

^3)  Pseudo-eva.i^ate  algorithms  significantly  increase  the  stability  regions 
of  predictor-corrector  schemes  at  little  or  no  cost  in  efficiency; 

(4)  Efficiency  dictates  the  use  of  stepsize  control  for  moderate  and  high 
eccentricity  orbits;  analytic  stepsize  control  is  more  efficient  and  reliable  than 
numerical  stepsize  control; 

(5)  The  choice  of  the  "best”  integrator  and  independent  variable  is  highly 
dependent  on  the  choice  of  formulation  of  the  equations  of  motion.  Formulation 
characteristics  such  as  regularity,  or  "smoothness"  of  dependent  variables, 
and  dynamic  stability  influence  parameters  such  as  numerical  stability  regions, 
choice  of  order,  etc.  As  new  formulations  are  introduced,  careful  "matching" 
of  appropriate  numerical  schemes  is  required. 

In  the  following  sections  the  multi-step  methods  based  on  Newton^s  interpolating 
polynomial  are  derived  and  the  basic  algorithms  for  iteration,  starting,  int^  r- 
polation  and  stepsize  control  are  discussed. 


6.1  ADAMS-COWELL  ORDINATE  SECOND  SUM  FORIv^'TlAS 

The  formulas  for  the  integration  and  interpo  lation  of  the  equations  of  motion  ai'd 
the  variational  equations  are  basically  of  tb  Newtonian  type  derivable  from 
standard  difference  operator  techniques.  For  the  integration,  these  formulas 
define  the  well-known  predictor-corrector  Adams  method  for  first-order  equa- 
tions and  Cowell  method  for  second-order  systems.  Formulas  of  the  same 
class  may  be  used  to  perform  the  required  interpe  ations  to  determine  values 
not  given  m the  integration  procesr  and  to  form  the  starting  set  of  solution  values 
required  by  the  predictor*  correctoi  process. 

In  the  lollowing  discussion,  an  outline  of  the  derivations  of  the  required  formulas 
is  given.  In  addition,  a detailed  description  of  the  computational  algorithms 
necessary  to  perform  the  integrations  is  presented. 
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Let  s and  h denote  real  numbers,  and  consider  the  linear  operators  V,  E*,  D 
and  I.  which  arc  defined  as 


rBackward'l 

V f (t)  = f (t)  - f (t  -h)  J Difference? 

IjC^erator  J 


(6-1) 


E®  ^ (t)  r f (t  + s h)  fshiftingl 

I^OperctorJ 


(6-2) 


D . ct)  = f (t)  = : (t) 


(6-3^ 


I f (t)  = f (t).  (6-4) 

Two  well-knowr  •''lations  among  these  operators  are 

E*  = (I  - V)’"  (6-5) 

an^ 

h D - In  (I  - V)  (G-6) 


Utilizing  Equations  (6-5)  and  (6-6),  the  following  operator  identities  can  be 
derived 


E**  - h 


_-  In  (I  - V)_J 


E* 


(1  - V)‘^ 

In  (I  - V')] 


2 


Expanding  the  bracketed  ter  is  in  a V series  yields 


E"  - h 


~ 


CT 


D 


(6-7) 
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E*  = h2 


+ (S  - 1)  V“^ 

i=0 


D2 


(6-8) 


where  they'  (s)  andy"{s)  are  given  by  the  foUownng  recursive  formulas  in  s 
(see  Reference  5) 

'>'0  = >'0  1 (6-9) 


r-  (s)  =2]  ■>')'  >'i-i 

i=o 


(s)  (0)  ^i-j  (s)  i = 0,  1.  2,  - . . k (6-11) 

j=o 


where 


and 


>i  (s)  = 7-..^  (S) 


(6-12) 


y;  (0) 


= -r 

Z— j 1 - j + 1 

J=0 


(0) 


y'l  (0) 


= / y'l  (0)  (0) 

j*'» 


(6-13) 


(6-14) 


Applying  the  o^'erators  (6-7)  and  (6  -8)  to  the  functior  3 x(t)  and  x(t),  respectively, 
and  truncating  after  k terms,  gives 


t + s h)  = h 


V"^  X (t)  + 


K 

z: 

i = 0 


i + 1 


(s)  V‘  X (t) 


(6-15) 


6-4 


L 


X (t  + s h)  = )V"^  X ('t)  + (s  - 1)  V 

L 


-1 


<■'  •£ 

i"0 


7"+2  ^ 


(6-16) 


The  quantities  V“^  x(t)  and  V"^  x(t)  are  called  the  first  and  second  sums  of  x(t), 
and  satisfy  the  relationships 


and 


X (t)  - V"^  X (t  - h)  = X (t)  (6-17) 

V“2  *x  (t  j - V"2  X (t  - h)  = V"i  X (t).  (6-18) 


By  varying  the  value  for  s,  Equations  (6-15)  and  (6-16)  define  the  Adams-Cowell 
predictor-corrector  formulas,  as  well  as  the  Nev'tonian  interpolation  and  starting 
formulas  (Reference  6).  For  example,  the  Adams-Coweli  predictor  formulas 
are  obtained  by  setting  s = 1 and  x^=  x(t^^)  = x(to  + nh)  to  gi^^e 


and 


X , r h 
n + l 


■'  v;  * > 7',  (1)  x„ 

n ' 1*1  ' n 

1=0 


(6-19) 


X = h2 
n+l 


k 

^0 


(6-20) 


Tlie  preceding  equations  may  be  expressed  in  ordinate  form  as 


n + 


X , - 
n+l 


n< 


f 


1 = 0 


a . 

I 


(6-21) 


(6-22) 
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where 


'S„  = V-1  (6-23) 

= V~2  (6-24) 

The  coefficients  a.  and  /3.  can  be  expressed  as  functions  of  /!  and  y'[  from  the 
recursive  relations  given  by  Equations  (6-9)  through  (6-14),  e.  g., 


m=  1 


(6-25) 


i = 0,  1,  2,  - . . k 


The  Adams  Cowell  corrector  formulas  are  obtained  from  Equations  (6-15)  and 
(6-16)  by  setting  s = 0 and  t = t„^  j yielding 


X . , = h 
n+l 


(6-26) 


and 


X r h2 
n + l 


(6-27) 


where  a*  and  are  computed  analogously  to  a.  and  but  using  y"  (0)  and  /'  (0). 
The/?j  and  are  called  the  summed  ordinate  Adams-Moulton  predictor-corrector 
coefficients  and  a.  and  a*  thn  corresponding  Stormer-Cowell  coefficients. 

These  coefficients  are  tabulated  in  rational  form  in  Reference  5 for  formulas  of 
order  4 through  15. 
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6.2  PREDICT-PSEUDO  CORRECT  ALGORITHM  FOR  EQUATIONS  OF  MOTION 


The  concept  of  pseudo- evaluation  is  introduced  as  a device  which  helps  stabilize 
the  numerical  integration  at  little  or  no  cost  in  computation.  It  is  recognized 
that 


(1)  In  a predictor -corrector  scheme,  the  numerical  stability  region  is 
proportional  to  the  number  of  derivative  evaluations  within  a given  step 
(Reference  7); 

(2)  For  systems  of  the  form 

X = f (x  ) + eg(x  ''/ 


where  e is  a small  parameter,  the  stability  region  is  mainly  influenced  by  the 
f(x)  term. 

The  idea,  then,  is  to  introduce  into  a predictor-corrector  algorithm  designed  lo 
solve  the  above  system  a "pseudo-evaluation”,  i.e.,  a partial  evaluation  r x,  where 
f(x)  is  recomputed  using  the  latest  corrected  value  of  x,  and  g(x)  is  re-u  id  bas^d 
on  a previous  value  of  x.  For  example,  assume  that  the  equations  to  be  integrated 
have  the  form 


R = + P (t,  R.  R) 

R^ 


(6-28) 


where  the  first  term  represents  the  primary  attracting  body  acting  on  the  satel- 
lite. Assuming  the  accelerations  and  sums 


R (t  . ),  R . 

' n-i  II  n 


III 


V-2 


i = 0,  1.  2, 


k (^29) 


are  known,  then  the  iterative  algorithm  to  advance  to  time  t is 

n+  1 

(A)  Predict:  Using  Equations  (6-21)  and  (6  -22),  predict  values  (denoted  by 
superscript  p) 


rCp>  (f  ) r Z^P^  ] 

n + 1 ''  ‘■''n  + r ‘ n+r  ^n  + 1 


(6-30) 


= zi:j] 


(6-31) 
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(B)  Evaluate ; Usinp:  Equation  (6-28),  evaluate 


(P) 

n+1 


,(P)3 

‘n+  1 


+ P (t 


n+1’ 


(e-32) 


(C)  Correct-  Using  Equations  (6-26)  and  (6-27),  obtain  improved  values, 
(denoted  by  the  superscript  c)  and 

(D)  Test:  Compare  the  magnitude  of  the  vector  ^^n+i^^ 

against  a prescribed  tolerance.  If  this  quantity  is  sufficiently  small, 
proceed  to  Step  fE);  otherwise,  replace  the  values  and  with 
R^*^^  and  R^^^  and  repeat  Steps  (B),  (C),  and  (D). 

(E)  Pseudo  Correct:  Compute  the  acceleration 


R -- 


- iX 

^ "^n+l 


R 


(c)3 
n+  1 


+ P(tn+1- 


p(p) 

*^n+l’ 


*^n+l  ' 


where  the  P term  is  obtained  from  Step  B. 

(F)  Update  Sums:  Compute  the  updated  sums 


■S„M  = 'S„  + R 
"s„*.  --  "S,  ^ 'S„*, 


(6-33) 


(6-34) 

:6-35) 


The  computational  cycle  (A)  - (F)  may  then  be  repeated  with  n = n i 1. 

In  n-body  or  earth -moon  trajectory  computations,  the  equations  of  motion  will 
frequently  be  independent  of  the  velocity  term  fi,  i.  e.,  the  acceleration  is  of  the 
form 


H := 


^ P (t,  R) 


((i-3G) 
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For  trajectory  segments  possessing  this  characteristic,  the  preceding  compu- 
tational cycle  may  be  simplified.  Particularly  in  Step  (A),  the  predicted 
need  not  be  computed,  and  in  Step  (C),  the  provisional. corrected  values  are 
not  required.  After  the  test  in  Step  (D)  is  satisfied,  may  be  obtained  by 
one  applicaiion  of  the  corrector  formula  in  Equation  (6~26). 

For  the  case  of  the  integration  of  VOP  type  formulations,  the  concept  of  pseudo- 
evaluation should  be  extended  to  include  the  major  perturbation  beyond  the 
central  force,  in  particular,  Jj  for  near-earth  satellites  (Reference  7),  This 
is  due  to  the  fact  that  in  these  formulations  the  stability  is  governed  by  the 
principal  perturbations;  the  central  force  contribution  is  analytically  integrated 
and  hence  does  not  influence  numerical  stability. 


6.3  CORRECTOR-ONLf  COWELL  INTEGRATION  FOR  LINEAR  SYSTEMS 
From  the  Adams-Cowell  corrector  equations 


y = 

■'n+l  " 


II< 


22 


i = 0 


(6-37) 


and 


(6-38) 


closed  form  equations  can  be  derived  when  the  equation  being  integrated  is 
linear.  Such  a linear  equation  is 

y = a (t)  y h (t)  y + f ^t)  (6-39) 

where  a(fc),  b(t)  and  f(t>  are  known  time  varying  functions. 

Equations  (6-37)  and  (6-38)  can  be  written  as 


y 


n+  1 


::  h2 


lie 


y 


0 n+  i 


(6-40) 
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(6-41) 


'n+l 


= h 


'S.  + y 


n + l 


n+ 1“  i 


i=l 


By  expatiding  the  derivative  j , we  obtain 


y„+i  = 


+ a*  a , y . , + a*  b , y xi  + ctn  + 

n ^ 0 ’ +1  -^n  + l 0 n+l  -^n  + l 0 n+l 


K 

y ’ y n+1-1 


(6-42) 


i = l 


y^+i  = 


K 

'S„  + a„*i  y„n  + b„,i  y„+,  + .5;  f„*,  +2^  /3”  y„„_i 


i=l 


(6-43) 


Defining  the  known  quantities 


X = h2 


K 

"Sn  + +2]“i 

i = l 


(6-44) 


V = h 


IV 

■s„  ^ f, 


n + l“i 


i=l 


(6-45) 


and  the  matrix 


b^  ao  

H - 

(6-46) 

'0  •'^n+l 
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then  Equations  (6-42)  and  (6-43)  may  be  written  as 


— — ^ 

— — 

— — 

X 

n 

= H 

+ 

yn  + 1 

ynM 

V 

n 

— _ 

» - 

The  solution  to  Equation  (6-47)  is 


’ynHl" 

X 

n 

V 

n 

(6-47) 


(6-48) 


It  should  be  noted  that  the  inverse  in  the  preceding  equation  will  always  exist  if 
h is  sufficiently  small.  The  inverse  depends  only  on  the  coefficients  a and  b, 
and  need  be  computed  only  once  when  solving  equations  of  the  form  of  Equation 
(6-39)  with  different  nonhomogeneous  terms  f(t). 


6.4  CORRECTOR-ONLY  ALGORITHM  FOR  VARIATIONAL  EQUATIONS 

In  the  Cowell  formulation,  the  position  and  velocity  partial  derivatives  of  the 
satellite  motion  with  respect  to  any  parameter  appearing  in  the  acceleration 
model  in  Equation  (6-28)  or  state  (dynamic  parameters)  may  be  obtained  by  the 
numerical  integration  of  a system  of  equations  of  the  form 

Y = A (t)  Y f B (X)  Y 4 C (t)  (6-49) 


from  initial  conditions  at  t^  given  by 


Y(t„)  = 


8R(t^) 

"ii 


3R(t  ) 

o' 

9P 


(6-50) 


where 


6-U 


(6-51) 


{3  X t matrix  of  \ 

acceleration  partial  derivativesj 


3x  matrix  of 

position  partial  derivatives 


(6-54) 


and 

1 3 X ^ matrix  of  \ (6-55) 

[velocity  partial  derivatives] 


The  vector  p contairxS  the  parameters  in  the  acceleration  model  to  be  estimated. 

The  components  of  the  matrices  A,  B,  and  C were  developed  in  Chapter  4. 

Optionally,  the  components  of  p correspond  to  the  spacecraft’s  position  and 
velocity  at  epoch  and  can  be  expressed  in  mean  of  1950.0  Cartesian  coordinates, 
true  of  date  Cartesian  coordinates,  classical  Keplerian  orbital  eloTnonts, 
spherical  coordinates,  or  DODS  variables.  The  initial  conditions  for  the  varia- 
tional equations,  Equation  (6-49),  are  dependent  upon  the  coordinate  systems 
selected.  The  partial  derivatives  of  R and  H with  respect  to  Keplerian  elements 
and  spherical  coordinates  can  be  obtained  from  Sections  3.3.8  and  3.3.4,  re- 
spectively. Since  the  first  six  elements  of  p are  the  state  vector,  the  first  six 
columns  of  C are  zero.  Most  model  parameters  such  as  thrust,  drag,  harmonic 
coefficients,  etc.  enter  into  P(t,  R,  R)  of  Equation  (6-28)  linearly,  so  that  the 
computation  of  C(t)  may  be  simplified  by  retaining  many  of  the  quantities  used 
in  the  computation  of  R(t). 
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The  integration  of  system  Equation  (6-49)  may  be  performed  by  the  utilization 
of  the  corrector-only  formuJa  Equation  (6-48)  as  follows.  Assuming  that  the 
satellite  position  and  velocity,  K(t^^j)  and  R(t^^j),  the  matrices  i = 0,  1, 
2,  . . . k and  summation  matrices  and  (3  x^)  are  known,  then  the 
algorithm  to  advance  Y to  v.lme  t^^j  ib: 


(A)  Compute Jhe  matrices  A(t^^j),  B(t^^j),  and  C(t^^j),  v/hich  depend  only 


Rn,i'  anclR„,,. 


(B)  Compute  the  6x6  matrix  tt  - H]  where 


H = 


h-’  a' 


h/5;  V,  h/i;  B, 


n + 1 


(6-56) 


clJ  and/3Q  are  the  corrector  coefficients  of  Equations  (6-26)  and  (6-27), 
and  h is  the  stepsize. 

(C)  Form  the  3 x matrices,  and 


X = h2 

n 


L 


“I 


^0  ^n+l 


K 

z: 

i*l 


/S*  Y 


n+ 1“  i 


^n+1 


(6-57) 


(6-58) 


(D)  Compute  the  required  position  and  velocity  partial  derivatives, 
and  Y^^^j  , h/  the  matrix  equation 


fix  6 

_'n+l_ 

1 

(6-59) 
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(E)  Update  acce  leration  and  sums  by 


^n+l  ” *\+l  ^n+1  ^n+1  ^n+1  ^n  + 1 

'Pn.,  = ’P„  +YnM 


II 


P = Up  + Ip 
^n  + 1 % ^ n + 1 


(6-60) 

(6-61) 

(6-62) 


completing  the  cycle.  After  computing  ^n+2’  **(^) 

repeated  with  n = n + 1. 

At  points  along  the  trajectory  where  the  equations  of  motion  are  velocity-free, 
i.  e.,  of  the  form  of  Equation  (6-36),  the  matrix  B in  Ec  ’ation  (6-49)  is  zero,  so 
that  it  is  necessary  to  solve  a system  of  the  form 


Y = A (t)  Y + C (t) 


(6-63) 


As  in  the  case  of  the  equations  of  motion,  the  computational  algorithm  can  then 
be  simplified.  In  particular,  in  Step  (A)  only  the  matrices  A and  C are  required, 
and  in  Step  B,  II  becomes  the  3x3  matrix 


II  ~ CL*  A 

” '*  0 ^n+l 


The  required  partial  derivatives  are  then  given  by 


= [I  X„ 


in  --  h ^^0  A„n 


(6-64) 


(6-65) 


(6-66) 


The  order  and  stepsize  use  d in  the  integration  of  the  variational  equations  may 
differ  from  that  used  in  the  integration  of  the  equations  of  motion  without  any 
significant  difficulty. 
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6.5  MAPPING  OF  POSITION  PARTIAL  DERIVATIVES 


It  is  well  known  from  the  theory  of  linear  differential  equations  that  ^he  solution 
of  the  n-dimensional  linear  system 

x=D(t)x  (6-67) 

satisfying  the  initial  condition 

x(t^)=.x^  (6-68) 


is  given  by 


x(t)  =d>(t,  t^)  Xq  (6-69) 

where  is  a fundamental  matrix  solution  of  Equation  (6-67),  i.  e.,  an  n x n 
matrix  satisfying 


i)  = D (t) 


(o-70) 


with  initial  condition 


= I 


(6-71) 


In  our  context,  <I)(t,  tp)  is  called  the  state  transition  matrix.  The  properties  of 
(J)can  be  used  to  enhance  the  computational  algorithm  for  position  and  velocity 
partial  derivatives  as  follows:  during  the  integration  of  a trajectory,  a column 
of  C(t)  corresponding  to  a dynamic  parameter  m';y  become  zero.  For  example, 
when  leaving  the  sphere  of  influence  of  the  earth,  the  acceleration  partial 
derivative  with  respect  to  a geopotential  coefficient  of  the  earth  will  become 
effectively  aero.  If  we  denote  this  time  by  T,  then  the  position  partial  derivative 
with  respect  to  ihis  parameter,  which  we  denote  by  Xj(t),  will  satisfy  an  equation 
of  the  form  of  Equation  (6-67)  for  t > T where 


r 


0 I 


D (t)  = 


[Alt')  B(t\ 


f)>‘6 


(6-72) 
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with  an  initial  condition  x(T).  Let  <I>(t,  T)  be  the  state  transition  matrix  satisfy- 
ing «P(T,T)  = I.  Then,  the  required  position  partial  derivative  may  be  obtained 
for  any  t > T by 


X (t)  = (D  (t,  T)  x(T)  (6-73) 

The  overall  state  transition  matrix  <I>  (t,  t^)  for  t > T may  be  computed  Lj 


(D(i.  1q)  = (D(t.  T)0(T,  t^) 


(6-74) 


where  the  elements  of  the  matrix  <i)  (T,  t^)  are 


3R(T) 

3 R (T) 

3 R (T) 

3R(T) 

-a  to 

(6-75) 


which  are  contained  in  the  Y and  Y mp-trices  when  t = T (assuming  p contains 
the  state).  The  computational  strategy  for  the  computaidon  of  the  partial  deriva- 
tive of  K{t)  is  to  use  the  method  of  Section  6 3 up  to  t = T.  At  that  point  the  matrix 
(T,  Iq)  is  stored,  <I>  (T,  T)  is  initialized,  and  for  any  t > T,  x(t)  is  computed 
using  Equation  (6-73),  and<I)  (t,  ty)  is  computed  using  Equation  (6-74).  A similar 
process  may  be  used  for  multiple  event  times  ^ , T^ .....  T at  which  various 
columns  of  C(t)  become  zero.  Assuming  T,  - ^ . :^T,  ^ t,  Equation  (6-74) 

becomes 


D (t.  ty)  r d,  (t,  T^)  d)  (T^,  T._j)  . . . rt)  (Tj.  ty)  (6-76) 


6.6  THE  RUNGE-KUTTA  INTEGRATION  METHOD 

The  Runge-Kutta  method  is  a numerical  integration  technique  by  means  of  which 
the  value  of  the  dependent  variable  at  some  future  time  can  be  calculated  from  a 
weighted  summation  formuk,  similar  to  a numeric  a!  quadrature.  This  method 
is  equivalent  to  a Taylor  series  solution  of  the  equations  jf  motion  i ) to  a certain 
power  oi  the  integration  st»psi7e  in  the  independent  variable,  laylor  s..  ies 
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solutions  require  differentiation  of  a given  function  a number, of  times,  follov/ed 
by  evaluation  of  these  derivatives  at  the  point  of  interest.  However,  the  Runge- 
Kutta  method  bypasses  these  differentiations  by  evaluating  the  derivative  on  the 
right  hand  side  of  the  first  order  equation  at  a number  of  selected  points.  For 
example,  in  the  equations  of  motion  the  acceleration  per  unit  mass  is  evaluated 
a number  of  times  at  each  integration  step  in  order  to  proceed  to  the  next  inte- 
gration step. 

Runge-Kutta  methods  have  the  advantage  that  the  inter/al  of  integration  can  be 
readily  changed.  The  formulas  are  single  step;  thus,  they  do  not  require  any 
past  history  of  values,  i ' common  with  other  special  perturbation  methods, 
the  Runge-Kutta  method  is  extremely  flexible.  The  acceleration  models  in 
GTDS  may  be  changed  without  affecting  the  implementation  of  the  Runge-Kutta 
formulation. 

The  Runge-Kutta  formula  used  in  GTDS  is  an  eighth  order  formulation  requiring 
ten  function  evaluations  (Reference  8).  The  expression  f(x,  y)  is  the  derivative  on 
the  right  hand  side  of  the  first  order  differential  equation  dx/cfy  » f(x,  y)  which  is 
to  be  evaluated.  This  fuLotion  arises  from  the  equations  of  motion  or  from  the 
variational  equations.  The  Shanks  eighth  order  Runge-Kutta  algorithm  is  com- 
puted in  the  following  manner.  The  following  formulas  apply  to  a single  compo- 
nent of  the  vector  of  the  quantities  being  integrated  where  the  vector  of  dependent 
variables  is  denoted  by  x and  the  independent  variable  is  denoted  by  y. 

fj  = f(y.Q  + kj.  Yq  + ajh  ) 


fg  = Vo  + ^9^  ) 

where 


I. 

]^--0 


E S', 


’<2  = ajh 


kg  - ajn 
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The  next  value  of  the  component  x is  com''ated  from  the  present  value  Xq  and  the 
Shanks  coefficients  a . . b . . , c . 

1 1 j 1 


X = Xq  + 


In  these  formulas,  the  Runge-Kutta  stepsize  in  the  independent  variable  is  'denoted 
by  h,  and  the  subscript  "0”  designates  current  values.  Table  6-1  contains  the 
coefficients  for  the  eighth  order  Runge-Kutta  scheme;  the  coefficients  are  pre- 
sented in  a form  convenient  for  calculating  the  summations  required  to  determine 
the  kj's. 


1 

2 

3 

4 

5 

6 

7 

8 
9 


4^ 

27 

2 

9 

1 

3 

1 

2 

I 


1 

6 


1 


5 

6 


1 


TABLE  6-1 


27 


^(>*0*3) 
i (1  + 0 + 0 + 3) 


— (13  + 0 - 27  + 42  + 8) 

54 

(389  + 0 - 54  + 966  - 824  + 243) 

4320 

A (_231  + 0 + 81  - 1164  + 656  - 122  + 800) 

20 

(-  127  + 0 + 18  - 678  + 456  - 9 + 576  + 4) 

288 

-J_  (1481  + 0 - 81  + 7104  - 3376  + 72  - 5040  - 60  + 720) 

O A ' 


(Cp  + Cj  + Cj  + Cj+C^  + Cj+C,+  C^  + C,+C,)  a 


1 

840 


(41  + 0 + 0 + 27  + 27?  + 27  + 216  + 0 + 216  + 41> 
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6.7  THE  STARTING  PROCEDURE 


Two  starting  procedures  are  available  in  GTDS,  an  iterative  method  and  a Runge- 
Kutta  method.  The  iterative  starter  is  generally  used;  ho’i  ever,  the  Runge-Kutta 
method  may  optionally  be  used  as  a starter  for  multi-step  integration  methods. 


6.7.1  Iterative  Starter 
The  starting  arrays 


(6-77) 


and  the  associated  first  and  second  sums  required  by  the  integration  process 
may  be  computed  by  an  iterative  process  based  on  Equations  (6-15)  and  (6-16) 
using  varying  values  for  s.  Let  m = [(k  + l)/2],  where  the  brackets  indicate  the 
greatest  integer  function,  and  Rq,  Rq,  and  Rq  be  given  initial  values  at 
t = to  of  Equation  (6-28)  (the  process  is  analogous  for  Equation  (6-49)).  The 
values 


R.,  R.,  R.,  i = ± 1,  ± 2,  • • • ±m 
1 1 * 

can  then  be  computed  by  successive  approximations,  yielding  the  required 
start  big  values. 

Let  S.'  (s)  and  3 '' (s)  be  the  coefficients  of  the  ordinate  forms  of  Equations  (6-15) 
and  (6-16)  with  k = 2m 


X (t^  + s h)  = h 


(6-/8) 


X (t^  + s h)  = 


"s„  + (S  - 1)  'S„ 


(6-79) 


Then  letting  R^^^  denote  the  approximation,  the  (j  + 1)*‘  approximation  is 
given  by  the  following  procedure 

(A)  Compute  the  sums  and  using 


(6-80) 
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(6-81) 


T>  2w 

"S.  = 1) 


h2 


i=*0 


(B)  Compute  the  corrected  position  and  velocliy  vectors  using  Equations 
(6-79)  and  (6-78)  with  n = m and  s = (i-m) 


=h2 


+ (i  - m 


(6-80) 


= h 


(6-81) 

i = ± 1,  ± 2,  • . . ± m 


(C)  Compute  the  acceleration  ^ using  the  force  model.  This  completes 
thejteratiqn.  Steps  (A)  ^ (C)  are  repeated  until  the  successive  values 
of  R.  and  R.  converge. 


As  in  the  process  described  in  Section  6.2,  if  the  accelerations  are  velocity-free, 
simplifications  in  the  computational  algorithm  may  be  made.  In  particular,  in 
Step  (B)  tte  computation  of  6^  may  be  omitted  until  convergence  on  the 
positions  R.. 


The  first  approximation  (j  = 1)  may  be  obtained  by  a variety  of  methods:  Near 
a primary,  two-body  analysis  may  be  used  effectively,  either  in  the  form  of 
orbital  elements  or  f and  g series;  between  two  primaries,  either  a single  step 
low-order  method  or  the  use  of  a prestored  ephemeris  should  be  used. 


6.7.2  Runge-Kutta  Starter 

The  multi-step  methods  avoid  the  multiple  function  evaluations  at  each  integration 
step  which  are  characteristic  of  the  Runge-Kutta  method,  but  they  are  not  self- 
starting. Starting  from  an  initial  position  and  velocity,  the  Runge-Kutta  method 
can  be  used  to  build  the  required  starting  array  for  the  Cowell  and  Time  Regu- 
larized Cowell  equations  of  motion  and  variational  equations. 
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6.8  INTERPOLATION 


Interpolation  for  values  of  R(t)  and  R(t)  for  < t < t^  may  be  obtained  from 
Equations  (6~79)  and  (6-78)  using  s = (t  - t^)/h.  The  accuracy  of  this  interpolation 
is  consistent  with  that  of  the  integration. 


6.9  LOCAL  ERROR  CONTROL 

Local  error  control  is  performed  by  a variable  stepsize  process  automatically 
and  semiautomatlcally  (see  References  9 and  10).  In  the  automatic  mode,  step- 
sizes  are  selected  based  on  the  magnitude  of  the  local  error  , £ ^ , computed  on 
a step-by-step  basis  by  the  Milne  formula 


c I R(P)  - R(')  I 


(6-84) 


where  C is  a constant  depending  oii  the  order  of  Equations  (6-22)  and  (6-27). 

and  R^*^^  are  the  predicted  ant.  finally  accepted  position  vectors,  respec- 
tively, computed  at  time  t = t^.  The  stepsizes  are  selected  so  that  at  each 
step  satisfies  the  constraint  equation 


T2  ^ ^ Tj 


(6-85) 


where  T^  and  T^  are  specified  upper  and  lower  bounds  on  the  local  error. 

The  variable  stepfiize  integration  algorithm  is  as  follows:  at  each  step  n,  the 
test  in  Equation  (6-85)  is  performed.  There  are  three  cases: 

(A)  > Tj ; the  stepsize  is  decreased,  and  the  n computed  point  is  re- 
jected and  recomputed  with  the  new  stepsize,  where  the  required  back 
values  are  obtained  by  interpolation. 

(B)  < Tj;  the  stepsize  is  Increased,  the  n^^  computed  point  is  accepted 
and  the  integration  proceeds  with  the  new  stepsize,  where  the  required 
back  values  are  obtained  by  using  every  other  point  from  a saved  array 
of  points  if  = 2h  or  by  interpolation  if  h < h^^^  < 2h.  A maximum 
increase  of  2h  is  allowed. 
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(C)  e satisfies  Equation  (6-85);  the  integration  proceeds  uninterrupted. 
In  either  case  (A)  or  (B),  h is  computed  by  the  formula 

' ' new 


h 


new 


(6-86) 


where  is  a specified  ’*allowable”  local  error  satisfying  Tj  ^ Tj  < Tj . 

In  the  semiautomatic  mode,  steps izes  are  specified  as  a function  of  radial  distances 
from  the  primary  (Reference  10) . The  required  stepsizes  and  radial  distances 
may  be  determined  by  an  integration  calibration  process  using  the  automatic 
variable  stepsize  integrator.  Since  the  stepsize  distribution  over  the  orbit 
generally  depends  on  the  orbital  elements,  particularly  the  semimajor  axis  and 
eccentricity,  such  a calibration  would  be  repeated  only  if  these  elements  changed 
considerably.  This  model  of  integration  is  generally  less  sensitive  to  the  nu- 
merical difficulties  associated  with  variable  stepsize  integration.  The  use  of  a 
regularized  time  variable  also  proves  useful  for  this  problem.  This  technique 
is  described  in  the  next  section. 

The  same  stepsizes  are  used  for  integration  of  the  variational  equations  and  the 
equations  of  motion. 


6.10  TIME  REGULARIZATION 

For  orbits  that  are  highly  eccentric  or  that  connect  regions  with  significantly 
different  gravitational  force  magnitudes,  accurate  direct  integration  of  Equation 
(6-28)  or  (6-4C),  with  time  as  the  independent  variable,  usually  requires  either 
a very  small  fixed  stepsize,  or  many  stepsize  changes  in  a variable  stepsize 
scheme.  Frequent  stepsize  changes  are  costly  and  result  in  errors  propagating 
due  to  the  interpolation  procedure  used  to  restart. 

To  improve  this  situation,  the  classical  approach  is  to  transform  the  independent 
variable  to  a new  variable,  denoted  by  r , defined  by  the  relation  (Reference  11) 


d t _ R" 
d r 


1 ^ n ^ 2 


(6-87) 
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Forn=  1 or  2,  this  variable  corresponds  to  the  use  of  eccentric  anomaly  or  true 
anomaly  as  the  independent  variable  in  the  integration  of  elliptic  motion.  The 
use  of  regularization  in  the  computation  of  free-flight  earth-moon  trajectories  is 
investigated  in  Reference  12.  This  study  indicates  increased  computational 
accuracy  and  a significant  reduction  in  computation  time  due  to  regularization. 

To  e^qpress  Equation  (6-28)  or  (6-49)  in  terms  of  the  new  independent  variable  t, 
the  following  notation  is  employed 


D 


(6-88) 


where 


D2  g = 111  = [n  R g + R''  g] 
dr2  ^ 


R = 


R-R 

R 


(6-89) 


(6-90) 


and  g(t)  is  any  arbitrary  vector-valued  function  in  the  t system.  Similarly, 


D"'  g = g - g' 

R'’ 


(6-91) 


d“2  g = g = Ji 
R" 


r P' 
Rn+1 


(6-92) 


where  the  prime  indicates  differentiation  with  respect  to  r , and 


yn-l  i 

R'  = (R  • R) 

V(JL 


(6-93) 


The  transformed  Equation  (6-28)  may  then  be  expressed  as 


R"  = R(t) 


(6-94) 
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t 


R 


(6-95) 


The  integration  of  Equation  (6-95)  is  required  to  compute  the  time  t as  a function 
of  the  new  independent  variable  r . 

The  integration  of  Equations  (6-94)  and  (6-95)  may  be  carried  out  with  essentially 
the  same  procedures  outlined  in  the  previous  sections.  The  additional  remarks 
required  are: 

(A)  Given  t(r),  R(t),  and  R'(r),  a corresponding  R"(r)  is  computed  by  first 
computing  the  time  derivatives 


and 


R (T)  = D“^  R' 


R"  (T) 


R'  (T) 


(6-96) 


R (T)  = 4 P [t  (T),  R (T),  R (T)l 

R’  (’■) 

yielding 

(r)  = R ^ 


(6-97) 


(6-98) 


(B)  The  value  of  the  independent  variable  r corresponding  to  an  output 
request  time  or  observation  time  t^  may  be  obtained  by  inverse  inter- 
polation in  the  t^  array  obtained  by  the  integration  of  Equation  (6-95). 
This  value  of  r may  then  be  used  to  compute  the  required  R and  R by 
the  usual  interpolation  procedure  indicated  in  Section  S.8. 


Analogous  regularization  procedures  may  be  used  for  Equation  (6-49).  The 
regularized  variational  equations  are  of  the  form 


Y"  = 


Y + 


L 


B(t)  + 


nRI  y, 
R 


(6-99) 


An  additional  advantage  of  using  regularized  time  is  that  the  initial  (fixed)  step- 
size  may  be  conveniently  selected  as  a fraction  of  the  regularized  period  S, 
where,  if  T is  the  satellite  period, 
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f£dt 

R" 


(6-100) 


S = 


The  integral  may  be  evaluated  by  quadrature  for  the  two-body  problem  by  a 
change  of  variable  from  t to  true  anomaly,  f,  res^ilting  in  the  formula 


S =. 


p(n-2+l/2)  'o 


/^2rt 

i t\ 


(1  + e cos  f)"“2  d f 


(6-101) 


where  p is  the  semilatus  rectum  of  the  ellipse.  Frequently,  a fraction  of  this 
period  (of  the  order  1/100)  will  ..erve  as  an  adequate  stepsize  for  the  integration 
of  Equations  (6-92)  and  (6-93). 

A drawback  of  the  method  is  that  the  equations  of  motion  in  the  r system  (Equa- 
tion (6-94))  always  contain  explicit  first  derivatives,  regardless  of  ^he  situ- 
ation in  the  t system,  (see  Equation  (6-92));  thus,  the  computational  simplifica- 
tions possible  for  velocity-free  accelerations  do  not  apply.  Hence,  the  trade- 
off between  the  advantages  and  disadvantages  of  the  regularized  time  integration 
depend  upon  the  stepsize,  length  of  arc,  efficiency  requirements,  and  eccentricity 
magnitude. 

Experience  has  shown  that  regularized  time  integration  considerably  improves 
the  efficiency  of  variable  stepsize  integration  for  moderate  to  high  eccentricities 
(e  ^ .2).  For  the  Cowell  formulation,  the  value  n = 3/2  seems  to  give  best  results, 
whereas,  for  orbital  element  formulations,  the  optimum  value  nT  n appears  to  be 
2 (Reference  13).  Improvements  in  the  accuracy  of  the  integration  of  the  time 
equation  (Equation  (6-95))  may  also  be  obtained  through  use  of  a time  element 
(see  Appendix  B). 
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CHAPTER  7 


N 76-24297 


OBSERVATION  MODELS 


Spacecraft  tracking  observations  involve  the  measurement  of  some  physical 
property  of  electromagnetic  wave  propagation  between  the  tracking  station  and 
the  spacecraft.  The  process  of  analytically  relating  the  measurement  quantities 
tr  the  spacecraft  state  vector  is  referred  to  as  observation  modeling.  This 
chapter  presoiits  the  models  and  associated  equations  for  computing  observations 
within  GTDS.  The  models  consist  of  kinematic  equations  which  yield  the  "ideal” 
values  of  the  observations  in  traject»ry-related  units  <e.g.,  range,  range  rate, 
azimuth,  and  elevation).  Therefore,  the  modeled  observations  are  functions  of 
the  spacecraft's  best  estimated  position  and  velocity,  as  well  ns  specified  model 
parameters  (e.g.,  tracking  station  location  and  timing  errors).  "Actual"  data 
are  usually  preprocessed  in  a separate  computer  program  which  calibrates,  time- 
corrects,  smoothes,  compacts  and  converts  the  raw  tracking  data  into  units 
compatible  with  the  calculat'id  observations.  Howe\  2r,  the  preprocessor  program 
does  not  correct  for  the  affects  of  atmospheric  refraction  and  may  not  correct 
for  propagation  times,  transponder  delays,  or  antenna  mount  errors.  As  a result, 
corrections  for  these  systematic  errors  are  computed  in  GTDS  and  applied  to 
the  "actual"  data.  Systematic  errors  may  still  be  present,  however,  due  to  the 
preprocessor  smoothing  and  compactiou. 

The  procedures  and  formulations  presented  in  this  chapter  describe  all  dita 
t3rpes  which  are  implemented  in  GTDS.  Section  7.1  presents  a general  de  scription 
of  the  forms  of  the  computed  observations  and  their  partial  derivatives,  .lection 
7.2  presents  equations  and  transformations  tor  modeling  ideal  observatiois  and 
their  partial  derivatives  for  ground-based  tracking  systems.  Sections  7.2,  7.4, 
and  7.5  discuss  satelllte-to-satellite  tra<  king,  radar  altimeter  tracking,  aid  very 
long  baseline  interferometer  tracking,  respectively.  Atmospheric  effects  are 
discussed  in  Section  7.6,  and  other  corrections  (light  time  delay,  transponder 
delay,  and  antenna  mount  corrections)  are  presented  in  Section  7.7.  Finally,  the 
interrelationship  between  the  obs^r^^^^^on  models  and  the  estimation  process  is 
summarized  in  Section  7.8. 


7.1  GENERAL  DESCRIPTION 

The  basic  orbit  determination  process  consists  of  different;  ully  correctiug  esti- 
mates for  a set  of  parameters  from  an  observational  model  to  minimize  the  sum 
of  squares  of  the  weighted  differences  between  the  measured  observations  and  the 
corresponding  quantities  computed  from  the  model.  In  GTDS,  this  model  is 
assumed  to  be  of  the  form 
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(7-i) 


(t  + p»  + St,  p,  rj]  + b + RF^ 

where 

t time  tag  of  the  observation. 

8t  ~ timing  bias. 

Og  computed  observation  at  corrected  time  t + St. 

7i  t , j ~ vehicle  position  and  velocity  at  an  appropriate  time  related  to 

t = t + 5 1.  For  most  obser\  aiions  modeled  in  G7  DS,  the  position 
and  velocity  are  expressed  in  local  tangent  coordinates  with 
respect  to  a station  position  . Other  observations  are  modeled 
in  terms  of  the  vehicle  inertial  state  vector.  In  either  case,  the 
state  vector  is  dependent  on  the  dynamic  parameter  vector  p. 

b ~ measurement  bias  or  offset. 

Iq  geometric  relationship  defined  by  the  observation  t}^e  at  time 
t + St. 

RF^  -V  correction  to  the  observation  due  to  atmospheric  refraction, 
light  time,  transponder  delay,  antenna  mount  errors,  etc. 

The  observational  model  parameters  which  may  be  estimated  are: 

p ~ dynamic  parameters  in  the  equations  of  motion  which  can  be 
estimated.  These  include  variables  related  to  the  position  and 
velocity,  gravitational  harmonic  coefficients,  drag  parameters, 
etc. 

7 station  location  in  earth-fixed  coordinates. 

s 

b ~ measurement  bias,  which  depends  on  the  measurement  type  and 
the  tracking  station. 

St  timing  bias,  which  is  both  station  and  pass  depende  it. 

The  observation  models  simulate  the  following  tracking  system  data  types: 

• Goddard  Range  and  Range  Hate  (GRARR)  System,  Applications  Technology 
Satellite  Range  and  Range  Rate  (ATSR)  System,  and  Unified  S-Band 
(USB)  System 
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(1>  Range 

(2)  Range  rate  or  range  difference 
(.'i)  X angle  or  azimuth 
(4)  Y angle  or  elevation 

• C-Band  Radar 

(1)  Range 

(2)  Azimuth 

(3)  Elevation 

Minitrack  Interferometer  System 

(1)  Direction  cosine  't 

(2)  Direction  cosine  m 

• Satellite-to-Satellite  Tracking  (SST) 

(1)  Round  trip  light  time 

(2)  Round  trip  light  time  difference 

• Radar  Altimeter  (RA) 

(1)  Altitude 

• Very  Long  Baseline  Interferometer  (VLBI)  System 

(1)  Time  difference 

(2)  Time-rate  difference 

After  preprocessing,  some  observations  are  converted  to  metric  form  while 
others  are  in  the  form  of  time  intervals.  In  general,  the  time  tag  on  each  obser- 
vation is  converted  to  Universal  Time  Coordinated  (UTC),  which  is  derived  from 
Atomic  Time  A.l  so  as  to  be  a close  approximation  to  UT2  (Chapter  3). 

The  differential  correction  process  requires  the  computation  of  the  ’’computed” 
measurements  and  the  systematic  error  corrections  which  are  applied  to  the 
actual  observation  data.  The  process  also  requires  computation  of  partial 
derivatives  of  the  measurements  with  respect  to  the  model  parameters  p,  , b, 
and  S t.  These  partial  derivatives  can  be  expressed  as  follows 
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Bp  Bp 


=2!2 

BT, 


(7-2) 


B(St)“  B(5t)  ""  ° 


It  is  assumed  that  the  partial  derivatives  of  the  systematic  error  correction  terms 
RF(,  with  respect  to  p , , b and  8t  are  either  zero  or  negligible. 


7.2  GROUND  BASED  TRACKER  MODELS 

This  section  presents  the  tranr.formations  and  equations  for  computing  the  ideal 
measurements  (i.e.,  no  systematic  errors  b,  RFq,  or  St  present).  The  measure- 
ments correspond  to  those  from  the  GRARR,  ATSR,  USB,  C-Band,  and  Minitrack 
Systems.  Since  many  of  the  measurements  are  common  to  more  than  one  of 
t^se  systems  (e.g.,  range  rate  p is  common  to  GRARR,  ATSR,  and  USB),  the 
section  is  organized  by  measurement  type  rather  than  by  measurement  system. 


7.2,1  Tracking  Process 

For  all  systems  except  the  Minitrack  system,  the  eler>tromagnetic  signal  is  trans- 
mitted from  the  ground  station  at  time  t.^  and  is  received  at  the  satellite  at  time 
ty.  The  signal  is  retransmitted  by  the  w»ritellite  transponder  at  time  t^  + At, 
where  At  is  the  transponder  delay.  The  return  signal  is  received  at  the  ground 
station  at  time  t^^.  Thus,  precise  modeling  requires  that  the  tracking  system 
be  treated  as  a dynamic  process,  since  both  the  satellite  and  the  tracking  station 
are  moving  relative  to  inertial  space  during  the  time  it  takes  the  signal  to  traverse 
the  round  trip  from  the  ground  etation  to  the  satellite  and  return. 

The  tracking  instrn.monta  measure  three  basic  quantities:  The  time  interval 
required  for  the  signal  to  traverse  the  path  from  the  ground  transmitter  to  the 
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satellite  and  back  to  the  ground  receiver,  the  direction  of  the  received  signal  at 
the  ground  station  as  measured  by  the  receiver  antenna  gimbal  angles,  and  the 
Doppler  frequency  shift  of  the  received  signal  compared  with  the  transmitted 
signal.  Preprocessor  programs  multiply  the  round-trip  time  interval  by  the 
signal  propagation  speed,  thereby  converting  it  to  the  geometric  distance.  The 
GTDS  measurement  model  then  relates  the  station-to-spacecraft  range  vector 
to  the  geometric  distance  and  its  direction  angles  at  the  receiver.  The  Doppler 
frequency  shift  data  is  related  to  the  station-to-spacecraft  range  rate  as  described 
in  Appendix  A,  Sections  A.1.2.3  and  A.3.2,  and  in  Appendix  C. 


7.2.2  Local  Tangent  Plane  Coordinates 

The  ground  based  tracking  measurement  models  are  most  conveniently  expressed 
in  station-centered  local  tangent  plane  coordinates  except  for  the  USB  and  SST 
range  and  range-rate  measurements.  A.t  the  time  of  the  measurement  computa- 
tion, the  spacecraft  state  vector  is  available  in  either  mean  of  1950.0  or  true  of 
reference  date  inertial  coordinates.  The  inertial  state  vector  must  first  be 
transformed  to  body-fixed  coordinates  using  the  appropriate  transformation 
matrices  from  Section  3.3.  The  transformation  from  mean  of  1950.0  coordinates 
to  body-fixed  coordinates  is  expressed  as 


r^(t)  = B(t)C(t)R(t) 

\(t)  = B(t)  C(t)  R(t)  + B(t)  C(t)  R(t) 


(7-3) 


where  C and  B are  the  transformation  matrices  from  mean  of  1950.0  to  true  of 
date  coordinates  (Section  3.3.1)  and  from  true  of  date  to  body -fixed  coordinates 
(Section  3.3.2),  respectively;  R and  are  the  spacecraft  position  vectors  in 
mean  of  1950.0  and  body-fixed  coordinates,  respectively;  and  R and  are  the 
spacecraft  velocity  vectors  in  mean  of  1950.0  and  body-fixed  coordinates, 
respectively.  The  tracking  station  position  vector  F^,  expressed  in  body-fixed 
coordinates,  is  given  in  Section  3.3.  7 as 


r 


s 


(Ng  + h^)  cos  cos 
(N,  + hj)  cos  0^  sin  \ 
[N^(l  - e^)  + h^]  sin  0^ 


(7-4) 


where  e^  = 2f  - f f Is  the  flattening  coefficient  of  the  earth,  and 


N,  = 


/I  - (2f  - s in^  0^ 


(7-5) 
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The  spacecraft  position  and  velocity  vectors,  expressed  in  local  tangent  plane 
coordinates,  are  given  in  Section  3.3.7  as 


Substituting  Equations  (7-3)  into  Equations  (7-6)  the  local  tangent  coordi- 

nates to  the  inertial  coordinates 


[BCR(t)  - T.] 

t„  = M,,  [BCR(t)  + BCS(t)] 

The  vectors  7^^  and  are  used  to  model  the  tracking  measurements. 

The  partial  derivatives  of  the  calculated  measurement  are  computed  using  local 
tangent  coordinates  as  the  intermediate  system  (except  for  the  USB  and  SST 
ranges  and  range  rates)  as  follows 


, 3fo 

BR 

3fo 

br 

!iit 

BR 

Bp 

3p  37,, 

br 

Bp 

_BR 

Bp 

Bl 

Bp_ 

From  Equations  (7-7) 


(7-8) 


Bfj  . Br. 

3R  3R  **  3R  " 

Substituting  Equations  (7-9)  into  Equation  (7-8)  yields 


(7-9) 


Bf, 


BR  ^^0 


BR 


Bi*^ 


Bp  Br^^  Bp  [It  Bp  It  BpJ 


(7-10) 


The  matrices  BR/Bp  and  BR/Bp  are  obtained  from  the  variational  equations 
described  in  Chapter  4.  The  partial  derivatives  of  the  vacuum  measurements, 
Bf  j/3  and  , are  presented  in  the  following  subsections. 
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7.2.3  Measurement  Equations  and  Partial  Derivatives 


In  the  absence  of  an  atmosphere,  electromagnetic  signals  follow  a straight  line 
path  between  the  station  and  the  spacecraft,  traveling  at  the  vacuum  speed  of 
light.  Equations  describing  vacuum  signal  propagation  are  presented  below 
along  with  pertinent  partial  derivatives  required  for  the  orbit  determination 
and  error  analysis  processes.  Corrections  for  atmospheric  effects  are  presented 
in  Section  7*6.  A functional  description  of  each  trajectory  sensor  system,  as 
well  as  a description  of  the  data  preprocessing,  can  be  found  in  Appendix  A. 

7. 2.3.1  Gimbal  Angles 

The  gimbal  angles  provide  the  direction  of  the  received  downL:^k  signal  at  the 
ground  station.  For  rotatable  dish  antennas  the  direction  angles  are  measured 
from  the  antenna  gimbaling  system.  For  the  fixed  antennas  in  the  Minitrack 
system,  however,  the  signal  direction  is  determined  from  principles  of 
interferometry. 

Assuming  no  atmospheric  refraction,  the  signal  direction  at  the  ground  receiver 
is  determined  from  the  straight  line  propagation  path  from  the  spacecraft  at 
time  t^  to  the  receiving  station  antenna  at  time  tj^.  GTDS  approximates  this 
direction  by  the  instantaneous  straight  line  path  from  the  spacecraft  to  the  station 
at  time  . This  approximation  introduces  negligible  error  in  the  signal  direction 
angles  because  of  the  relatively  small  distance  (relative  to  inertial  space)  tra- 
versed by  the  station  during  the  downlink  propagation  time  interval. 

The  following  sections  describe  the  various  gimbal  angle  models  included  in  GTDS. 


7.2. 3. 1.1  Gimbal  Angies  X30  and  Yjq  (GRARR,  ATSR,  USB) 

The  gimbal  angles  for  the  30-foot  antennas  in  the  GRARR,  ATSR,  and  USB  systems 
are  denoted  X3Q  and  Y3Q . The  X30-axis  is  aligned  north-south  in  the  local  horizon 
(tangent)  plane  at  the  tracking  station.  The  reference  plane  for  the  angular 
measurements  is  the  vertical  plane  which  is  aligned  east-west  and  includes  the 
tracking  station  zenith.  The  angle  X30  is  measured  from  the  vertical  axis 
(zenith)  to  the  projection  of  the  station-to-spacecraft  vector  onto  the  reference 
plane.  This  angle  is  positive  when  the  spacecraft  is  east  of  the  station,  i.e., 


X 


30 


X <11 
^30  - 2 


(7-11) 
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The  angle  is  measured  from  the  projection  of  the  station*to -spacecraft  vector 
onto  the  reference  plane  to  the  vector  itself.  This  angle  is  positive  when  the 
spacecraft  is  north  of  the  station,  i.e., 


^30 


(7-12) 


The  partial  derivatives  of  X3Q  and  with  respect  to  the  local  tangent  plane 
coordinates  are 


(*?,  + *?,) 


and 


BY. 


30 


= 0 


Br 


It 


Br 


It 


“’'ityit 

/i  i ’ 
+ 2ft 


-^*1, + *1,  ■ 


77r 

+ 2it 


(7-13) 


where 


BY 


30 


0 


(7-14) 


P = v'xf,  + yf,  + zf, 


7.2.3. 1.2  Gimbal  Angles  and  Y33  (USB) 

The  gimbal  angles  associated  with  the  USB  85-foot  antennas  are  denoted  X^^  and 
Y35.  The  Xgj-axis  is  aligned  east-west  in  the  local  horizon  (tangent)  plane  at 
the  tracking  station.  The  reference  plane  for  the  angular  measurements  is  the 
vertical  plane  which  is  aligned  north-south  and  includes  the  tracking  station 
zenith.  The  angle  Xgg  is  measured  from  the  vertical  axis  (zenith)  to  the  pro- 
jection of  the  station-to-spacecraft  vector  onto  the  reference  plane.  This  angle 
is  positive  when  the  spacecraft  is  south  of  the  station,  i.e., 
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(7-15) 


y„  = tan'* 


The  angle  Y*5  is  measured  from  the  projection  of  the  station-to-spacecraft 
vector  onto  the  reference  plane  to  the  vector  itself.  This  angle  is  positive  when 
the  spacecraft  is  east  of  the  station,  i.e., 


^85  ~ 


(7-16) 


The  partial  derivatives  of  Xgj  and  Ygj  with  respect  to  the  local  tangent  plane 
coordinates  are 


^X,5_  1 

(y?t  + *?.) 


[0,  y,t] 


= 0 


(7-17) 


and 


3Y, 


85  _ 


3r„  p' 


' 


7. 2.3. 1.3  Gimbal  Angles  A and  E (ATSR,  C-Band) 

The  azimuth  angle  A is  measured  in  the  local  tangent  (horizon)  plane,  clockwise 
from  north  to  the  projection  of  the  station-to-spacecraft  vector  onto  the  local 
tangent  plane.  This  angle  is  positive  when  measured  eastward  (clockwise)  from 
north,  i.e.. 
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A = sin*' 


0<A<  2tt  (7-19) 


A = cos 


-1 


!t 


,''*1.  + Vlt 


The  elevation  angle  E is  measured  from  the  projection  of  the  station-to-spacecraft 
vector  onto  the  local  tangent  plane  to  the  vector  itself.  This  angle  is  positive 
whenever  the  spacecraft  is  above  the  horizon,  i.e., 


E = tan"* 


'It 


/T T~ 

v/x?t  + yU 


(7-20) 


The  partial  derivatives  of  A and  E with  respect  to  the  local  tangent  plane  co- 
ordinates are 


^ Tv  -y  01 

- — ; — *it’ 

‘dfit  (x?t+y?,) 


BA 


= 0 


Br 


It 


(7-21) 


and 


BE 

^"it 


-X 


lt*lt 


+ yJt 


'^*1,  + y?t 


+ y?t 


(7-22) 
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7. 2. 3.1.4  Direction  Cosines  'i  and  m (Minitrack) 

The  direction  cosine  is  the  cosine  of  the  angle  between  the  station-to-spacecraft 
vector  and  the  axis  pointing  toward  the  east  in  the  local  tangent  system  (the 
-axis).  This  direction  cosine  is  positive  when  the  spacecraft  is  east  of  the 
station,  i.e.. 


I 


(7-23) 


The  direction  cosine  m is  the  cosine  of  the  angle  between  the  station-to-spacecraft 
vector  and  the  axis  pointing  toward  the  north  in  the  local  tangent  system  (the  yj^  - 
axis).  This  direction  cosine  is  positive  when  the  spacecraft  is  north  o[  the  station, 

i.e., 


m 


(7-24) 


The  partial  derivatives  of  -i  and  m with  respect  to  the  local  tangent  plane 
coordinates  are 


and 


+ *;,), 


= 0 


3? 


It 


Brit  P 

JUL.O 


(7-25) 
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7. 2. 3.2  Range  (GRARR,  ATSR,  USB,  C-Band  Systems) 

From  the  description  of  the  tracking  process  in  Section  7.2.1,  it  is  seen  that  all 
trackers  provide  the  user  with  the  round  trip  light  time  delay  from  the  trans- 
mitter through  the  satellite  to  the  ground  receiver,  and  an  associated  time  tag. 
The  round  trip  range  is  seen  to  be 
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^RT  ” I ^ ^ + ^'^)1 


(7-27) 


where 

yORT  round  trip  range 

satellite  position  vector  in  inertial  Cartesian  coordinates 
Tf  ground  transmitter  position  vector  in  inertial  Cartesian  coordinates 
~ ground  receiver  position  vector  in  inertial  Cartesian  coordinates 
At  ~ transponder  delay 

time  signal  is  transmitted  from  the  ground  station 

ty  time  signal  is  received  at  the  satellite 

time  signal  is  received  at  the  ground  station 

In  the  case  of  USB  and  C-Band,  the  time  tag  on  the  raw  data  corresponds  to  the 
time  tjj  at  which  the  measured  signal  arrives  at  the  ground  receiver;  for  GRARH 
and  ATSR,  the  time  tag  on  the  raw  data  corresponds  to  the  ground  receive  time 
tj^  less  the  measured  value  of  the  round  trip  light  time  delay.  For  all  systems, 
the  preprocessor  provides  GTDS  with  p(tj^),  the  average  of  the  uplink  and  down- 
link propagation  distances.  The  value  p(tj^ ) is  generated  by  multiplying  the 
observed  round  trip  propagation  delay  by  c/2.  The  preprocessor  also  provides 
tjj  by  malting  the  appropriate  modifications  to  the  raw  time  tag  for  GRARR  and 
ATSR  data. 

For  the  greatest  accuracy,  the  expected  value  of  the  range  should  be  calculated 
by  determining  the  uplink  and  downlink  path  of  the  signal  as  defined  in  Equation 
(7-27).  This  method  requires  an  iterative  process  to  determine  the  uplink  and 
downlink  light  time  delays.  A second,  less  accurate,  method  is  to  approximate 
the  range  by  calculating  the  instantaneous  range  at  the  spacecraft  turnaround 
time.  The  iterative  method  is  used  to  calculate  the  expected  range  for  USB, 
C-Band,  and  ATSR,  while  the  instantaneous  method  is  used  for  VHF  GRARR. 


7.2. 3.2.1  Iterative  Method  for  Expected  Range 

The  expected  value  of  P(tp)  is  computed  from  ephemeris  information  and  station 
coordinates  using  the  following  equation 

= + |r,(t,)-Tp(t,)|)  (7-28) 
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For  simplicity,  this  equation  is  presented  in  an  inertial  reference  frame,  where 

~ spacecraft  inertial  position  vector 

transmitting  site  inertial  position  vector 

~ receiving  site  inertial  position  vector 

time  at  which  the  measured  signal  left  the  ground  transmitter 

'v  time  at  which  the  measured  signal  was  received  and  retransmitted 
by  the  spacecraft.  The  assumption  of  instantaneous  turnaround  is 
used;  the  constant  bias  in  the  observed  range  caused  by  the  space- 
craft electronic  delay  is  accounted  for  as  a measurement  error  else- 
where in  GTDS. 

time  tag  of  the  reduced  observed  range  (that  is,  the  time  at  which  the 
measured  signal  arrived  at  the  ground  receiver)- 

The  algorithm  used  in  GTDS  to  compute  P(t„)  proceeds  as  follov/s: 

1 . Calculate  r^  (t,^) 

2.  Calculate  iteratively  the  downlink  propagation  distance  (t^)  using  the 
following  equations 


(a) 

Pd(tg)=  '•R(tR)l 

(b) 

(7-29) 

(c) 

t.=  ‘R-Sd(‘p) 

The  iteration  process  is  initiated  by  assuming  that  t^  - t^,  and  is  termi- 
minated  when  successive  values  of  5^  (tj^)  agree  to  within  10“^  seconds. 

3.  Calculate  iteratively  the  uplink  propagation  distance  P^,  (in)  using  the 
following  equations 

(a)  P„(‘r)= 

(*>)  «„(»*)  = P„(‘r)/c  (7-30) 

(c)  = t,  - S„(t,) 
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^ iterajtlor?  is  initiated  by  aspumiag  that  8^^  (t^  ) = 8^(tj ),  and  is  termi  - 
"ed  whe-i  eucoessive  valu^^s  of  (t^)  agree  to  within  10'*  seconds. 

i. . geoTi.etrically  exact  equation  is  used  to  compute  the  ex- 

pfccteS  vftiue  of  the  range  p (t,j ) for  the  USB,  C-Band  and  ATSR  systems. 

; P(tg)  = IvOyCt^) +Pd(tp)]/2  ^'*"^1) 

Instantaneous  Method  for  Expected  Range 

Range  data  produced  by  the  GRARR-VHF  system  is  less  accurate  than  that  pro> 
duced  by  the  othe**  tracking  systems;  therefore,  it  does  not  warrant  the  application 
of  (he  iterative  solution  described  above.  Instead,  the  following  more  efficient 
algorithm  is  used  to  determine  an  instantaneous  approximation  for  using 
GRARR  range  data 


P(tg)=  Ir,(t,)-r^(t,)|  = |r„(t,)| 
= ■^*1 1 + y?t  + *it 

where 


(7-32) 


and  r^^  is  the  spacecraft  position  vector  in  local,  tangent  plane  coordinates. 

7.2. 5.2.3  Range  Partial  Derivatives 

The  partial  derivatives  of  tlie  expected  ^ange  (Equation  (7 >28))  in  inertial  coordi 
nates  (USB  system)  arc 


1 


[ry^ty)  “ 


(7-33) 


(7-34) 
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If  it  Is  assumed  that  - Pi  - P(t]|)>  Equation  (7-33)  reduces  to 


37  (t  ) 

V>  V Z 


l~  {2rJ(tJ-  [rf(t,).rj(t,)]}  (7-35, 


The  partial  derivatives  of  the  expected  range  in  local  tangent  plane  coordinates 
(for  the  remaining  systemi)  are 


^pC^r)  *“11  (7-36) 

_ Q (7-37) 

7.2.3.3  Range  Rats  (GRARH,  ATSR,  USB) 

The  range  rate  of  ?.  spa^ecra't  is  determined  by  measuring  the  Doppler  shift 
of  a signal  resulting  from  the  relative  motion  between  the  station  and  the  space- 
craft. This  can  be  done  either  by  measuring  the  time  required  to  count  a fixed 
number  of  Doppler-plus -bias  cycles,  as  with  GRARR  and  AT SR,  or  by  counting 
the  Doppler-plus-bias  cycles  over  a fixed  time  interval,  as  with  USB..  For  all 
tracking  systems,  the  preprocessor  converts  the  raw  Doppler  information 
transmitted  from  the  stations  to  range  rate  and  a time  tag. 

There  are  three  modes  of  calculating  the  expecied  value  of  the  range  rate  for 
each  of  these  tracking  systems.  In  the  first  method,  the  range  rate  is  obtained 
by  computing  the  time  difference  quotient  of  ranges  calculated  at  the  beginniur; 
and  at  the  end  of  the  Doppler  count  interval,  iteratively  correcting  for  the  ligh^ 
time  delays.  T!^e  second  method  uses  the  instantaneous  ranges  at  the  beginning 
and  at  the  end  of  tne  count  interval,  with  no  corrections  for  the  light  time  delays. 
The  third  and  least  accurate  method  is  to  calculate  an  instantaneous  range  rate 
at  the  midpoint  of  the  Doppler  count  interval  as  seen  at  the  spacecraft.  The  first 
method  is  used  to  compute  the  expected  value  of  the  range  rate  for  the  USB  sys- 
tem, while  the  other  two  methods  are  used  (optionally)  for  the  GRARR  and  ATSR 
systems. 
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7. 2. 3.3.1  Iterative  Range  Difference  Metiiod 

The  modeling  of  the  expected  value  of  the  range  rale  which  is  most  precise  is  to 
difference  the  average  range  at  the  beginning  and  end  of  the  count  interval  as 
shown  below  (Reference  1). 


- ^^rr)  + Pd(*R  “ ^*Rr)^ 
2'^‘rr 


(7-38) 


where 


Pu(tj)  ~ uplink  propagation  path  of  a signal  arriving  at  the  receiver  at  tj^ 
PdC^R)  downlink  propagation  path  of  a signal  arriving  at  the  receiver  at  t^ 
Doppler  count  time  interval 

The  calculations  for  these  uplink  and  downlink  ranges  are  iteratively  corrected 
for  the  light  time  delay  in  exactly  the  same  manner  as  the  expected  ranges 
modeled  in  Section  7.2. 3.2.1.  This  method  is  used  for  USB  measurements  where 
the  time  tag  on  the  observed  data  is  t^  (corresponding  to  the  end  of  the  count 
interval)  and  the  count  interval  A tjjR  corresponds  to  the  sample  interval.  This 
inethod  is  accurate  for  both  two-way  and  three-way  Doppler  measurements  using 
the  USB  system.  Two-way  Doppler  measurements  are  obtained  when  the  trans- 
mitting and  receiving  antennas  are  the  same,  while  three-way  Doppler  measure- 
ments are  obtained  when  the  i ransmitting  and  receiving  antei.nas  are  diffeient. 

The  range-rate  partial  derivatives  with  respect  to  the  epoch  state  elements  R and 
R are  computed  most  efficiently  by  using  the  algorithms  for  the  range  partial 
derivatives 


(7-39) 


Bp(tR 

- ^R at 

3R  ^^RR 


(7-40) 
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7. 2. 3. 3. 2 Instantaneous  Range  Difference 

A less  accurate  but  more  efficient  range  difference  formulation  is  available  in 
GTDS  for  GRARR  and  ATSR,  It  is  assumed  in  this  model  that  propagation  delays 
are  negligible  compared  with  the  Doppler  count  time  interval.  The  resulting 
equation  is 


At 


RR 


(7-41) 


The  two  range  vectors  r^^  (t^  +At^  ) and  r^^  (t^)  are  computed  in  the  same  manner 
as  those  for  the  range  computations  (Section  7.2. 3. 2.2).  In  order  to  use  this 
method  in  GTDS,  the  preprocessor  must  provide  t^^,  the  time  of  the  received 
signal  at  the  beginning  of  the  Doppler  count  interval,  and  A t^^ , the  count  interval. 
The  partial  derivatives  of  p with  respect  to  local  tangent  coordinates  are 


^p  _ 1 J ^ It^^v  \ 


(7-42) 


(7-43) 


7. 2. 3.3. 3 Average  Range  Rate 

A third  method,  which  is  the  least  accurate  but  most  efficient,  calculates  the 
Instantaneous  range  rate  at  the  midpoint,  of  the  Doppler  count  interval  as  seen  at 
the  spacecraft.  This  value  is  used  to  approximate  the  average  range  rate  over 
the  uplink  and  downlink  paths,  and  is  therefore  denoted  p^^  . It  is  computed  as 


avg 


(7-44) 


The  position  and  velocity  vectors  are  expressed  in  station-centered  local  tangent 
plane  coordinates  evaluated  at  the  vehicle  turnaround  time  t^. 
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This  method  is  used  for  the  GRARR  and  ATSR  range-rate  models.  When  this 
method  is  used  the  preprocessor  modifies  the  time  tag  on  the  GRARR  data  accord- 
ing to  the  relationship 


_ (7-45) 

S - ^+-  2 J 

ITie  partial  derivatives  of  p with  respect  to  local  tangent  plane  coordinates 
are 


Br 


It 


1 
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r^avg 


(7-47) 


7.3  SATELUTE-TO-SATELUTE  TRACKING  (SST)  MODEL 

The  formulation  is  presented  in  this  section  for  the  satellite-to-satellite  range 
sum  and  range  sum  rate  (Doppler)  model.  Partial  derivatives  of  the  range  sum 
and  range  sum  rate  models  are  developed  with  respect  to  dynamical  parameters, 
such  as  the  epoch  state  vectors,  for  use  in  the  statistical  estimation  process.  It 
is  assumed  that  the  tracking  is  accomplished  by  the  modified  ATSR  system  and 
that,  the  relay  satellite  is  in  a near- synchronous  orbit. 


7.3.i  Introduction 

Thi:  Applications  Technology  Satellite-6  (ATS-6)  is  an  advanced  synchronous 
orbit  communication  satellite.  It  is  the  first  satellite  in  the  ATS  series  which 
does  not  employ  spin  stabilization.  This  feature,  coupled  with  an  onboard  digital 
computer,  enables  ATS-6  to  function  as  a relay  satellite  in  a satellite  tracking 
network,  tracking  other  satellites  such  as  Nimbus-F,  GEOS-C,  and  the  Apollo- 
Soyuz  Test  Project  (ASTP).  The  ATS-6  satellite  includes  a multi-frequency 
transponder  system  containing  six  receivers  and  nine  transmitters  capable  of 
operating  on  about  17  frequencies.  A key  feature  of  these  transponders  for 
satellite-to-sateliite  tracking  (SST)  is  the  maintenance  of  coherence  of  the  phase 
relationships  between  various  radio  frequency  signals.  The  range  sum  and 
Doppler  ?neasurements  are  dependent  on  phase  measurements  of  the  returning 
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signals,  and  as  sujh  are  sensitive  to  any  phase  delay  originating  in  the  trans- 
mission equipment.  Since  no  onboard  frequency  source  is  absolutely  accurate, 
signal  coherence  is  maintained  in  order  to  avoid  introducing  any  additional  bias 
into  these  two  measurements.  Angle  measurements,  on  the  other  hand,  are  not 
affected  by  coherence. 

The  range  and  Doppler  measurements  are  functions  of  the  positions  and  velocities 
of  the  ground  transmitter,  the  relay  satellite,  and  the  target  (ground  transponder 
or  satellite).  The  same  techniques  can  also  be  used  to  make  range  and  Doppler 
measurements  for  the  relay  satellite  alone. 

Three  maiu  tracking  modes  are  considered:  The  coherent  mode,  the  phase-lockec 
loop  mode,  and  the  crystal  (XTAL)  mode.  The  relay-only  tracking  mode 

is  referred  to  as  the  coherent  mode,  even  though  all  of  the  relay  modes  are 
coherent.  The  phase-  locked  loop  mode  is  the  relay  mode  used  to  track  phase- 
locked  loop  transponders,  such  as  GEOS  and  ASTP.  The  crystal  mode  is  used 
to  track  crystal  oscillator  transponders,  such  as  Nimbus-F.  A detailed  descrip- 
tion of  these  tracking  modes  can  be  found  in  Beference  2. 

The  ground  transmitter  broadcasts  two  uplink  C-Band  tones,  a pilot  tone  and  a 
carrier  tone.  carrier  tone  is  modulated  by  the  range  tones  and  is  the  signal 
used  to  general  the  Doppler  data.  There  are  three  uplink  pilot  frequency  options: 
5950,  6150,  and  C?50  MHz.  The  carrier  frequency  can  be  varied  to  lock  the 
target  transponder  circuits  onto  the  signal.  The  S-Band  frequency  which  the  rela> 
satellite  transmits  to  the  target  is  determined  by  the  difference  between  the  pilot 
and  carrier  frequencies.  When  switching  from  one  uplink  option  to  another, 
both  frequencies  are  shifted  so  as  to  keep  the  frequency  difference  constant. 

The  two  uplink  signals  are  generated  by  a set  of  two  fixed  and  two  variable 
frequency  synthesizers,  along  with  a frequency  multiplier  and  adders. 

The  measurement  geometry  is  illustrated  in  Figure  7-1.  The  transmitting  sta- 
tion transmits  a signal  at  time  t^  which  is  received  by  the  relay  satellite  at  tj 
and  transmitted  to  the  target  satellite  at  tj  + Ar^,  where  Atj  is  the  transponder 
time  delay.  The  target  satellite  receives  the  signal  at  t2  and  transmits  it  back 
to  the  relay  satellite  at  tj  + At^.  The  relay  satellite  receives  the  signal  at  tj 
and,  after  a transponder  delay  of  Ar^  > sends  it  back  to  the  ground  station,  which 
receives  it  at  t4.  The  ground  station  records  the  data  and  tags  it  with  the  UTC 
time  tag  tj^.  The  range  sum  measurement  is  the  time  that  an  RF  signal  takes  U 
traverse  the  four -legged  path  from  the  transmitter  to  the  relay  satellite,  to  the 
target,  back  to  the  relay  satellite,  and  then  to  the  transmitter.  In  the  coherent 
tracking  mode  (relay  only)  the  range  sum  observation  is  the  light  time  for  the  two 
legs  from  the  transmitter  to  the  relay  satellite  and  back  to  the  transmitter. 

"he  range  sum  measurement  is  accomplished  through  sidetone  ranging  techniques 
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Figure  7-1.  SST  Tracking  Geometry 


The  Doppler  measurements  are  a function  of  a two-component  signal.  The  first 
component  originates  from  the  transmitter  at  tQ , follows  the  four-leg  path,  and 
is  frequency  shifted  by  the  motion  of  both  the  relay  satellite  and  the  target.  The 
second  component  originates  at  the  ground  transmitter  at  tj,  travels  to  the  relay 
satellite,  where  it  is  mixed  with  the  signal  arriving  at  t3  from  tt.e  target,  and  is 
rebroadcast  to  the  transmitter,  which  receives  it  at  t4  . The  latter  component  is 
frequency  shifted  only  by  the  motion  of  the  relay  satellite.  The  incoming  carrier 
signal  is  converted  into  a Doppler -plus -bias  signal  which  is  the  input  to  an  N-cycle 
counter. 
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7.3.2  Light  Time  Modeling 


In  the  formulation  of  the  modeling  procedures  used  in  the  computation  of  the  range 
nnrt  range-rate  measurements,  an  inertial  reference  frame  was  selected  since 
most  orbit  int^rators  use  an  inertial  frame  and  less  computation  is  required 
to  transform  a single  station  location  than  to  transform  two  satellite  state  vectors 
An  inertial  frame  also  makes  it  unnecessary  to  consider  aiqr  rotational  effects 
on  the  radar  signal.  All  signal  paths  are  straight  lines  traversed  at  a constant 
speed  c,  except  as  affected  by  atmospheric  refraction.  All  of  the  internal  calcu- 
lations are  carried  out  in  terms  of  time,  i.e„  the  light  time  for  the  range  and 
the  time  required  for  a given  number  of  cycles  of  tiie  Dqppler  frequency  to  be 
counted.  The  light  time  calculations  are  performed  by  means  of  a backward 
tracing  of  the  light  path  (see  Figure  7-1).  The  first  step  is  to  compute  the  trans- 
mitter location  at  time  t^.  Next,  the  state  vectors  of  the  relay  satellite  at  time 
tj,  the  target  at  time  the  relay  satellite  at  time  tj,  and  the  transmitter  at 
time  to  are  solved  for  successively,  using  an  iterative  procedure.  For  Doppler 
or  coherent  mode  data,  the  location  of  the  transmitter  at  t5  is  also  determined. 

If  a forward  solution  ’vere  used,  it  would  begin  at  to  and  solve  for  the  appropriate 
state  vectors  at  tj , tj,  tj,  and  in  succession.  The  advantage  of  a forward 
method  is  that  the  Doppler- shifted  carrier  frequency  is  known  for  each  leg  and  th< 
transponder  delay  can  be  calculated,  giving  the  exact  time  of  retransmission. 
However,  for  the  C-Band  and  S-Band  frequency  ranges  involved  in  the  ATSR 
satellite-to-satellite  system,  the  transponder  delays  are  virtually  constant  and 
sufficiently  small  that  the  motion  of  the  relay  satellite  and  the  target  during  the 
delay  can  be  ignored  in  the  light  time  solution.  Since  the  transmitter  location  at 
tj  is  a function  of  the  relay  satellite  orbit  and  the  coordinates  of  the  transmitter 
at  t^,  it  can  be  solved  for  most  efficiently  using  the  backward  tracing  method. 
Large  ambiguities  in  the  range  measurements  and  Doppler  measurements  can  be 
resolved  using  either  method,  since  the  high  resolution  correction  can  be  derived 
from  any  solution  which  is  in  the  neighborhood  of  the  true  time.  The  most  im- 
portant reason  for  favoring  the  backward  solution  is  the  simplicity  of  the  calcula- 
tion of  the  Doppler  count  interval. 

Since  the  Doppler  count  is  made  over  the  time  interval  between  two  positive - 
directed  zero  crossings  of  the  received  downlink  (Doppler  plus  bias)  signal,  it 
is  more  convenient  to  trace  the  light  path  backward  from  the  two  known  reception 
times.  As  the  observation  is  time  tagged  within  10"®  seconds  of  the  beginning  of 
the  Doppler  count,  the  first  of  these  reception  times  is  set  equal  to  the  time  tag. 


7.3.3  The  Range  Observation 

The  range  observation  measures  the  phase  shift  in  the  range  tone  corresponding 
to  the  time  required  for  a specified  phase  to  travel  from  the  transmitter  to  the 
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relay  satellite,  to  the  target,  back  to  the  relay  satellite,  and  then  back  to  the  sta- 
tion (for  the  coherent  mode  the  path  is  simply  from  the  transmitter  to  the  relay 
satellite  and  back).  The  range  tones  are  transmitted  as  a modulation  on  the 
carrier  signal;  they  return  modulated  on  the  carrier  (or,  in  the  crystal  mode,  on 
the  subcarrier).  In  practice,  the  time  delay  is  measured  from  the  zero  phase  of 
a 500  kHz,  100  kHz,  or  20  kHz  transmitted  range  tone  to  the  next  zero  phase 
in  the  received  signal,  which  gives  the  round  trip  time  minus  a whole  number  of 
range-tone  cycles.  This  ambiguity  is  partially  accounted  for  through  use  of  low- 
frequency  tones,  down  to  a minimum  of  8 Hz.  In  effect,  the  signal  which  stops 
the  timing  clock  is  disabled  until  the  return  of  the  zero  phase  of  the  lowest  fre- 
quency range  tone  which  was  transmitted  simultaneously  with  the  high-frequenc}' 
tone.  For  satellites  at  near -synchronous  altitudes,  an  ambiguity  still  remains 
in  the  number  of  8 Hz  cycles  which  should  be  added  to  the  range  time;  this  am- 
biguity must  be  resolved  in  the  orbit  determination  program  based  on  an  a priori 
estimate  of  the  orbit.  The  total  range  of  the  signal  propagation  path  is 

= I + 1 - riCtj  + Atj)| 

+ I'TiCtj)  - r^Ctj  + ATj)!  + irg(t^)  - TjCtj  + Atj)!  (7-48) 

for  foui’-way  ranging,  and 

= I V*s)  - + 1 

for  two-way  ranging  (used  for  coherent  mode  tracking  only),  where 
~ inertial  position  vector  of  the  relay  satellite 

» , \ 

inertial  position  vector  of  the  target  satellite 
Tg  inertial  position  vector  of  the  ground  station 
~ four-leg  round  trip  range 
Pg  ~ two-leg  round  trip  range 

Atj  ''  transponder  delay  during  first  pass  through  the  relay  satellite 
Atj  transponder  delay  at  the  target  satellite 

Ar^  transponder  delay  during  second  pass  through  the  relay  satellite 
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From  Equation  (7-48)  the  four-way  signal  propagation  time  is 

Atjj=-i:+At^  + + ^*^2  + ^'’’3  (7-50) 

C 1 4 

where 

At*  ~ atmospheric  delay  during  leg  1 
AtA^  atmospheric  delay  during  leg  4 
c vacuum  speed  of  light 

The  role  of  the  target  may  be  filled  by  a ground  transponder,  in  which  case  there 
ai  ^ two  additional  atmospheric  delays 

At.  ~ atmospheric  delay  during  leg  2 

Atj^^  ~ atmospheric  delay  during  leg  3 

and  Equation  (7-50)  becomes 

Atjj  + At^^  + Atj^^  + Atj^^  + At^^  + Atj  + Atj  + At^  (7-51) 

However,  the  atmospheric  delays,  which  are  of  the  same  order  as  the  uncertainties 
in  the  system  biases,  are  not  included  in  the  GTDS  satellite-to-satellite  tracking 
implementation,  reducing  Equations  (7-50)  and  (7-51)  to 


^*'^2  +^’■3 

The  satellite  transponder  time  delays  are  functions  of  the  frequency  of  the  signal 
received  by  the  transponder,  i.e.. 


ATj  = 

ATj  = (7-53) 

At,  = fiCi'j) 
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The  functioiis  fj  and  are  determined  by  bench  calibration  of  the  individual 
transponders  prior  to  the  launch  of  each  satellite,  and  are  entered  in  GTDS  as 
tables  of  transponder  delay  versus  frequency.  Delays  for  intermediate  frequencies 
are  then  obtained  by  interpolation.  In  the  absence  of  tables,  a nominal  (default) 
constant  delay  can  be  used. 


7. 3. 3.1  Range  Sum  Calculation 

The  actual  observations  are  not  corrected  for  transponder  delays  in  the  pre- 
processor since  Doppler  corrections  to  the  frequency-dependent  transponder 
delays  are  not  available  until  the  ground  transmitter-to-relay  satellite  leg  has 
been  solved.  Thus,  the  transponder  delay  is  added  to  the  computed  observation 
at  the  end  of  the  light  time  solution.  This  does  not  invalidate  the  light  time 
solution  itself;  however,  because  during  a typical  one -microsecond  transponder 
delay  a satellite  will  only  have  traveled  a distance  of  the  order  of  a few  milli- 
meters. The  light  time  for  each  transmission  leg  is  (neglecting  atmospheric 
delays) 


c 


Atj  = 


At3  = 


fjCtj)  - Tj(tj  + ATj)| 


TjCta)  - >*2(^2  + ^'^2)1 


(7-54) 


At,= 


**5(^4)  - ^(^3  + 


For  Doppler  or  coherent  mode  measurements,  a fifth  leg  is  required,  i.e., 


At 


s 


C 
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7-24  REPRODUCIBILITY  OF  THE 


Each  leg  of  the  light  path  is  solved  for  using  the  following  algorithm: 

(1)  Assume  that  t^  = i.e.,  that  At^  = 0,  and  calculate  the  state  of  the 

receiving  station  and  the  relay  satellite  at  t4. 

(2)  Calculate  the  time  required  for  light  to  traverse  the  path  rg(t4)  - (t4) 


At 


4 ~ 


C 
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(3)  Estimate  t^  as  t^  -At^  and  solve  for  the  state  of  the  relay  satellite  at 
this  new  estimate  of  tj . 

(4)  Refine  the  estim?ate  of  tj  using  the  formula 


(7-57) 


rs(t4)  - r,(t3)l 


This  formula  is  derived  from  the  Newton-Raphson  method,  which  con- 
verges quadratically. 


(5)  Repeat  steps  3 and  4 until  convergence  is  obtained. 


(6)  Proceed  in  the  same  manner  to  determine  Atj.At  and  A tj. 

The  desired  observables  are  modeled  from  the  exact  geometry  calculated  in 
this  fashion. 


7. 3. 3. 2 Partial  Derivatives  of  the  Range  Observation 

The  range  observation,  without  corrections  for  transponder  delays  and  atmospheric 
delays,  can  be  written  as 


+ -f2(t2)l  + ir‘s(t4)  - fiCtj)! 


(7-58) 
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where 


7g  ~ ground  station  position  vector 
~ relay  satellite  position  vector 
Tj  target  position  vector 

The  partial  derivatives  of  the  range  observation  with  respect  to  the  target  posi- 
tion and  velocity  vectors  are  then 

= I - "3)  C^-59) 


‘‘2(^2)  " I *‘1(^3)  “ *’2(*^2>I 


■ = 0 (7-60) 

3r2(‘2> 

where  and  63  are  unit  vectors  directed  along  legs  2 and  3,  respectively. 
Similarly,  the  partial  derivatives  of  the  range  observation  with  respect  to  the 
relay  satellite  position  and  velocity  vectors  are 


1 * * ^ 

^ = -(U, -Uj.Uj-U,) 
Br, 


(Y-61) 


= 0 (7-62) 


where  Uj  and  U4  are  unit  vectors  directed  along  legs  1 and  4,  respectively. 

For  differentiation  purposes,  rj(tj)  and  r^  (tj)  have  been  replaced  by  rj  , which 
represents  a mean  position  vector  lying  tetween  r^(t  ^)  and  rj(t3);  the  variations 
of  this  me^  vector  closely  approximate  those  of  r^  (tj ) and  7^  (t^).  Similarly, 
7j(tj)  and  rj(tj)  have  been  replaced  withT^. 

The  partial  derivatives  with  respect  to  the  relay  satellite  coordinates  or  with 
respect  to  target  satellite  coordinates  are  related  to  the  epoch  coordinates  via 
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the  appropriate  state  transition  matrix.  This  matrix  can  be  used  to  link  the  epoch 
time  with  any  convenient  time  within  the  observation  time  span;  however,  for 
practical  purposes,  it  can  be  considered  constant  for  the  duration  of  the  observa- 
tion, which  is  only  about  half  a second. 

Partial  derivatives  with  respect  to  the  coordinates  of  the  ground  station  or  a 
target  transponder  located  on  the  ground  are  chained  back  to  earth-fixed  geodetic 
coordinates,  using  Equation  (7-10).  The  partial  derivatives  of  the  range  observa- 
tion with  respect  to  station  coordinates  at  the  time  of  observation  are 


(7-63) 


where  rg(t(j)  and  rg  (t^)  have  been  replaced  with  a mean  station  location  vector  r^ . 


In  the  coherent  mode,  the  second  and  third  legs  are  missing  from  the  expression 
for  Atjj , so  that 


and 


— ^ = i(U5-u,) 
3T.  = 


3At  , . . 

— 1 = ! = i (u,  - U5) 

3T,  3r.  ' 


where  Uj  is  a unit  vector  directed  along  leg  5. 


(7-64) 


(7-65) 


7.3.4  The  Doppler  Observation 


The  Doppler  observation  involves  the  counting  of  a number  cf  cycles  of  a fre- 
quency returned  from  the  relay  satellite  to  Determine  its  Doppler  shift  du  ' to  the 
motion  of  the  relay  and  target  satelliteo  relative  to  the  ground  station  and  to  one 
another.  The  actual  frequency  counting  can  be  done  by  one  of  two  methods,  the 
destruct  mode  or  the  nondestruct  modc^. 

In  the  destruct  mode,  the  counter  input  frequency  is  the  sum  of  a bias  fre- 
quency plus  one-fifth  the  Doppler  frequency.  This  counter  Input  frequency, 
nominally  0.1  MHz,  is  counted  up  to  a fixed  number  of  cycles  N The  time  re- 
quired to  count  these  N ^ cycles  is  measured  by  Cq,  the  number  01  100  MHz  cycles 
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counted  in  the  s \me  time  period.  The  counter  is  then  reset  to  zero,  giving  rise 
to  the  nomenclature  destruct  mode.  The  observation  is  the  average  Doppler 
frequency  , which  is  related  to  the  average  value  v.  of  the  counter  input 
frequency  over  the  time  interval  by 


(7~66) 


In  the  nondestruct  mode,  the  counter  input  frequency  is  the  sum  of  a bias  frequency 
plus  100  times  the  Doppler  frequency.  It  Is  nominally  20  MHz,  and  is  to  be  counted 
over  a fixed  time  interval  At  The  resulting  count  is  cumulative,  since  the 
counter  is  not  reset  to  zero  between  measurements  (hence  the  name  nondestruct). 
The  time  interval  At over  which  each  count  is  taken  is  the  seme  as  the  time 
between  measuremei^s.  The  measurement  is  the  cumulative  count  Nq.  The  aver- 
age value  of  the  Doppler  frequency  can  be  calculated  from  the  raw  measurement 
via  the  relationship 


- - / Nn 

V.  = = 5 I — ■ ' 

d b/  A.- 


At 


RR 


V , = AsJlA  = _L  _ .A  (7-  6' 

^ 100  100  I Atjjg  H 

where  AN  is  the  Increase  in  the  N-count  since  the  previous  measurement,  after 
accounting  for  any  counter  overflows. 


7. 3.4.1  Formulation  of  the  Doppler  Observation 

In  all  three  tracking  modes  considered,  the  counter  input  frequency  can  be 
expressed  in  the  foi  m 


+ Ba3a2  - Cl  (7-68) 

where  is  the  system  reference  frequency,  the  a’s  and  /3's  are  the  Doppler 
factors  for  individual  transmission  legs,  and  the  coefficients  A,  B,  C are 
constants  which  depend  only  on  the  tracking  mode  counting  method  and  the  fre- 
quency options  used  (A  = 0 for  the  coherent  mode).  If  the  Lorentz  factor  (which 
is  approximately  1 10'^^)  affecting  tlie  timing  of  clocks  moving  with  the  tracking 

station  is  assumed  to  be  uidty,  toe  Doppler -factor  products  in  Equation  (7-68) 
can  be  expressed  as 


(7 -69a) 


/■ 
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and 


^3^2 


(7-6^b) 


where  time  rt.te  of  change  of  the  four-leg  round  trip  range  (ground 

£taticn-to-relay-to-target-tj-relay-to-ground  station)  and  Pg  is  the  time  rate 
of  change  of  the  two-leg  round  trip  range  (ground  station-to-relay-to-ground 
station).  These  relationships  are  derived  in  de  .ail  in  Reference  2. 


The  ttverage  Doppler  frequency  can  then  be  expressed  as 


= k(  y.  - 

^ in 


) |A 


-k]^ 
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:=  k 


v^(A  + B - C)  - 
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vdiere  k is  5 or  0,01,  depei  ding  on  whether  the  deslruct  or  nondestruct  mode  is 
being  used,  and  i ^ is  the  5 MHz  system  reference  frequency.  For  a particular 
tracking  configur^ion,  the  bias  tenv  (A  + B - C)  and  the  coeul dents  A and  B 
can  be  determined  in  advance,  lo  that  only  the  range  rates  p*j^  and  pg  need  to 
be  modeled  for  observation. 


The  ccunt  obtained  over  a time  interval  in  a destruct  mode  Doppler  count 
is 


N = 


I'.A  /'’r*^*rr  v.B  /"‘r’^’rr  . 


•'t. 


RR  “ 
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(AApj^  + aApjj) 
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where  and  Ayo  are  the  changes  in  the  four-leg  and  two- leg  round  trip 
ranges,  respectively,  during  the  time  Atpj^.  The  same  equation  applies  in  the 
nondestruct  mode.  These  relationships  pe^miit  modeling  of  the  DoppJer  meas- 
urement using  a backward  light-time  solution  algorithm.  For  either  destruct 
or  nondestruct  data,  a light-time  solution  is  performed  at  the  time  tag,  yielding 
values  of  and  p^ . A second  li^-time  solution  is  performed  at  the  time  tag 
plus  Atj^jj  for  the  destruct  mode  or  at  the  time  tag  minus  At^^^  for  the  nonde- 
struct mode.  Values  for  t^p^  and  Ap^  are  obtained  from  these  solutions,  and 
a value  of  AN  is  computed.  The  average  Doppler  frequency  is  set  equal  to 
k(AN/Atgjj  - v^).  Iterative  calculations  may  be  performed  in  the  destruct  mode, 
using  a Newton-Raphson  method  with  At^^  as  the  independent  variable,  until 
the  calculated  AN  is  within  a specified  margin  of  the  preset  count  N.  Corrections, 
such  as  transponder  delays,  are  not  required,  since  only  the  differences  are 
used  in  the  Doppler  light-time  solutions. 


7. 3. 4.2  Partial  Derivatives  of  the  Doppler  Measurement 

Since  the  dimension  of  the  Doppler  measurement  varies  according  to  v4iether 
the  destruct  or  nondestruct  mode  is  being  used,  and  since  preprocessing  of  the 
data  will  often  change  the  dimensions  of  the  measured  observations,  GTDS 
converts  all  of  the  observations  and  expresses  the  partial  derivatives  in  terms 
of  the  average  Doppler  frequency  , i.e.. 


30  3v . 
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In  this  equation,  s is  the  total  state  vector,  which  includes  both  the  position  and 
velocity  vectors.  When  At  is  modeled  in  the  destruct  mode 
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and 


3At 


where  Sq  is  the  state  vector  at  epoch. 
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In  the  nondestruct  mode 


AN  = At„(100 
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and 


Now, 
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where  and  pg  represent  the  average  range  rates  over  the  time  interval  At^j^. 
The  average  range  rate  is  given  by 
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and 
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where  p represeuts  Ps  * ^ state  transition  matrix  (see 

Section  6.5)  from  epoch  time  to  to  time  t.  As  indicated  in  Section  7.3.3,  the 
partial  derivatives  of  the  range  with  respect  to  any  of  the  velocity  components 
are  zero.  Thus,  Equation  (7 -79) reduces  to 
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where  <l>  represents  a modified  state  transition  matrix,  consisting  of  the  first 
three  rows  of  the  state  transition  matrix,  i.e., 


3s(‘o) 

where  T represents  the  position  vector  of  the  relay  satellite,  the  target  satellite, 
or  the  ground  station. 

The  partial  derivatives  of  tha  average  range  rates  p^  andpg  with  respect  to 
the  relav  satellite  state  at  epoch  can  be  expressed  as 
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The  partial  derivatives  with  respect  to  the  target  satellite  state  are  given  by 


i^)  = t„)  - (0,  - 03)1^  t,)}  (7-84) 
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Finally,  the  partial  derivatives  with  respect  to  the  ground  station  state  are 
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After  the  range-rate  partial  derivatives  have  been  determined,  an  appropriate 
transformation  must  be  applied  to  obtain  the  partial  derivative  of  the  input  measure- 
ment. For  exanple,  the  partial  derivative  of  the  Doppler  count  interval  is  given 

by 


BAt  _ - (At  f ^ 
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(7-88) 


where  A,  B,  and  are  defined  in  Section  7. 3. 4.1. 

The  state  vectors  of  the  relay  and  target  satellites  may  also  depend  on  dynamic 
parameters  (e.g.,  solar  radiation,  geopotential  coefficients,  etc.)  which  are  to  be 
solved  for.  If  both  state  vectors  liave  a common  variable,  the  partial  derivative 
is  the  sum  of  the  two  independent  partial  derivatives.  For  example,  the  partial 
derivative  of  the  four-leg  average  range  rate  with  respect  to  a gravitational 
constant  G is 
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7.4  RADAR  ALTIMETER  MODEL 

GTDS  models  the  satellite’s  orbital  state  vector  in  inertial  coordinates.  However, 
the  radar  altimeter  measures  the  height  of  the  satellite  relative  to  the  actual  sea 
surface  at  the  subsatellite  point.  Thus,  the  observation  modeling  must  relate  the 
inertial  coordinates  to  the  actual  sea  surface  height.  This  is  accomplished  by 
expressing  both  the  satellite’s  position  and  the  sea  surface  in  body-fixed  coordi- 
nates X,, , y^  and  • 


7.4.1  Surface  Model 

The  sea  surface  is  primarily  determined  by  the  earth’s  gravity  potential,  which 
is  the  sum  of  the  gravitational  potential  and  the  potential  of  the  centrifugal  force 
resulting  from  the  earth’s  rotation,  A particular  equipotential  surface  of  the 
earth’s  geopotential  field,  called  a geoid,  passes  through  the  mean  sea  level 
surface  and  is  nearly  spherical,  with  flattening  at  the  poles  and  a pear-shaped  bulge 
in  the  south'  '^n  hemisphere.  The  geoid  approximates  very  closely  (within  a meter 
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or  two)  the  real  sea  surface  in  ocean  areas.  Small  static  and  dynamic  differences 
between  the  instantaneous  sea  surface  and  the  geoid  are  caused  by  currents,  tides, 
and  weather  phenomena.  Typical  magnitudes  of  these  deviations  (References  3 
and  4)  are  presented  in  Table  7-1, 


Table  7-1. 

Sea  Surface  — Gteoid  Deviation  Sources 


Source 

Typical  Magnitude 

Sea  swell 

Wind  waves 

Storm  surges 

Barotropic  depressions 

Currents 

Tides 

1 meter 
1 meter 
lo  centimeters 
10  centimeters 
1 meter 
1 meter 

Since  complete  information  is  unavailable  for  modeling  Wef^e  small  effects,  they 
are  n^lected  in  the  radar  altimeter  model. 

A reference  surface  is  utilized  which  is  conveniently  ch:>seM  to  be  a rotationaJly 
symmetric  ellipsoid  that  best  fits  the  geoid  in  a least  squares  sense.  The  maxi- 
mum distance  between  this  ellipsoid  and  the  geoid  is  approximately  100  meters. 
This  ellipsoidal  surface  also  represents  an  equipotential  surface  of  the  normal 
geopotential,  which  includes  (in  addition  to  the  point-mass  term)  even  zonal 
harmonic  coefficients,  of  which  only  C®  and  cj  are  significant.  As  a result,  the 
sum  of  the  additional  terms  needed  to  fully  describe  the  geopotential  (i.e.,  the 
disturbing  potential)  is  small  (Reference  5). 


POLE 
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Figure  7-2  shows  an  exaggerated  cross  section  of  the  geoid  and  the  reference 
ellipsoid.  The  distance  measured  along  the  normal  to  the  reference  ellipsoid 
from  point  Q to  the  point  P on  the  geoid  is  called  the  geoidal  undulation  and  is 
designated  by  U.  Expressing  the  geopotential  function  'A  as  the  sum  of  the  normal 
geopotential  and  the  disturbing  potential  yields 


where,  from  Section  4.3, 
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In  these  equations,  r is  the  geocentric  radius,  <p'  is  the  geocentric  latitude,  k 
is  the  longitude,  and  is  the  earth’s  equatorial  radius.  The  geopotential  function 
(the  sum  of  the  normal  geopotential  and  the  disturbing  potential)  differs  from  the 
gravitational  potential  in  that  it  includes  a term  which  represents  the  centrifugal 
potential  due  to  the  earth's  rotation.  This  term  is  included  in  the  second  zonal 
harmonic  coefficient.  Furthermore,  the  Cj  term  in  the  normal  geopotential  is 
a function  of  C® , whereas  C®  and  Cj  are  not  functionally  related  in  the  gravi- 
tational potential.  Consequently,  ACj°  and  AC°  are  included  in  Equation  (7-94)  to 
account  for  these  differences. 

In  order  to  evaluate  the  magnitude  of  the  geoidal  undulations,  the  geoid  of  potential 
0Q  is  compared  with  the  reference  ellipsoid  of  the  same  potential  4'fi  (Q)  = '/'o  • 

The  normal  potential  at  P can  be  approximated  by  the  linear  relationship 

■>„(?)  = '/'nCQ)  +(^'l 


7-36 


where  7(Q)  is  normal  gravity,  i.e.,  the  magnitude  of  the  gradient  of  the  normal 
geopotential  on  the  reference  ellipsoid  at  the  point  Q,  where  the  algebraic  sign  is 
consistent  with  geodetic  convention. 

By  definition 


and 


^(P)  =V'n(P)  + ‘/'d(P) 

(7-96) 

4>(P)  = % = 

(7-97) 

Substituting  Equations  (7-96)  and  (7-97)  into  Equation  (7-  95)  yields  Brun's  Formula 
(Reference  5)  for  the  geoidal  undulation 


U = 


'Ad(P) 

7(Q) 


(7-98) 


The  geoidal  undulation  U is  a function  of  the  disturbing  potential  at  the  point  P 
and  normal  gravity  y at  the  point  Q.  However,  frequently  the  coordinates  of  the 
point  Q are  known,  but  not  those  of  point  P.  In  this  case,  evaluation  of  the  dis- 
turbing potential  at  Q instead  of  P will  cause  only  a small  error  in  the  calcu- 
lation of  U. 

A better  approximation  for  the  disturbing  potential  (P)  can  be  obtained  by 
correcting  the  geocentric  radius  r by  the  undulation  U,  calculated  as  described 
above.  This  value  can  then  be  used  in  Equation  (7-98)  to  obtain  a better  value 
of  U.  Standard  (normal)  gravity,  which  is  the  gradient  of  the  normal  potential 
is  derived  as  a function  of  geodetic  latitude  and  equatorial  gravity  in 
Reference  3,  yielding 


where 


7 = “ ^2  sin  0 + f^  sin*  (p) 


(7-99) 
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and 


normal  equatorial  gravity,  which  is  978.049  cm/sec^  for  the  Inter- 
national Ellipsoid 

cj  ~ earth's  rotation  rate  = 0.72921151  x lo"^  rad/sec 

0 'V'  geodetic  latitude 

f flattening  of  the  reference  ellipsoid;  f = (a  - b)/c,  where  a and  b are 
the  semimajor  and  semiminor  axes,  respectively,  of  the  reference 
ellipsoid. 

The  value  of  m is  obtained  iteratively  from  the  expression 

3 

•"n  = — - ”2  (7-101) 

' e 


Starting  from  mo  = 0.00344986. 

The  normal  geopotential  field  and  the  normal  gravity  field  of  the  reference 
ellipsoid  are  determined  by  four  constants,  usually  chosen  to  be 

a semimajor  axis  of  the  reference  ellipsoid 

f ~ flattening  of  the  referenc  ellipsoid 

~ equatorial  gravity 

CO  ~ earth's  angular  speed  of  rotation. 

The  flattening  f of  the  reference  ellipsoid  of  revolution  and  the  values  of  cj  for 
the  spherical  harmonic  expansion  of  the  normal  potential  are  directly  related. 
Thus,  Cj  can  be  used  instead  of  f as  one  of  the  four  constants. 

7.4.2  Measurement  Equation 

Ideally,  the  radar  altimeter  measure  the  minimum  distance  from  the  spacecraft 
to  the  sea  surface,  which  is  equivalent  to  the  distance  from  the  sea  surface  to 
the  spacecraft  measured  normal  to  the  sea  surface.  Since  the  sea  surface  is 
closely  approximated  by  the  geoid,  the  geoid  is  a convenient  reference  surface 
for  altimetry;  however,  the  present  global  mathematical  models  of  the  geoid  are 
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not  accurate  in  fine  detail.  In  the  remainder  of  this  section,  the  term  geoid  will 
denote  the  mathematical  model  of  the  geoid  represented  by  means  of  a spherical 


The  minimum  distance  from  the  geoid  to  the  spacecraft  is  indicated  by  the  Ime 
segment  OP  in  Figure  7~3.  Solving  for  this  distance  is  difficult  because  of  the 
complicated  form  of  the  equations  for  the  geopotential.  Therefore,  an  approxi- 
mation to  the  distance  H is  made  by  using  the  length  of  the  line  segment  OP’ 
along  the  normal  to  the  reference  ellipsoid  passing  through  the  spacecraft. 

The  spacecraft  position  is  assumed  to  be  known  in  earth-fixed  Cartesian  coordi- 
nates Xj, , y^ , and  by  transforming  from  inertial  to  body-fixed  coordinates 
using  the  methods  of  Section  3.3.1.  The  geocentric  latitude  0' , the  longitude 
and  the  magnitude  r^^  of  the  position  vector  to  the  spacecraft  are  given  by 


0' 


tan"^ 


(7-102) 
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\nd 


\ = tan’^ 


+ Vk  + z; 
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The  geodetic  latitude  <P  and  altitude  h’  to  the  subsatellite  point  S'  on  the  reference 
ellipsoid  are  obtained  from  Section  3.3.6  as 


tan  <t>  - 


<i  = — — Tl (2f  - 

(N  + h')'  'J 


where 
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COS  (p 
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Equations  (7-105),  (7-106),  and  (7-107)  must  be  solved  iteratively. 

The  geoid  undulation  U'  at  S'  is  obtained  from  IJrun's  Equation,  Equation  (7-98), 
(where  (P)  is  given  in  Equation  (7-94)  and  > ^S')  is  given  in  Equation  (7-99)) 
and,  if  necessary,  using  the  procedure  described  in  Section  7.4.1  to  obtain  the 
required  precision. 

Therefore,  the  resulting  approximation  for  H is 

H = H'  = h'  - u'  (7-108) 


7.4.3  Partial  Derivatives 

Partial  derivatives  of  the  observation  are  determined  by  transforming  the  observa 
tion  partial  derivatives  with  respect  to  body-fixed  coordinates  to  partial  deriva- 
tives with  respect  to  inertial  Cartesian  coordinates  as  described  in  Section  7.2.2. 
The  partial  derivative  of  H with  respect  to  r^  is  transformed  to  a partial  deriva- 
tive with  respect  to  R as  follows  i 
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The  partial  derivative  of  H in  Equation  (7-109)  involves  numerous  higher  order 
terms  because  of  the  dependence  of  the  location  of  P'  (Figure  7-3)  on  the  i r.dula- 
tion  U'  and  the  coordinates  x„,  y^,  and  Zf  However,  these  effects  can  be  neglected 
to  first  order.  The  partial  derivative  of  H with  respect  to  is  therefore  approxi- 
mated as 


where 


Equation  (7-110)  is  exact  for  a spb''rical  geoid. 


(7-110) 
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7.5  VERY  LONG  BASEUNE  INTERFEROMETER  (VLBI)  MODEL 

The  Very  Long  Baseline  Interferometer  (VLBI)  system  records  signals  trans- 
mitted by  a satellite,  along  with  timing  signals  from  a local  atomic  clock,  at 
two  or  more  ground  stations.  The  presence  at  each  station  of  accurate  atomic 
clocks,  which  can  be  coordinated  by  comparison  with  portable  clocks  dispatched 
between  stations,  means  that  the  signals  from  the  satellite  recorded  at  each 
station  can  be  time  correlated  with  great  precision,  llie  ground  stations 
measure  phase  differences  between  simultaneously  received  signals  transmitted 
by  the  spacecraft.  The  observables  are  a phase  difference  time  interval  r and 
its  time  derivative  r . The  time  difference  r is  the  difference  in  the  spacecraft 
range  as  measured  from  each  of  the  ground  stations  on  a given  baseline,  divided 
by  the  speed  of  light  c.  Neglecting  atmospheric'  effects,  the  time  difference 
between  reception  of  the  same  wavefront  or  phase  at  the  first  and  second  stations 
is 


T 


(7-112) 
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where  pj  and  pj  are  the  ranges  from  the  first  and  second  statioiis  to  the  satellite, 
respectively.  The  range  vectors  and  r^^^  are  evaluated  in  the  local  tangent 
plane  system  certere^i  at  t^e  firct  occond  stations,  respectively.  An  itierativc 
procedure  is  required  to  determine  r,  since  t’  actual  light  time  be*  *!  the 
satellite  and  the  station  is  not  known  initiailv.  The  iteration  is  initiated  oy  assum- 
ing that  r is  zero  on  the  right-hand  Fide  oi  VJquation  (7 -112). 


The  time-rate  (Doppler)  difference  i is  the  difference  in  spacecraft  range  rate 
as  measured  from  each  station  and  divided  by  c,  i.e.. 


(7-113) 


The  partial  derivatives  of  r and  r with  respect  to  the  epoch  state  vector  components 
and  dynamic  model  pararaeters  are  given  by 
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where  t’  - t + r . 


The  partial  derivatives  BR(t)/B^  andBR(t)/dp  are  obtained  from  solutions  to  the 
variational  equations;  the  partial  derivatives  B7j^(t)/BR(t),  B7j^(t)/dR(t),  and 
Btjt(t)/3^(t)are  presented  in  Section  7.2.2;  and  the  partial  derivatives  of  the 
p's  and  p 's  with  respect  to  their  ..‘espective  station-centered  local  tangent  plane 
coordinates  are  given  Sections  7.2.3.2  and  7.2. 3. 3. 
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7.6  ATMOSPIITCIUC  EFFECTS 

All  satellite  radar  tracking  observations  from  ground  tracking  stations  are 
affected  by  the  propagation  characteristics  of  electromagnetic  radiation  through 
the  earth's  atmosphere.  The  bending,  or  refraction,  of  Uie  rayt^  means  that  a 
measurement  ''f  the  dircetlen  of  the  signal  propagation  at  the  ground  does  not 
correspond  to  tlic  dire  ction  of  the  relative  position  vector  between  the  spacecraft 
and  the  tracking  station.  This  ray  bending  also  requires  that  the  interpretation 
of  the  Doppiei  -shift  m^»'isarement  must  be  based  on  the  projection  of  the  appro- 
priate velocity  along  the  local  propagation  path  direction,  not  along  the  relative 
position  vector.  Since  the  local  propagation  speed  in  the  atmosphere  is  difttrent 
from  the  vacuum  speed,  the  interpretation  of  time-delay  measurements  must 
account  for  this  effect. 

In  principle,  the  refraction  effects  may  be  characterized  in  terms  oi  the  variable 
local  index  of  refraction  n of  the  medium  through  which  the  signal  is  propagated. 

It  is  assumed  in  the  correction  algcrithms}  that  locally  the  atmOi:.phere  is  spherically 
symmetric  with  respect  to  the  center  of  the  eaith;  therefore,  n varies  only  with 
the  altitude  h (measured  radially)  at  each  tracking  statio"".  However,  the  n 
versus  h profile  is  determined  as  a function  of  the  station  location  and  the  varia- 
tions in  solar  flux.  The  nature  of  these  deperdencies  is  discussed  in  the  following 
sections,  which  present  the  mathematical  algorithms  characterizing  the  three  basic 
refraction  effects  considered. 


7.6.1  Troposphere  Model  (References  6 and  7) 

The  troposphere  is  the  familiar  gaseous  atmosphere,  which  extends  from  the 
earth's  surface  upward  to  a sensibh>  limit  ol  about  30  kilometers.  For  the 
microwave  frequencies  of  interest  in  spacecr?""!  tracking,  the  troposphere  is 
essentially  a nondispersive  medium,  i.e.,  the  index  of  refraction  n is  independent 
of  the  frequency  of  the  signal  transmitted  through  it.  Within  this  region,  n is 
expressed  as 


n 1 + N.,. 

where  the  tropospheric  refr activity  depends  only  on  the  the.  .Tiodynamic 

properties  of  the  air.  Since  temperature  and  pressure  data  are  not  readily 
available  at  altitude,  surface  data  are  used  to  compute  the  surface  refractivity 
N, , and  an  exponential  decay  with  altitude  is  assumed 


= N. 


(7-116) 
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where  h , and  are  the  altitude  and  refractivity  at  the  tracking  site,  reppectively, 
and  H-p  is  the  tropospheric  scale  height,  i.e.. 


J.OD 

T 

h 


(h)  dh 


The  National  Bureau  a Standards  Central  Radio  Propagation  T sboratory 
(NBS  CRPL)  gives  values  of  the  scale  height  for  different  values  of  the  surface 
refractivity.  Referenre  6 stresses  the  importance  of  using  corresponding  values 
of  and  (Some  formulations  have  fixed  at  a standard  value,  allowing 
only  to  vary.) 


7.6.2  Ionosphere  Models  (References  8 through  12) 

Abo'^e  the  troposphere  is  another  ’’atmosphere"  called  the  ionosphere,  consisting 
of  ionized  particles  and  extending  from  about  80  kilometers  to  beyoiMl  1000 
kilometers.  The  index  of  refraction  n is  less  than  1 in  this  dispersive  medium 
and  it  is  expressed  rigorously  in  lerms  of  the  ionospheric  refractivity  Nj . For 
the  sign  convention  chosen,  the  ionospheric  refractivity  Nj  > 0 and 

n2  = l-2N, 

The  difference  from  unity  is  small,  and  to  first  order  in  the  refractivity  Nj , n 
can  be  written  in  a form  analogous  to  that  for  the  troposphere 


n = l-Nj  (7-118) 

The  refractivity  depends  on  the  electron  density  (in  elecirons/m^)  and  the 
signal  frequency  v (in  Hz)  according  to 


40.3N 


(7-119) 


The  electron  density  profile  for  the  ionosphere  reaches  a maximum  value 
at  altitude  h„,,  decaying  to  zero  very  rapidly  below,  and  very  slowly  above,  this 
altitude  (Figure  7-4).  The  exact  shape  of  the  profile  and  t^e  values  of  and  h^ 
are  highly  variable  functions  of  geographical  location,  time  of  day,  season,  and 
sunspot  activity.  If  sufficient  ionospheric  sounding  data  are  measured  (with  an 
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ionosonde  or  a backscattering  radar)  at  a given  location  and  time,  a reasonably 
' .curate  construction  can  be  made  of  the  electron  density  profile.  From  these 
data,  interpolated  to  the  time  and  geographic  location  of  interest,  the  values  of 
N and  h„  can  be  estimated. 

m n 


ELECTRON  DENSITY,  N 


Figure  7-4.  Empirical  Worldwide  Electron  Density  Profile 
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7. 6.2.1  Modified  Chapman  Profile 


The  quantities  and  h^  define  only  one  point  on  the  electron  density  versus 
altitude  profile.  Tlie  other  points  can  be  assumed  to  lie  on  a modified  Chapman 
profile  in  the  form  (Reference  8) 

N =N  (7-120) 

^ I& 


Z 


where  h is  the  altitude  and  is  the  ionospheric  scale  height. 


(7-121) 


Substituting  the  modified  Chapman  profile  (Equation  (7-120))  into  Equation  (7-119) 
gives 


40  3 N 

N ~ > (7-122) 

as  the  altitude  variation  of  the  ionospheric  refractivity. 

It  is  generally  conceded  that  the  modified  Chapman  profile  does  not  represent 
the  best  possible  normali'sed  protile.  The  fixed  ratio  of  the  total  electron  content 
above  the  maximum  point  to  that  below  tends  to  be  too  large,  on  the  average, 
compared  with  the  observed  diurnal  variation.  However,  the  theoretical  founda- 
tion upon  which  Chapman  based  the  derivation  (Reference  9)  and  the  susceptibility 
of  the  function  to  treatment  of  refraction  effects  ir  a closed  anal3rtical  form  argue 
for  its  continued  use. 

In  GTDS,  the  maximum  electron  density  and  its  associated  altitude  h^  are 
determined  as  functions  of  the  tracking  station  location  and  the  variations  in 
solar  flux.  The  method  of  characterizing  and  determining  these  variables  is 
described  in  Section  7. 6. 2.3.  The  ionospheric  scale  height  is  given  in  Reference  8 
as 


Hj  = I [30  + 0.2(h„  - 200)]  (km) 


(7-12G) 
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7. 6.2. 2 Empirical  Worldwide  Profile 


The  electron  density  profile  is  modeled  as  consisting  of  a biparabolic  bottomside 
layer,  a parabolic  topside  layer,  and  a five-sectioned  topside  exponential  layer, 
as  shown  in  Figure  7-4.  This  profile  is  defined  by  the  following  equations 

Bottomside 

N.  = N,  h 

-3’ 

(Segment  A-B; 

(7-124) 

Topside 

N,  = N t 

I ml 

V y?/ 

1 (Segment  B-  C) 

(7-125a) 

Nj  =N^e" 

•kiaj 

(Segment  C-D) 

(7-125b) 

Nj  =N2e' 

^2®2 

(Segment  D-E) 

(7-125C) 

Nj  = N3e‘ 

(Segment  E-F) 

(7-126d) 

Nj  - N^e 

(Segment  F - G) 

(7-125e) 

N,  =Nje 

(Segment  G-H) 

(7-125f) 

where 

- ay 
•'m 

(V-126a) 

.1333  (foF2-10.5) 


for  FqFj  Si  10.5  MHz 
for  FqFj  > 10.5  MHz 


(7-126b) 


b = h - h 

m 

(7-126C) 

= h - hj 

(7-126d) 

32  = b - hj 

(7-126e) 

a,  ::  h - hj 

(7-126f) 
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(7-126g) 


85  = h - hg  (7-126h) 

The  empirical  profile  is  completely  defined  by  the  parameters  N^,  and  y^^ 
for  the  bottomside  segment,  and  Nj,  N^,  N^,  N^,  N^,  kj,  k j,  k^,  k^,  k^,  hj , h^, 
h3,  h4,  and  hs  for  the  topside  segment.  The  maximum  electron  density  point 
(h  , N ) is  determined  as  a function  of  the  location  and  the  variations  of  the  solar 
flux  as  described  in  Section  7. 6. 2. 3.  The  parameters  hj  through  h 5 are  defined 
as  follows 


W = + d 

(7-127a) 

hj  = h,  +1  (1.0  X 10*  -h,) 

(7-127b) 

hj  =h,  +|(l,0x  10^  -h,) 

(7-127C) 

= 1 000  km 

(7-127d) 

hg  = 2000  krij 

(7-127e) 

and  d can  be  determined  from 

/l  + kjyj  - 1 
d - ^ ‘ 

(7-128) 

The  values  cf  Nj  through  Ng  are  determined  sequentially  for  the  adjacent  lower 
profile  segments  so  as  to  maintain  continuity  of  Nj  at  the  segment  interfaces 

(7-129a) 

(7-129b) 

(7-129C) 

= Nge  ^ ^ 

(7-129d) 

= N^e  ' 

(7-129e) 
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The  final  independent  variables  for  the  segmented  Nj  versus  h profile  are  the 
maximum  electi.>n  density  N„,  its  associated  altitude  the  half-thickness  of  the 
bottomside  layer  y„  * and  the  decay  constants  kj  through  ks  for  the  five  topside 
exponential  layers,  respectively.  The  method  for  determining  these  variables 
in  GTDS  is  described  in  Section  7. 6. 2. 3. 


7. 6. 2. 3 Electron  Density  Profile  Parameters 

Both  the  Chapman  and  the  empirical  profiles  require  the  maximum  electron 
density  and  its  associated  altitude  h„.  These  variables  are  determined 
(References  10  and  12)  as  functions  of  the  critical  frequency  of  the  Fj  layer, 
fjjF2»  the  M-factor,  which  is  the  ratio  of  MUF(3000)F2  (the  highest  frequency 
usable  for  a 3000  kilometer  single  hop  propagation  via  the  F^  layer)  to  the 
critical  frequency  Iq  Fj , i.e., 


h^_  [1346.92  - 526.40  X (M- factor)  + 59.825  x (M- factor)^] 
N„  = 1.24x  lO’^x  (foF2>2 


(7-130) 


where  is  in  electrons/m^ , h^  is  in  kilometers,  and  fgFj  is  in  Hertz.  The 
critical  frequency  and  the  M-factor  are  functions  of  location  and  the  variations 
of  the  solar  flux. 


The  critical  frequency  fQ?,  and  the  M-factor  (also  denoted  M(3000)F2),  required 
for  the  profile  calculation,  are  computed  from  monthly  coefficient  sets 
using  equations  based  on  Fourier  series  expansions  and  spherical  harmonic 
analysis,  which  were  developed  by  the  Institute  for  Telecommunication  Sciences 
(ITS)  in  Boulder  (now  National  Oceanic  and  Atmospheric  Administration  - 
Boulder). 

The  values  of  f^Fj  and  M(3000)F2  are  functions  ^(0,  ^ , T)  of  geodetic  latitude 
(p,  longitude  k,  and  time  T,  The  function  0 (0,  \,  T)  can  be  expressed  by  a 
series  of  products  of  time-dependent  functions  D(T)  and  position-dependent 
geodetic  functions  G(0 , ) 


0(0,  k,  T)  = 0 


K 


k ■ 0 


0,^(0,  k) 


(7-131) 


where  K is  the  cutoff  point  for  the  approximate  representation  of  K = 75  when 
0 = foFj » and  K ~ 48  when  0 = M(3000)Fj  . These  cutoff  points  were  originally 
determined  using  a Student's  t test. 
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The  time-dependent  functions  can  be  expanded  in  their  Fourier  series  represen- 
tation with  the  coefficients  and 

H 

Dl^(T)  = ^ cos  jT  + sin  jT)  (7-132) 

j “1 


The  number  of  harmonics  retained  in  the  series  is  H;  higher  harmonics  are  not 
considered  since  they  are  produced  more  by  noise  than  by  real  physical  varia- 
tion. It  is  sufficient  to  use  H - 6 for  the  f qFj  computation  and  H = 4 for  the 
M(3000)F2  computation. 

The  Fourier  coefficients  A?*')  and  are  numerically  m^ped  as  predicted, 
or  final,  coefficients  U,  , which  are  the  fo  Fj  or  M(3000)F2  coefficient  sets 
used  for  the  f^Fj  and  M(3000)F2  computations,  respectively. 


Thus, 


j=0. 
j = l. 


(7-133) 


K H K 

n(0,  A.,  T)  = ^ I Uq  j^G^(0,  a.)  + ^ * cos 

k»0  j • 1 L 


(7-134) 


i sin  jT-  2^  Uj..,  ^ G^(0. 

k ■ 0 


The  geodetic  functions  G,^(<?>,  A.)  are  linear  combinations  of  the  surface  spherical 
harmonics.  Extensive  investigations  to  find  the  best  arguments  for  the  harmonic 
functions  resulted  in  the  use  of  the  modified  magnetic  dip  x = x(0.  A.),  since 
smaller  residuals  between  the  measured  and  computed  test  data  values  for  fgFj 
were  obtained  for  this  case  than  for  any  other  case.  Thus,  G^^(cp,  k)  is  both  an 
explicit  and  an  implicit  function  of  latitude  <p  and  longitude  \,  i.e., 
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X 


(7-135) 


Cg((t>,  k)  = sin’" 

Q|-  1, 

X.)  = sin  ^ X • cos  <p  • sin  k>c 
k = 1,  2,...  K 

where  denotes  the  highest  power  of  sin  x for  the  k‘^  order  j<jrmonic  in 
longitude. 

The  modified  magnetic  dip  x is  an  explicit  function  of  latitude  and  the  magnetic 
dip  'i,  where  ^ is  computed  from  the  magnetic  field  compoaents  X(0,  \),  Y{<p,  k), 
Z(0 1 A. )i  i.e.| 


sin  X 


+ cos  <p 


'i  = tan”^ 


-Z 

/5FTy2_ 


(7-136) 


where  X,  Y»  and  Z are  the  north,  east,  and  vertical  components  of  the  magnetic 
field  vector.  They  are  computed  following  the  spherical  harmonic  analysis  of 
the  magnetic  field  by  Chapman  and  Bartels,  as  discussed  in  detail  in  Reference  11. 
Defining 


6 = 90®  - <p  and 


R 


R. 


where  equatorial  radius  of  the  earth 

h^  ~ height  of  the  Fj  layer 

the  following  expressions  for  X,  Y,  and  Z result 

~ P (cos  0)  cos  + h""  sin  m\]  R 


n+2 


6 n 


n ■ 1 m*  0 
6 r> 

=z:e 

n ■ l m • 0 


mP  (cos  d) 

— [g™  sin  - h™  cos  m\] 

sin^  " " 

“(n  + 1)  m(cos  6)  [gj[  cos  s inm\]  R"'*’^ 


(7-137) 
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Values  tabulated  from  the  analysis  of  th3  magrietic  field  for  Epoch  1960  are  used 
for  the  coefficients  and  h®.  The  quantity  „ (cos  is  a multiple  of  the 
associated  Legendre  function. 

In  addition  to  the  maximum  electron  density,  the  empirical  electron  density 
profile  also  requires  the  half -thickness  of  the  bottomside  layer  y^  , and  the  five 
topside  decay  constants  kj  through  The  bottomside  layer  half -thickness  is 
interpolated  from  tables  in  which  y„  is  modeled  as  a function  of  fo  Fj  and  local 
time.  The  five  topside  decay  constants  are  interpolated  from  tables  as  functions 
of  Iq  Fj,  magnetic  latitude,  and  daily  solar  flux.  Adjustments  for  seasonal  effects 
are  then  made  for  y^  and  the  lower  three  exponential  decay  constants.  The 
magnetic  latitude  is  given  by 


4>  = sin”' [sin  0 sin  0 + cos  0 cos  0 cos(A--A-)]  (7-138) 

where  (0^,  ) are  the  geodetic  latitude  and  longitude  of  the  magnetic  north  pole. 

7.6.3  Chapman  Profile  Refraction  Corrections 

The  refraction  correction  formulas  described  in  this  section  assume  a spherically 
symmetric  atmosphere.  The  tropospheric  correction  terms  utilize  an  exponential 
refractivity  profile  and  the  ionospheric  correction  terms  utilize  a modified 
Chapman  electron  density  profile.  Approximations  in  the  derivation  limit  the 
application  at  very  small  elevation  angles.  The  values  for  and  h^^j  used  in 
the  following  equations  are  determined  as  functions  of  the  location  of  the  tracking 
station  and  the  time  as  described  in  Section  7.6. 2.3.  The  scale  height  is 
calculated  from  Equation  (7-123). 

7. 6. 3.1  Range  Correction 

There  are  two  speeds  associated  with  electromagnetic  signal  propagation  through 
a medium  of  index  of  refraction  n 


c 

p 


phase 


speed  = — 
n 


= group 


speed 


c 


where  c is  the  vacuum  speed  of  light. 


n + V 


dn 

dv 


(7-139) 

(7-140) 
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The  phase  speed  is  the  speed  associated  v ith  a phenomenon  sensed  by  a phase 
measurement.  The  group  speed  is  the  speed  associated  with  a measurement 
of  the  transmission  time  of  an  energy  pulse.  In  a nondispersive  medium,  such 
as  the  troposphere,  dn/dv  = 0 by  definition;  therefore,  the  phase  and  group 
speeds  are  the  same 


c 

p 


c 

s 


1 +N^ 


(7-141) 


in  terms  of  the  refr activity  given  by  Equation  (7-115).  The  ionosphere,  however, 
is  dispersive  and  the  two  speeds  are  different.  Appropriate  differentiations  and 
substitutions  of  Equations  (7-117),  (7-118),  and  (7-119)  into  Equations  (7-139) 
and  (7-140)  show  tliat,  to  first  order  in  Nj 


C C 

^ n 


(7-142) 


c =nc  = (l-N,)c^_^  (7-143, 

The  phase  speed  is  greater  than  the  vacuum  speed  oi  light.  The  time  associated 
with  the  transmission  of  a signal  over  a path  from  the  tracking  station  to  the 
spacecraft  is  written  as 


At  = 

p 


r ds/Cp  =i  f (1  +N^)ds  I (1  -Nj)  ds 

•'total  path  *^t  t opospher  e ‘'ionosphere 


At  = 

K 


I ds/c^  = L j (If  N^)  ds  + i.  j (1  + Nj)  ds 

•'total  path  ‘'troposphere  ''ionosphere 


(7-144) 


depending  on  whether  or  not  the  measurement  is  of  a phase  or  a group  transmission 
property.  In  these  expressions,  ds  is  the  increment  of  length  along  the  signal 
propagation  path. 

The  f^»'st  terms  in  Equations  (7-144)  (unity  in  the  integrands)  represent  the 
vacuum  transmission  times,  and  the  second  terms  (the  refractivities)  represent 
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the  time  corrections  At^  caused  by  the  atmosphere.  The  evaluation  of  Equations 
(7-144),  by  substituting  for  the  refractivities  from  Equations  (7-116)  and  (7-l?2), 
yields  the  total  atmospheric  range  correction  in  the  form 


AyO  = cAtg  = CSC  E[Q  + U - (P  + V)  cot^  E]  (7-145) 

The  ionospheric  terms  are 


40.3  N eH, 

0 = ± 2 1 

'I 

X/- 


p = ± 


40.3  NeH, 

m 1 


(7-146) 


- (h  - h^)  - Hj  [S(Z)  - S^ll 

where  the  positive  sign  denotes  the  range  increment  due  to  a group  delay,  and 
where  the  negative  sign  corresponds  to  the  phase  range  decrement.  Ti  e tropo- 
spheric delay  terms  are 


U = H,N. 


r 

T 


(7-147) 


In  Equations  (7-145)  through  (7-14'^) 

E ~ elevation  of  the  straight  line  relative  position  vector  from  tracking 
station  to  spacecraft 

h ~ spacecraft  altitude 

r^  ~ tracking  station  radius  from  the  center  of  the  earth 
V ~ frequency  of  signal  transmission 

hj^  lower  altitude  limit  for  the  ionosphere  (set  at  80  kilometers  in  GTDS) 
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S(z)  = e“^ 


+ ... 


(7-148) 


wherj 


e'2z  e”^*  e*^* 

T~2l  TUT  ” 4^ 


= 0,5772156649  + 


z 


h - h_ 


H 


(7-149) 


(7-150) 


The  expression  Sl  is  used  a?  the  evaluation  of  the  series  S(z)  at  the  lower  limit 
because  of  convergence  difficulties  with  the  expression  given  by  Equation  (7-148). 

The  approximations  made  in  the  evaluation  of  the  integrals  in  Equations  (7-144) 
limit  the  validity  of  the  form  of  the  solution  given  by  Equation  (7 ”145).  In 
particular,  the  error  increases  as  the  elevation  angle  decreases.  Hence,  the 
algorithm  which  is  implemented  in  GTDS  modifies  this  basic  form  (Equation 
(7-145))  in  order  to  minimize  the  erroneous  excursions  at  low  elevation  angles. 

Typically,  the  true  range  refraction  correction  increases  monotonically  as  the 
elevation  angle  decreases.  Equation  (7-145),  however,  can  exhibit  a maximum 
value  at  some  angle  and  then  decrease  (even  to  negative  values)  for  smaller 
angles.  The  maximum  value  is  found  by  setting  the  derivative 


dAp 

"dE 


(cot  E)  Ap  + 2(P  + V)  cot  E csc^  E 


to  zero  and  solving  for  E = E„ 


cot^ 


E 2(P  + V) 

“ 3(P  + V) 


(7-151) 


In  an  example  computed  for  t3^ical  troposphere  and  ionosphere  profiles  and  for 
a VHF  frequency  of  136  MHz,  the  maximum  va.ae  given  by  Equation  (7-151) 
occurred  at  roughly  E„  =22®.  Thus,  it  would  not  be  a good  approximation  to 
truncate  the  range  corrections  to  this  same  maximum  value  for  all  elevations 
E < 22®.  Accordingly,  the  algorithm  in  GTDS  simply  replaces  the  true  cot^E 
term  in  Equation  (7-145)  with  the  limiting  value  given  by  Eouation  (7-151)  when 
cot^E  > cot^Ej^.  The  esc  E factor  in  Equation  (7-U5)  causes  the  range  correction 
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to  continue  to  increase  as  E decreases  below  In  fact,  it  is  necessary  to 
truncate  this  factor  (and  hence  the  range  correction)  at  a small  elevation  angle 
to  prevent  the  values  from  becoming  unrealistically  large.  On  the  basis  of 
comparisons  vdth  ray  traces  computed  through  a typical  ionospheric  profile, 
it  was  determined  that  the  esc  E cutoff  should  be  made  for  sin  E < 0.225,  The 
comparison  of  the  ray  trace  results  with  the  GTDS  algorithm  is  shown  in 
Figure  7'5.  The  ionosphere  was  represented  as  a modified  Chapman  profile 
given  by  Equation  (7-120),  with 

N = l.Ox  10^^  e lectrons/m^ 

m 

h = 300  km 

ID 

Hj  = 65  km 

V = 1 36  MHz 

For  E > 35®,  the  corrections  given  by  Equation  (7-14  are  essentially  the  same 
as  the  e.  act  ray  trace  results.  Below  this  angle  the  errors  are  than  20%. 
Since  unct’»rtaintie3  in  the  knowledge  of  the  ionospheric  characteristics  can 
exceed  50%,  it  is  not  worthwhile  from  a practical  standpoint  to  insist  on  greater 
accuracy  in  the  algorithm  at  lower  elevation  angles. 


7. 6. 3. 2 Elevation  Angle- Dependent  Corrections 

Bouguer's  Formula,  the  analogue  to  Snell's  Law  for  a spherically  stratified 
medium,  gives 


nt  sin  i = constant  (7-152) 

along  any  ray  through  the  medium.  Here  i is  the  local  incidence  angle  between 
the  ray  and  the  radius  vector  of  magnitude  r.  Substibiting  r,  -f  h Tor  r in  this 
formula  and  evalu.*ting  at  two  points  on  a ray  yields  a relationship  for  the  two 
incidence  angles  as  functions  of  the  altitudes  and  indices  of  refraction 


ip  ^ _n 

sin  i Oq  ir_  + \ 


(7-153) 


If  the  initial  point  is  taken  at  the  tracking  station,  the  apparent  elevation  angle 
of  the  ray  is  F^.  The  Initial  point  ^delds 
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figure  7 5.  Correction  Comparinor  of  Ray  Trace 

vs.  GTDS  Algorithms  (CSC  r.odel) 
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RANGE  CORRECTION  - METERS 


h,  = 0 


Ho  = 1 + (7-154) 

s in  i.  = cos  E 

U a 

Substituting  Equations  (7-154)  into  Equation  (7-153)  yields 


cos  E 

a 


n(r^  + h) 

(1  + N3) 


s in  i 


(7-155) 


If  i were  known  a priori  at  the  spacecraft  position,  Equation  (7-155)  could  be  used 
to  compute  the  apparent  elevation  angle  at  the  ground  station.  However,  i is  not 
known  and  Equation  (7-155)  must  be  modified  to  reformulate  the  desired  solution 
in  terms  of  quantities  which  are  known.  An  approximation  is  made  to  an  integra- 
tion along  the  ray,  resulting  in 


where 


„ cos  E 

cos  E = 

“ (1+N)(1  + I) 


(7-156) 


I = [Q  - U - (P  - V)  (2  + cot2  E)] 

r d 
s 


(7-157) 


8 = cos”' 


e\ 

\ ^ / 


- E 


(7-158) 


Equation  (7-156)  is  used  as  given  for  the  correction  of  Minitrack  data,  since  the 
direction  cosines  with  respect  to  the  station  horizontal  base  line  both  involve  the 
factor  Eg . The  correction  for  the  elevation  angle  is  determined  (via  the  tangent 
0^  the  difference  of  two  angles)  to  give 


E - E 


cos  E [/(I  + N (1  + I)^  - cos^  E - s in 
= tan"'  < ^ 


E] 


cos^  E + s in  E/(1  + N (1  + I)^  - cos^  E 


(7-159) 
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The  refraction  corrections  to  the  X and  Y gimbal  angles  (for  both  the  30'  and  the 
85'  antennas)  enter  through  the  dependence  of  these  angles  on  the  elevation  angle 
of  the  prooagation  path.  The  appropriate  corrections  are 


f s i n A cos  E [s  i n E - . (X  + N (1  t I)^  - cos^  El 

(X^  _ X>30  * 

i n E.  (1  * (1  + ly-cos^E  + sin^Acos^E 


(Y.  - Y>3 


cos  A cos  E 
(1  + N ) (1  + I) 


1^- 1 - cos^  A cos^  E - • (1  + (1  + I)^  - cos^  A cos^  E 


(7-160) 


(X,-X)„  . tan“> 


cosAcosE^(l  tN  (1  t I)^cos^E-sinE 


s in  E.  (l  + N (1  + I)^  - cos^  E t cos^  A cos^  E 


(Y,-Y)„  . sin-' 


{sinAcosE  f q : — 5-;;^ j-r 

: ■ 1 - s in-*  A COS'*  E 

(1  + N ) (1  + I) 


V (1  + N )2  (1  + 1)2 


where  A is  the  azimuth  angle. 


7. 6,3. 3 Doppler  Corrections 

The  effects  of  atmospheric  refraction  on  USB  Doppler  measurements  are  ex- 
pressed in  Appendix  C in  terms  of  difference  vectors  Au  and  Ad  between 
unit  vectors  along  the  actual  (uplink  and  downlink)  propagation  paths  and  the 
straight  lines  characterizing  the  hypothetical  vacuum  propagation  paths. 

Figure  C-1  depicts  the  geometry  of  the  two-  or  three-way  Doppler  signal 
transmission.  From  this  figure,  the  four  equations  which  define  the  conditions 
at  each  end  of  the  uplink  and  downlink  paths  are  (Equations  (C-12)  and  (C-14)) 


Up  = u + Auj, 

i-iv. 

V 

+ Ad^ 


(7-161) 
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where 


and 


u = 


r 

V 


- 


(7-162) 


are  unit  vectors  pointing  up  along  the  uplink  p;ith  and  down  along  the  downlink 
path  (both  paths  are  characterized  as  straight  line  relative  position  vectors)  and 


r^  ~ satellite  position  vector 

ground  transmitter  position  vector 
~ ground  receiver  position  vector 

An  equation  was  derived  in  Appendix  C for  the  Doppler -plus -bias  cycle  count  N 
for  the  two-way  ox  three-  way  measurement  made  by  the  USB  system.  The 
atmospheric  refraction  effect  is  the  term  (Equation  (C-34)) 


A/d 

'^avg 


/2 


The  quantity 


Ap 


avg 


+ Atj^)  + Ap(t) 
2 


(7-16-^) 


is  the  average  of  the  quantities  obtained  by  evaluating 

Ap  = Au^  • + Ad^  - Au^  • 7^  - A^  • 

at  the  beginning  and  at  the  end  of  the  Doppler -plus -bias  counting  interval. 

The  computation  of  the  USB  Doppler  refraction  effect,  therefore,  requires  a 
means  for  computing  the  correction  vectors  Au^,  Au^ , Ad^ , and  Ad^^  at  the 
appropriate  times. 
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The  correction  vector  Au  for  the  uplink  path  at  an  instant  when  the  ground  station 
transmits  a signal  to  the  spacecraft  is  the  difference  between  the  unit  vectors  u^ 
and  u along  the  actual  and  the  hypothetical  vacuum  propagation  paths.  It  must 
lie  in  the  plane  defined  by  u and  the  local  vertical  at  the  station,  if  it  is 
assumed  that  the  refractive  medium  is  a spherically  layered  atmosphere.  There- 
fore, is  expressed  as  a linear  combination*  of  u and  Vj. 

Au^  = Au  + Bv^  (7-166) 


In  terms  of  the  apparent  elevation  angle  of  the  actual  propagation  path  and 
the  straight-line  relative  position  vector  elevation  angle  E 


u^-u  = cos  (E^  - E) 


Ut*Vt  = sin 


(7-166) 


Substituting  from  Equations  (7-161)  and  (7-165)  into  Equations  (7-166)  and  solving 
explicitly  for  A and  B yields 


cos  E. 

A = t.l 

cos  E 


B = sin  Eg  - tan  E cos  Eg 


Equation  (7-156)  can  then  be  us  o eliminate  E^,  giving  finally 


(7-167) 


A = 


1 


(1  +NJ  (1  + I) 


- 1 


(7-168) 


B = 


1 

(1  + N ) (1  +1) 


[V(l  + (1  + I)^  - cos^  E - s i n eJ 


where  I is  as  defined  in  Equation  (7-157)  and  is  the  tropospheric  surface 
refr activity  at  the  transmitter. 


*The  vectors  u and  v.j.  coincide  in  the  exceptional  case  of  a direct  overhead  alignment.  However, 
this  case  works  out  correctly,  since  A = - B,  giving  Au^  - 0. 
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Figure  7-6.  Uplink  Path  Geometry  at 
Spacecraft  Signal  Reception. 

Similar  considerations  apply  in  the  determination  of  the  correction  vector  Au^ 
for  the  uplink  path  at  the  instant  when  the  signal  is  received  at  the  spacecraft. 

The  geometry  and  notation  are  presented  in  Figure  7-6.  Here  again,  the  correc- 
tion vector  is  expressed  as  a linear  combination 

Au^=Cu+Dv^  (7-169) 

The  following  relationships  are  obtained  from  Figure  7-6 

U 'Vy  = cos  Cr 
u ‘u  = COS  a 

V 

u ’V  = cos  i 

V V 

cos  a = cos  cr  cos  i + sin  cr  sin  i 

Straightforwsird  manipulation  of  these  relationships,  using  Equations  (7-169)  and 
(7-161),  yields  a system  of  two  simultaneous  equations  in  the  unknown  coefficients 
C and  D.  The  solutions  for  C and  D in  terms  of  i and  a are 


C = 


sin  i 
sin  a 


(7-170) 


D = cos  i - cot  a sin  i 
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Equating  the  right-hand  sides  of  Equations  (7-155)  and  (7-156),  making  use  of 
Equation  (7-118),  and  solving  explicitly  for  sin  i yields 


sin  1 = 


cos  E 


(1  -Nj)  (1  + I) 


(7-171) 


Examination  of  the  triangle  in  Figure  7-6  shows  that 


TT 


or 


Therefore 


E+—+S  + Cr  = 7T 
2 


E + S = cr 

2 


sin  a = cos  (E  + S) 


and  from  Equation  (7-158)  this  can  be  reduced  to 


sin  cr  = cos  (E  + S)  = — cos  E 

r 


(7-172) 


Substituting  Equations  (7-171)  and  (7-172)  into  Equation  (7-170)  finally  yields 


C = 


1 

(1  -Nj)  (1  +1) 


- 1 


(7-173) 


(1  -Nj)  (1  + I) 


/ (1  - N,)2  (1  + 1)2 


rj  cos^  E 


If  the  same  procedure  is  repeated  for  the  downlink  path  to  solve  for  the  correction 
vectors  Ad  and  Ad_,  the  result  is 

V R 
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Ad  =C'd  +D'v 

V V 

Adjj  = A' d + Vjj 


(7-174) 


The  solutions  for  C’  and  A'  ar^  identical  with  those  for  C and  A,  whereas  the 
solutions  for  D’  and  B'  are  the  nepfatives  of  those  for  D and  B (Equations  (7-173) 
and  (7-168)). 

The  quantities  I and  Nj  appear  in  the  expressions  for  the  primed  and  unprimed 
values  of  A,  B,  C,  and  D.  Equations  (7-122),  (7-146),  and  (7-157)  show  the 
dependence  of  these  quantities  on  the  signal  transmission  frequency.  The  uplink 
carrier  frequency  should  be  used  to  compute  the  unprimed  quantities,  while  the 
downlink  carrier  frequency  should  be  used  for  the  primed  quantities. 

The  Doppler  refraction  correction  for  GRARR  VHF  and  for  sidetone  ATSR  data 
is  shown  in  Appendix  C (Equation  (C-42))  to  be  of  the  form 


-Au 

V V 

where  the  spacecraft  velocity  r^  is  taken  at  the  signal  turnaround  time  correspond- 
ing to  the  midpoint  of  the  Doppler  count  interval.  This  time  is  the  observation 
time  tag  (the  preprocessor-determined  midpoint  of  the  Doppler  count  interval) 
corrected  in  the  orbit  determination  processing  for  the  light  time  from  the 
spacecraft  to  the  station.  The  light-path  bending  term  Au  is  computed  accord- 
ing to  Equations  (7-169),  (7-170)  and  (7-173).  The  vector  u is  defined  (Equation 
(C-12))  as  the  unit  vector  directed  along  the  instantaneous  relative  position  vector 
from  the  station  to  the  spacecraft.  All  other  parameters  in  Equations  (7-170)  and 
(7-173)  are  defined  in  terms  of  this  instantaneous  relative  geometry. 


7.6.4  Segmented  i'rofile  Refraction  Corrections 

The  refraction  correction  formulas,  described  in  Reference  10,  assume  that 
the  total  refraction  correction  is  the  sum  of  the  tropospheric  and  ionospheric 
corrections  as  follows 

iSp  = Ap^  + Apj 

AE  = AE^  + AEj  (7-175) 

Ap  = Ap^  + Apj 
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where  AE^,  and  Ap^  are  due  to  the  troposphere,  and  Apj,  Ae  j,  and  Apj 
ai  due  to  the  ionosphere.  These  individual  corrections  are  presented  below. 


7. 6.4.1  Tropospheric  Correction 

The  troposphe^'ic  corrections  are  obtained  from  Reference  7 and  assume  that 
the  atmosphere  has  spherical  symmetry  and  an  exponential  refr activity  function 
as  described  by  Equation  (7-116).  The  equations  are  applicable  over  the  entire 
range  of  elevation  angle  (0-90°). 

Using  monthly  mean  values  of  the  refractivity  N^,  the  scale  height  Hj,  and  the 
local  earth  radius  r,  at  the  tracking  station,  the  following  parameters  are 
calculated 


p = /2Hj/r,  (7-176) 

q = 10-«N^r,/Rf  (7-177) 

The  range  and  elevation  angle  corrections  are 

Ap^  = 10"®  - j 10'®  cos^\  (km)  (7-178) 

AE^  = 10“®  cos  (i  - L/p)  (radians)  (7-179) 

where 

E^  ^ apparent  elevation  angle  of  the  received  signal 
p ~ slant  range  to  the  satellite 
The  quantity  L is  given  by 


L = 1 - i sin  E . + i 10~®  N i2  (7-180) 

8 0 9 

and  the  quantities  i (bending  integral)  and  m are  complex  integral  functions  of 
the  refractivity  function  and  the  elevation  angle.  Reference  7 presents  the 
following  approximations  for  i and  m which  are  accurate  over  the  entire  range 
of  elevation  angle 
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i ”F  (sinE^,  p^I^,  i^/p,  ij/p-) 

m = F(sin  E^,  p^M,  p^Viji  nip/p,  m^/p^) 


(7-181) 


where  the  function  F is  given  by 


F(a.  Fj.  F^.  fo,  fj) 


1 


gj  X 1.08885 

a + 

g3  X 1.320903 

a + 

'^  + 84^  1.21313 


with 


81  = Fj 

82  = (^2/81)  - 8i 


83  = 82 


0 Bi 


84  ^0^1  83  ^82 


The  variables  Ij,  Ij,  io  and  ij  are 


z v^(1  - 0.9206 

ij  = 2/(1  - q) 


(7-182) 


(7-183) 


(7-184) 


(7-185) 
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and  the  variables  Mj,  Mj,  and  n..  are 


M 


2 


3 

4 


■"o  = io  *“)  ■ 

"’1  = 2 (i  +iq  ij)  (1  -q) 

with 

(1  - 0.9408  q)"0*4759 
The  range-rate  correction  is  given  by 

= -lO”®  cos  jn^ L cos^ 


X (i  + 10“®  i j « j sin  EJ 


where 


j =F(sinE^,  p2jj,  p^Jj,  j(j/p,  jj/p^) 
n = F(sin  E^,  p^N^,  p'*Nj,  rig/p^  n^/p^) 


The  variables  Jj,  Jj,  jo»  and  jj  are 


J,  =i(5I,.J,) 


(7-186) 


(7-187) 


(7-188) 


(7-180) 

(7-190) 


(7-191) 
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where 


ii  - 


(7-191) 

(cont'd) 


I2  = v/^/(l  - 1.023  q)^*^ 


(7-192) 


The  variables  N^,  N^,  n^,  and  are 

Nj  =i  (5  M2  - Nj)  (7-193) 


n 


n,  = 


7. 6.4 .2  Ionospheric  Correction 

Ionospheric  refraction  corrections  are  computed  from  the  empirical  electron 
density  profile,  described  in  Section  7.6. 2. 2,  and  its  integrated  electron  content. 
The  profile  is  computed  for  the  latitude  0 and  longitude  K where  the  radio  wave 
from  the  observing  station  to  the  satellite  penetrates  the  ionosphere.  This  is 
called  the  subionospheric  point  and  is  computed  as  a function  of  the  station 
latitude  4>^  and  longitude  , and  the  elevation  angle  E and  azimuth  angle  A from 
the  station  to  the  satellite 


(p  - sin”^  (sin  cos  a + cos  cp^  sin  a cos  A) 


(7-194) 


X = + s i n' 


/ s i n A sin 

\ 0 


^'^-195) 


where  a is  the  geocentric  angle  between  the  ari  Tloju  -ipneric  point 
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R CO  55 


(7-196) 


a = E - sin“^  [ 

2 I R n 

V e ■ m 

and  is  the  height  of  the  ionosphere  at  the  maximum  electron  density  above 
the  surface  of  the  earth.  On  the  first  iteration,  h is  estimated  to  be  300  k?.lo- 
meters.  After  computing hj^^  via  Equation  (7-130),  the  difference  between  the 
computed  and  estimated  values  of  h^  is  determined.  If  this  difference  is  less 
than  1 kilometer,  its  effect  is  negligible;  if  it  is  greater  than  or  equal  to  1 
kilometer,  Equations  (7-191)  through  (7-196)  are  iterated  upon  to  obtain  a new 
value  of  h . 

m 

The  total  vertical  electron  content  Nj  required  by  the  correction  algorithm  is 
obtained  by  integrating  the  electron  density  profile  in  Equations  (7-124)  and 
(7-125)  from  zero  to  the  height  of  the  satellite  h.  For  a satellite  below  the 
biparabolic  layer  of  the  ionosphere 


Nj  = 0 (7-197) 

For  a satellite  in  the  bottomside  biparaboUc  !ayer 


Ni  = I N. 

jf\ 


M Ts  .u  u-  2<h„-hr  1 

dh  = N — y -(h  -h)+ 

m 15  V „ ^ + 3 5 


(7-198) 


J 


where  is  the  half -thickness  of  the  bottomside  layer  of  the  segmented  electron 
density  profile. 


For  a satellite  in  the  topside  parabolic  layer 


N,  = N 

1 n 


15 


-h)-> 

y.  - - h)  f 

3y? 


(7-199) 


where  y^  is  the  thickness  of  the  topside  parabolic  layer  (see  Figure  7-4)  and  is 
given  by 


Vt  = 


('"-200) 
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where 


a 


o - 


for  foF2<  10.5  MHz 


\ + .1333  (:qF2  - 10.5)  for  foF2  > 10.5  MHz 
For  a satellite  in  the  first  exponential  layer 


N,  = N y + d 

I ni  15  ^ 


W \ V / 


where 


d = 


yi  + kjyj  - 1 


(7-201) 


For  a satellite  in  the  second  exponential  layer 


3y?/  \ yj 


j _ -kj(h^-hj)  -[kj(h2-».j)+k2(h-h2)] 


*^1  ^2 


For  a satellite  in  the  third  exponential  layer 


3yj/ 


V 


^-[kj  <h2*hj  )+k2<h3-hj)] 


'7-202) 


(7-203 
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For  a satellite  in  the  fourth  exponential  layer 


N,  = N 

1 a 


115 


r ^ (hj-hi  ) ^ h . e j 

^ N ■■  I II  ■iBii  X ■■  !■■  ■VTp  I . ■ — — 

I >'1  ><2 


^“[k  j(h2"hj)+k2(h3-h2>] 


Lk2(h2~h2 )+k2(h3-h2)+k3(h^“h3)]  ^ ^-k^Ch-h^) 


(7-204) 


Finally,  for  a satellite  in  or  above  the  filth  exponential  layer 


N,  =N  /^y  +d--‘^i.\  + N (l-—. 

3y?i  " i yj 


' W Ic 

^ Kj  Kj 

**  [k  I ( h2~h  2 )■»  •2(^3~^2^^  ”^3^^4*'^3^' 


(7-205) 


— [k2(h2“h2)4k2(h3“h2)^k3(h^— h3)] 


“[k2(^2~^l  )4k2(}i3“f>2>  '^3^^4"^3  1^^4t^S”^4 

i 

The  range  correction  Apj  is  computed  from  the  vertical  electron  content  ani  the 
elevation  angle  at  which  the  radiowave  pas^^^i*  through  the  ionosphere 
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(7-206) 


40.3  N, 


A ^ _ 

-Hi  - 


. h 

e mean; 


cos^  E 


where  the  height  of  the  mean  of  the  electron  distribution  h^^gn  is 


h h 1 8 

n =h  +- y 

mean  m 2N  15  ” 


(7-207) 


the  quantity  ♦ is  the  transmission  frequency,  and 


i = /—  + — Y'"'* 


(7-208) 


where  f^j  -lid  f ^ are  the  uplink  and  downlink  frequencies,  respectively. 

The  range-rate  correction  t\p^  is  obtained  by  differencing  two  successive  range 
corrections  in  the  following  form 


Apj=- 


Api(t)  Apj(t  - At) 


At 


(7-209) 


At  the  start  of  a data  span  for  which  no  previous  range  correction  exists,  Apj 
assumes  one  of  the  following  forms: 

Satellites  Below  the  Lower  Biparabolic  Layer 


Apj  = 0 


(7-210^ 
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Satellites  Within  the  Lower  Biparabolic  Layer 


(40.3  X 1,24  X io“2) 


dAp, 


1 - 


'h  -h> 


/ 

1 - ( cos  E 

\Re 


ni/2 


=i_x  h 


A/3j 


R. 


s in  E_  COS  E_ 


X E 


(7-211) 


1 - 


R +h 

, ^ mean 


cos  E. 


where  h is  the  altitude  rate  and  E is  the  elevatiori  rate  of  he  satellite. 


Satellites  in  the  Topside  Parabolic  Layer 


(40.3  X 1.24  X 10“2) 


Apj  =. 


dApi  _ /foFj 

dt  ^ \ f 


0^.  - 


i - 


y? 


1 p 

1 .COS  E 

, \R  +h 

I \ e mean 


1/2 


X h 


(7-212) 


/ K ^ 
IFTh — ' 


e mean; 


/ K 

1-f COS  E ] 

\R  +b  , "/ 

\ e ' .-;iean  / 


X E 
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Satellites  in  the  Exponential  Layers 


(40.3  X 1.24  X 10"2) 


1 - j COS  E 

\^c  + ^mean 


X h X em 


(7-213) 


/ V 
IrTh — ) 


1 - cos  E 

IR  + h 

\ e mean 


The  exponential  multiplier  em  of  the  h term  can  take  on  five  different  forms. 
For  a satellite  in  the  first  exponential  layer 


-k, (h-h, ) 

'rn  — p * 


(7 -214a) 


For  a satellite  in  the  second  exponential  layer 

-k,(h2"h.)  -k..(i.-h2> 

em  = e ^^c  " ^ 


(7-214b) 


For  a satellite  in  the  third  exponential  layer 


~k,(h5~h|)  “k^Ch^-h,)  “k-i(h“h,) 


(7-124C) 


For  a satellite  in  the  fourth  exponential  layer 

”k|(h2“hi)  h^) 


(7-124d) 


Finally,  for  a satellite  in  or  above  the  fifth  exponential  layer 

em  = e"''2<'’3-'’2>  -K3<V'3>  *'<5<''-'’s>  (7-124e) 


The  elevation  angle  correction  AE^  is  given  by 


cos  (AEJ  = 


Xj  cos  a - Xj 
(Xj  + X2  - 2X^X2 


where 


(7-216) 


Xj  = [(R^  + h)^  - Rl  cos^  cos  tan|- 


Xj  = R^  sin  E^  - Rg  cos  E^  tan  ^ 


a 


1 

2 


tan  00  sec^  00  Nj 

"fT 


(dev  i 


ion  angle) 


= R.  + h„ 


iNi 
* * 

mean  ir  2 N 


8 

— y 
15 


sin  00 


— COS 
^0 


The  variable  f is  tabulated  as  a function  of 


sec^  <p^ 


where 


and 


s in  0„  = — cos  E 

m j.  “ 


= R-  + 


(7-217) 

(7-218) 

(7-219) 

(7-220) 

(7-221) 

(7-222) 

(7-223) 
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7.7  ADDITIONAL  CORRECTIONS 


7,7.1  Light-Time  Correction 


GTDS  provides  for  a light  time  correction  which  can  be  applied  to  GRARR,  C-Band, 
and  Minitrack  observations  for  greater  accuracy  of  modeling.  All  of  these  ob- 
servation types  are  modeled  (Section  7.2.3)  in  terms  of  the  instantaneous  relative 
position  vector  from  the  tracking  station  to  the  spacecraft,  computed  in  the 
local  tangent  coordinate  system  (Section  7.2.2).  Since  the  spacecraft  is  the 
only  object  which  is  moving  in  this  coordinate  system,  the  appropriate  time  for 
calculating  the  instantaneous  relative  position  vector  is  the  time  t^  when  the 
vehicle  transponder  turns  the  tracking  signal  around.  (For  the  one-way  Minitrack 
signal,  t,.  corresponds  to  the  time  when  the  signal  was  transmitted  by  the  space- 
craft.) The  actual  observation  is  timo-tagged  at  the  time  t^  when  the  signal  is 
received  at  the  ground  station.  The  light-time  correction  consists  of  making  an 
approximation  to  t^  by  changing  the  observation  time  tag  to 


where  Ap  is  the  one-way  relative  range  from  the  spacecraft  to  the  tracking  station. 
A first  approximation  to  Ap  is  determiner  n GTDS  by  computing  the  relative  range 
vector  at  the  actual  observation  time  t^,  u lizing  the  spacecraft  position  vector 
at  tjj.  The  difference  between  this  relative  range  and  the  correct  relative  range 
corresponding  to  t^  could  be  corrected  by  means  of  an  iterative  estimation 
algorithm.  However,  this  is  not  done  in  GTDS,  since  the  very  small  improvement 
in  accuracy  is  insignificant  compared  with  the  degree  of  the  approximation 
implicit  in  the  basic  observation  model.  Thus,  i,he  first  estimate  for  Ap  is 
used  in  computing  the  light-time  correction  to  tiie  observation  time  tag. 


7.7.2  Antenna  Mount  Corrections 

For  X and  Y antemias,  a correction  is  performed  on  range  and  range-rate  measure- 
ments, since  the  electrical  phase  center  of  the  antenna  moves  with  the  antenna 
and  is  displaced  from  the  geodetic  point  of  reference  which  is  the  center  of  the 
fixed  axis.  The  correctionAR  applied  for  range  is 

AR  = D cos(Y)  (7-225) 


which,  by  differentiation  with  respect  to  time,  gives  the  correction  for  range  rate 


AR  = - D sin(Y)  Y 


(7-226) 
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In  these  expressions,  Y is  the  observed  Y angle  and  D is  the  nominal  distance 
from  the  electrical  phase  center  to  the  center  of  the  fixed  axis.  The  correction 
to  AR  and  AR  due  to  the  X angle  and  the  corrections  to  the  X and  Y angles  due 
to  the  displacement  of  the  electrical  phase  center  are  ignored. 


7.7.3  Transponder  Delay  Correction 


For  those  tracking  systems  which  use  a transponder  on'-»oard  the  satellite  to 
receive  and  then  retransmit  a signal,  the  transponder  delay,  i.e.,  the  time 
interval  between  reception  and  transmission  of  a given  signal,  must  be  taken 
into  consideration.  These  satellite  transponder  time  delays  are  functions  of 
the  frequency  of  the  signal  received  by  the  transponder,  i.e., 


At  = f (z/jj)  (7-227) 

The  characteristics  of  the  function  f for  a specific  transponder  must  be  determined 
experimentally  by  calibration  of  the  transponder  on  the  ground  beiore  launch. 

The  function  obtained  in  this  mamier  can  then  be  entered  in  GTDS  as  a table  of 
transponder  delay  time  versus  frequency,  from  which  the  delay  for  any  inter- 
mediate value  of  frequency  can  be  obtained  by  interpolation.  As  an  alternative, 
provision  is  made  in  GTDS  to  use  nominal  (default)  tables  or  constant  delay  times. 


7.8  ESTIMATION  MODEL 

The  deviation  between  the  actual  observation  and  the  predicted  observation  is 
modeled  as  a first-order  Taylor  series  exparsion  around  the  predicted  observa- 
tion. This  expansion  relates  deviations  in  the  observation  residuals  to  devia- 
tions in  dynamic  parameters,  station  locations,  observation  biases,  and  time 
biases,  and  establishes  the  required  set  of  linear  regression  equations.  The 
estimation  model  for  any  observable  may  then  be  written  as 


— 

?)q 

v'here 


(7-228) 


Oq  ~ the  actual  observation  with  time  tag  t 

0^  the  predicted  observation  based  on  a previous  estimate  of  the  parameter 
vector  q 


Aq  ''  the  correction  to  the  parameter  vector  q 


p ~ the  observation  noise 
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The  parameter  vector  q may  consist  of  dynamic  parameters  p (those  parameters 
involved  in  the  equations  of  motion);  station  locations  7^ ; observation  biases  b; 
and  observation  time  biases  S t.  The  total  parameter  vector  may  then  be  written 
as 


r 


s 


q = 


b 

St 

<_ 


(7-229) 


The  modeled  observation  can  " written  functionrilly  as 


0^  = f (q,  t)  = f (p,  b,  S',  t) 


(7-230) 


Substituting  the  appropriate  partial  derivatives  of  Equation  (7-230)  into  Equatioi 
(7-228)  yields 


/30\  /^O  \ (aO  \ [do 

0„-0  = _!lAp+  —llAr  + Ab  + — ^ 

" \dp)  \dTj  * 


A(S  t)  + n 


(7-231) 


which  may  be  written  in  a more  compact  form  as 


or 


Ap 


30, 

30,  - 

Ar 

s 

Br 

S 1 

3b 

Ab 

i(8t) 

(7-232) 


Op  - 0^  = FAq  + n 


(7-233) 


Equation  (7-233)  defines  the  linear  regression  equations  that  are  sohed  by  the 
iterative  classical  or  sequential  weighted  least  squares  methods  described  in 
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Chapter  8.  The  formulation,  as  shown  in  Equation  (7-233),  describes  m equations 
(for  m observations)  in  p unknowns  (the  number  of  q parameters).  The  matrix 
F in  Equation  (7-233)  is  of  dimension  (m  x p).  Chapter  8 derives  the  required 
solution  to  the  normal  equations  in  terms  of  F and  the  weighting  matrix  W under 
the  assumption  that  W is  a diagonal  matrix,  that  is,  the  observations  are  i n- 
correlated.  Under  this  assumption,  the  terms  in  the  normal  equations  requiring 
F can  be  developed  on  an  observation-by -observation  basis,  thus  yielding  the 
solution  of  the  normal  equations  without  explicitly  forming  the  full  (m  x p)  F 
matrix.  This  is  a standard  method  for  all  existing  least  squares  orbit  determinji- 
tion  programs  and  is  discussed  in  more  detail  in  Chapter  8. 
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CHAPTER  8 


N '^6- 24298 


ESTIMATION 


The  basic  orbit  estimation  problem  involves  solving  for  values  of  a set  of 
parameters  from  an  observational  model  (described  in  Chapter  7)  so  as  to  mini- 
mize, in  the  sense  of  weighted  least  squares,  the  differe^'ces  between  a computed 
and  an  observed  trajectory.  The  model  parameters  include  the  trajectory  of  the 
vehicle  (initial  conditions  and  differential  equation  parameters),  the  locations  of 
the  observing  stations,  and  the  bias  errors  in  their  instruments  or  clocks  (these 
errors  may  vary  as  a function  of  the  pass  over  a station) . In  practice , values 
are  determined  for  only  a selected  subset  cf  the  model  parameters. 

Since  the  observations  made  by  a tracking  system  are  imperfect,  no  tra- 
jectory Vts  these  observations  exactly.  At  best,  only  an  estimate  of  the  actual 
trajectory  can  be  obtained  from  the  data.  GTDS  uses  either  a classical  wel^ted 
least  squares  estimator  (derived  in  Section  8.2)  or  a sequential  estimator  (de- 
rived in  Section  8.4.1).  For  a theoretical  discussion  of  estimation,  see  Refer- 
ences 1 throu^  6. 

8.1  DESCRIPTION  OF  THE  PROBLEM 

Lot  a set  of  m observations,  denote!  by  an  m-dimeusional  vector  y,  be 
given.  These  observations  are  assumed  to  be  equal  to  a known  vector  function 
f of  a set  of  p parameters , denoted  by  a p-dimensional  vector  x plus  additive 
i Rndom  noise,  denoted  by  a vector  h 

y r f / X)  + n (®"1) 

The  above  equaHon  is  called  a nonlinear  regression  equation.  The  trajectory 
determination  problem  is  to  estimate  x given  y,  the  functional  form  of  T,  and 
the  statistical  propercies  of  n. 

The  estimation  T^rocf  t . attempts  to  deduce  i\  value  for  x ^t  minimizes  the 
weighted  sum  o.'  the  S':^’  j j.  of  the  observation  residuals  [y  - f (x)l  between  the 
actual  observations  anc  the  observations  computed  using  the  mathematical  model. 
Mora  precisely, 


Q (X  ) - [ y - f v'  x)J  ^ [ y - T ( X )1 


(8-2) 
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is  minimized,  where  W i?  the  m x m weighting  matrix.  This  scalar  quantity  is 
called  the  loss  function.  An  a priori  estimate  of  the  state  Xq  is  assumed  to  be 
avaiiabln  for  use  it  the  minimization.  Ihe  deviation  of  Xq  from  the  true  value  of 
the  state  is  assumed  to  have  zero  mean  a*id  covariance  P ^ in  order  to  make  the 
subsequent  statistical  evaluation  more  amenable  to  interpretation. 

A necessary  condition  for  the  loss  function  to  be  minimum  with  respect  to  x 
is  that  B Q/B  X ==  0.  Therefore, the  value  of  x which  minimizes  Q is  a root  of 
the  equation 


2 [y-  f W 

d X 


(8-3) 


The  method  of  solving  this  nonlinear  minimization  is  to  linearize  Equation  (8-3) 
and  then  apply  a standard  Newton-Raphson  procedure  to  iteratively  Rolve  the  non- 
linej;r  problem.  Expanding  f (x)  in  a truncated  Taylor  series  about  the  a priori 
estimate  Xq  yields 


f (x)  - f (Xq)  + F A X 


(8-4) 


where 


A X = 


X - 


X 


0 


and 


{ 


the  m X p 
partial  cl 
i (X ) with 
eval uat  ed 


matrix  of 
erivativcs  of 
respect  tox 


(8-5) 


(8-6) 


The  linearized  observation  vector  becomes 


A y = F A X + n 


(8-7) 
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where 


A y ^ y " f (Xq) 


(8-P) 


Substituting  Equations  (8-4)  find  (8-7)  ij''lo  Equation  ^8-3),  the  linearized  prjrtlal 
derivative  of  the  loss  function  in  Equation  (8-o)  becomef 

- 2 (Ky  - F Tx)^  W F = 0 (8-9) 


which  can  immeoiatclj^  be  solved  for  A x,  yielding  the  classic  equation  for  the 
best  estimate  A x 


A X = W F^  W Z.  y 


(8-10) 


The  value  of  x,  the  estimate  derived  from  the  line?*’'ized  system,  is  therefore. 


(8-11) 


The  symmetric  matrix  (F^  W F)  is  called  the  normal  matrix. 

As  a r 'Suit  of  the  linearization  performed  in  Equation  (8-4),  the  correction 
must  oe  srraU  so  as  not  to  violate  linearity.  This  means  that  the  a priori 
estimate  Xq  must  be  reasonably  close  to  the  true  extremal  solution  of  Equa- 
tion (8-2).  If  such  is  not  the  case,  the  process  is  iteratively  repeutcd  in  a standard 
Newton- Raphson  procedure,  each  time  using  the  last  best  estimate  x as  a reference 
for  the  linearization.  The  iterations  continue  \iA  1 the  differential  correction 
vector  Ax  truly  small  (i.c.,  approaching  zero),  w^ich  is  equivalent  to  minimizing 
the  orlgir  nonlinear  loss  func^’ion  Q(x). 

The  inverse  of  the  p x p normal  matrix  (F^WF)  is  the  covariance  matrh: 
of  the  error  in  the  weighted  least  squares  estimate  k after  convergence  is 
achieved,  and  the  following  statistical  assumptions  of  tho  measurement  pro* 
cess  ai*.  satisfied: 
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(2l)  'rhe  observation  noise  is  unbiased,  i.e.,  £ {n}  =0. 

(b)  The  covariance  of  the  observation  noise  vector  is  known  and  its  inverse 
is  the  weighting  matrix  W.  Let  aj  be  the  variance  of  the  measurement 
noise  c^'-mponent  nj,  which  corresponds  to  measurement  Yil  cr\  the 
variance  of  component  n2,  whi  h coi  responds  to  ; and  so  on.  The 
weighting  matrix  is  then 


W = 


0 


(8-12) 


0 


Equating  the  inverse  of  W to  the  covariance  matrix  of  the  measurement 
errors  implies  that  multicomponent  observations  at  a given  time  (e.g., 
range,  azimuth,  elevation)  are  not  spatially  correlated  and  that  meas- 
urements at  different  times  are  not  time  correlated. 

(c)  The  mathematical  models  of  the  trajectory  and  observations  charac- 
terize exactly  the  physics  governing  the  observation  process.  Ail 
parameters  such  as  biases,  tracking  station  locations,  and  physical 
constants  that  are  not  being  estimated  are  known  exactly. 

The  above  criteria  can  never  be  met  precisely  in  real  spacecraft  applications. 
As  a result,  the  covariance  matrix  (F^WF)~^  must  be  realistically  interpreted 
with  regard  to  the  specific  application.  In  orbit  estimation  applications  using- 
radar  tracking  data,  the  covariance  , off -diagonal)  elements  of  the  measurement 
error  are  rarely  available.  In  fact,  for  sensors  that  measure  multicomponent 
vectors,  the  differing  circuitry  involved  in  the  independent  comoorents  frequently 
yields  different  time  corrections  for  each  component.  Thin  results  in  a meas- 
urement vector  having  components  at  different  times.  As  a result,  GTDS 
considers  the  observations  to  be  uncorrelated  scalar  measuren.eato  so  that  the 
weighting  matrix  W is  always  diagonal  and  contains  only  the  variances  as  shown 
in  Equation  (8-12). 
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The  variance  for  each  observation  is  formed  from  the  relationship 


= k,  a\ 


772 


(8-13) 


where 

~ the  a priori  standard  deviation  of  the  observation  noise. 

the  standard  deviation  of  the  data  reduction  curve  fit  obtained  during 
preprocessing  of  the  observation  data.  The  curve  fit  is  assumed  to 
be  polynomial  in  form. 

kj  - a specified  gain  constant  applied  to 

k^  a specified  gain  constant  applied  to  o^. 

Typical  a priori  weighting  schemes  for  observations  processed  in  GTDS  are 
presented  in  Appendix  D. 

There  is  another,  more  subtle,  qualification  for  identifying  (F^WF)"^ 
with  the  covariance  matrix  of  uncertainty.  In  nonlinear  regression  problems 
such  as  trajectory  estimation,  the  true  covariance  matrix  is  equal  to  (F^WF)"^ 
plus  terms  involving  higher  order  partial  derivatives  of  the  computed  observa- 
tions with  respect  to  the  variables  solved  for.  These  higher  order  terms  were 
neglected  during  linearization.  So  long  as  large  deviations  are  not  obtained,  the 
linearity  assumption  is  reasonably  well  satisfied. 

In  the  following  sections  the  specific  estimator  algorithms  implemented  in 
GTDS  and  their  associated  covariance  matrices  are  derived  and  discussed,  and 
details  concerning  the  application  of  the  estimation  process  are  described.  Much 
of  the  material  is  taken  from  References  4,  5,  and  6. 


8.2  THE  BATCH  ESTIMATOR  ALGORITHM 

In  order  to  facilitate  the  derivation  of  an  iterative  weighted  least  squares 
solution,  the  various  quantities  that  are  iteration  dependent  will  be  subscripted 
with  an  i.  Thus,  Kx  in  Equation  (8-5)  is  written  A x.  = x - x^ , where  x^  is  the 
best  estimate  of  x,  the  extended  state,  obtained  from  the  i‘^  iteration.  At  the 
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beginning  of  the  process  (0^^  iteration),  Xq  = Xq  is  the  a priori  value  of  these 
soive-for  variables.  The  obiective  is  to  determine  x.  from  x . so  as  co  min- 

i +1  1 

imize  the  loss  function. 

The  Initial  assumption  that  the  measurement  vector  y can  be  related  to 
the  state  and  model  parameters  at  epoch  time  to  is  given  as 


y = f (x,  z)  + n 


(8-14) 


where  two  classes  of  variables  are  included.  The  p-dimensional  vector  x,  desig- 
nated the  solve -for  vector,  contains  as  components  the  state  and  model  parameters 
whose  values  are  known  with  limited  certainty  and  are  to  be  estimated.  The 
q-dimensional  vector  z,  designated  the  consider  vector,  contains  as  components 
all  model  parameters  whose  values  are  known  with  limited  certainty  but  are  not 
to  be  estimated.  Nevertheless,  the  uncertainty  of  z is  to  be  considered.  A priori 
values  of  x and  z are  specified  as  and  Zq  with  respective  covariance  matrices 
and  , i.e., 

£{xq>  s X,  cov{xq  - ^ = P.  (8-15) 

axp 

E {zq}  = z,  cov  ,Zq  - z>  - P.  (8-16) 

On  the  i*^  iteration  the  loss  function  is  defined  to  be 


Q(x)  - [y  - f (3^,  W [y  - f(x,  Zq)]  + (5c  - - Xq)  (S-17) 

The  second  term  on  the  right  has  been  added  to  the  loss  function  to  constrain 
the  best  estimate  to  the  a priori  specified  Xq,  with  the  degree  of  constraint  de- 
pendent upon  the  uncertainty  P This  term  accounts  for  the  fact  that  Xg  is 
known  to  be  accurate  to  a confidence  level  given  by  PAxq  • Therefore,  any  solu- 
tion is  constrained  to  satisfy  the  a priori  realization  Xg  to  within  the  limits  of 
its  uncertainty. 

To  obtain  the  weighted  least  squares  solution  that  minimizes  Q(x)  in  Equa- 
tion (8-17),  the  same  procedure  is  followed  as  is  used  in  Section  8.1.  First, 
3Q/dx  is  linearized;  then,  a Newton-Raphson  procedure  is  iteratively  applied 
to  solve  the  nonlinear  minimization  problem.  For  convenience,  the  value  of  x^ 
for  the  i^*’  iteration  is  considered  first,  and  the  nonlinear  regression  equation 
is  linearized  as  follows. 
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f(x,  z)=f(x.,  Zq)  + F.Ax.  +E.Az.  (8-18) 

where 

(8-19) 
(8-20) 

(8-21a) 

E.  (8-2  lb) 

Since  the  consider  variables  z are  not  being  estimated,  their  values  remain 
equal  to  z ^ . 

Substituting  terms  with  nonzero  mean  from  Equation  (8-18)  into  Equation 
(8-17)  3nelds  the  linearized  loss  function 

Q'  (^.  ) = [E^.  - FiA^.]’’  W[^.  - F.A^J  (8-22) 

+ {Ax  - Ax.  / (Ax.  - Ax.  ) 

*0 

where  the  measurement  residuals  are 

Ay.  = y - T(x. , Zq)  (8-23) 

and  the  deviation  of  the  a priori  estimate  from  the  i‘^  iterative  estimate  is 

zTx.  s Xq  - X.  (8-24) 


Ax.  = X - X, 


Az.  = z - z. 


and 


/Bf\ 

(x,  Z = X^.2q) 
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The  value  of  Ax.  that  minimizes  Q’,  denoted  by  Ax^  + 1 , is  therefore 

(8-25) 

and  the  best  estimate  of  the  solve-for  variables  is 


*i+i  “ 


i + 1 

E 

k®  1 


Ax,  = X. 

k 1 


+ Ax, 


i + l 


(8-26) 


This  estimation  process  is  iteratively  applied  until  the  convergence  criteria 
(discussed  in  Section  8.6.3)  are  satisfied. 

Equation  (8-25)  is  the  estimator  algorithm  used  in  GTDS.  It  requires  the 
inversion  of  a p x p matrix,  the  same  dimension  as  the  vector  of  solve-for  var- 
iables. Insofar  as  the  estimator  algorithm  is  concerned,  it  makes  no  differ- 
ence whether  consider  variables  are  included.  Equation  (8-25)  depends  only 
on  the  values  Zq  , not  on  the  uncertainty  PAzq*  might  be  expected,  since 

the  uncertainty  resulting  from  the  inclusion  of  consider  variables  affects  only 
the  second  order  statistics  or  covariances  (i.  e. , the  ensemble  properties). 

The  last  term  on  the  right  in  Equation  (8-26)  can  only  be  included  subsequent 
to  the  initial  iteration,  since  on  the  initial  iteration  Ax  - 0. 


The  estimator  algorithm  in  Equation  (8-25)  differs  slightly  from  the  classi- 
cal weighted  least  squares  algorithm  (Equation  (8-10)).  This  difference  results 
from  the  addition  of  the  second  term  on  the  right  in  the  loss  function  (Equation 
(8-17)). 


8.2.1  Mean  and  Covariance  of  Estimate 

The  best  estimate  x which  results  from  convergence  of  the  estimator 
algorithm  will  next  be  examined  to  determine  its  statistical  properties.  Two 
quantities  are  of  concern,  the  expected  (mean)  value  and  the  covariance  of 
the  estimate.  The  expected  value  of  the  deviation  /^x  yields  the  amoimt  of  bias 
in  the  estimate,  while  the  covariance  indicates  the  amount  of  dispersion  or  un- 
certainty. Obviously,  zero  bias  and  minimum  dispersion  are  the  qualities 
sought. 
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In  the  following  discussion,  it  is  assumed  that  the  iterations  have  converged 
and  that  the  unsubscripted  variables  x,  Ax,  Ay,  etc.,  correspond  to  the  converged 
solution  and  perturbations  about  it. 

The  expected  value  and  covariance  of  the  measurement  noise  vector  n are 
assumed  to  be 


S{h}  = 0 (8-27a) 

cov{H}  = W ' (8-27b) 

and  the  linearized  vector  of  observation  residuals  can  be  written  as 


Ay  = FAx  + EAz  + n (8-28) 

Therefore,  the  expected  value  of  Ay  is 

e = e{F/^}  (8-29) 

since8{  n)  = 8{A^}  = 0.  The  covariance  of  Ay  is 


CO V { A y } = 8 { [ A y - 8 ( A y)]  [A  y - 8 (A  y)] 


-■  E 8 { A z A z } E^  + E 8 (A  z n + 8 {n  A z E*^  + c { n n (8-30) 


. EPa,  E^  + 

where  the  correlation  between  the  consider  variable  errors  and  the  measurement 
noise  is  assumed  zero,  i.e., 


8 {A  z ri'’*'}  0 


(8-31) 
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The  mean  of  the  best  estimate  x is 

i + l 

S - X } = fc"  - Ax.  } 

= (FT  W F + P">^  )■'  [F^WS  {a7>  + S {Sk}  - W F (8-32) 

+ p^tj  s <^)] 


S {xq  - x} 


However,  Xq  was  defined  to  have  an  expected  value  equal  to  x (see  Eouation 
(8-15)).  Therefore 


£ {x  - x}  =0  and  £ {x}  = x 


(8-33) 


Equation  (8-33)  shows  that  the  best  estimate  is  unbiased.  The  covariance 
of  the  error  in  the  estimate  is 


'A 


X 


--  £ - x]  [x.^j  - x]"^}  = £ {[Ax.^j  - Ax.  ] [Axj^j  - AxJ'^'} 

= >//  (pT  W E P,  ET  W F + pT  W F + p;* 


+ pT  w Fe  £ {A  z (A  X - a'"x)T}  p-i^  + E £ {A  z n^}  W pl  (8-34) 


+ Fp“*^  £ {(Ax  - A'^x)  A z ET  + pT  W £ {n  A z^}  e1  W F 


+ P:^  £ {(Ax  - A~x)  HT)  W F + pT  W £ {n  (A  x - A'"x)n  P.  1 
^'*0  J 


where 


pT  w F + p;»  ) 

Axo/ 


(8-35) 
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To  simplify  Equation  (8~34)  the  following  definitions  are  made 


^Ax  Az  ^ A z*^}  = 8 {(X  - Xq)  (1  - 7^j)T} 

= 8 {(Xq  - X)  (Tq  - (8-36) 

^Ax,Az  (^-A'^x)^  =8  {(z_  z^)  (x-x^)n 

= 8 iZo  - ?)  (Xg  - x/} 

^Azn  = ^A  z n"^}  = 8 {(T  - 7q)  n"^}  = 0 

(8-37) 

CT  - S (h  A z = 8 (n  ( z - "z.)^}  = 0 

LAzn  ^ 


Ca  = S {(A  X - A""x)  n'T)  r:  8 {(x  - x ) n"^}  = 0 

Align  0' 

^ = 8 {n  (A  x - A'^x)'^}  =8  ^H(x  - Xq)T)  = 0 

Therefore,  Equation  (8-34)  becomes 


(8-38) 


-1 


(8-39) 


a.pA  -PA 


0 ^0 


In  Equations  (8-37)  and  (8-38)  it  is  assumed  that  no  statistical  correlation  exists 
between  the  measurement  noise  and  the  error  in  the  solve-for  or  consider  vari- 
ables. The  correlation  between  errors  in  the  a priori  solve-for  and  consider 
variables  C^^xoAz  neglected  in  GTDS,  primarily  because  a priori  values  of 
this  correlation  matrix  are  usually  unavailable.  The  terms  are  maintained  in 
Equation  (8-39)  for  completeness  and  for  possible  use  in  the  error  analysis  appli- 
cation discussed  later.  In  the  event  that  no  consider  variables  are  included, 
Equation  (8-39)  reduces  to 


Aj 


- (FT  w F 


P“1  N-l 

Ax,/ 


(8-40) 


which  is  the  gain  matrix  in  the  estimator  algorithm  (Equation  (8-25)). 
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It  was  stated  previously  that  a desirable  quality  of  an  estimate  is  small  dis- 
persions. It  is  evident  from  Equation  (8-40)  that  the  covariance  matrix  of 
error  in  the  estimate  varies  with  the  measurement  uncertainty  W ' and 
the  a priori  covariance  matrix  of  the  solve-for  variable  uncertainty  PAxq* 
Equation  (8-39)  shows  that  also  varies  with  the  covariance  matrix  of  un- 
certainty In  the  consider  variables  Pa^q*  Therefore,  minimizing  the  measure- 
ment noise,  as  well  as  the  a priori  uncertainty  in  the  solve-for  and  consider 
variables,  will  result  in  reducing  the  dispersion  or  uncertainty  in  the  estimated 
variables. 


The  correlation  between  errors  In  the  solve-for  and  consider  variables, 
which  results  from  the  processing,  is 


*^AxA.  = ^ 


(8-41) 


Even  if  the  a priori  correlation  CAxq  Az  assumed  to  be  zero,  a correlation 
between  errors  in  the  sol\e-for  and  consider  variables  will  result  because  of 
their  dependency  in  the  processing  model. 


8.2.2  Observation  Partial  Derivatives 

Throughout  Sections  8.2  and  8.2.1,  the  components  of  the  solve-for  and  con- 
sider vectors  x and  z have  been  ignored  along  with  the  way  the  components  and 
their  error  covariances  P^^^  and  Pa*  are  associated  with  a specific  time  or 
epoch.  Furthermore,  it  has  been  assumed  in  Equation  (8-14)  that  the  calculated 
measurements  at  various  times  (tj , t.^,  . . . , 1;„)  can  be  related  to  the  solve-for 
and  consider  variables  at  the  epoch  time  to.  In  Equation  (8-18)  it  is  assumed  that  the 
time  varying  matrices  F-  and  E . can  be  calculated  which  linearly  relate  the  cal- 
culated measurements  to  variables  at  the  epoch  time.  In  the  following  section, 
attention  will  be  focused  upon  the  solve-for  and  consider  vector  components,  the 
manner  in  which  the  time  dependency  is  accomplished,  and  the  properties  of  the 
normal  matrix  which  are  utilized  in  its  formation. 

The  general  estimation  (solve-for)  vector  x in  the  regression  equation 
(Equation  (8-14))  and  the  estimator  equation  (Equation  (8-25))  contains  variables 
from  q in  Equation  r-221),  i.e., 
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X q = 


= {solve-for  vector} 


(8-42) 


where 


p dynamic  paramete  consisting  of  the  vehicle's  state  components  at 
epoch  and  model  parameters  in  the  acceleration  model  (Equation  (4-1)). 
These  parameters  include  gravity  constants,  the  drag  parameter,  the 
solar  radiation  constant,  thrust,  and  attitude  parameters. 

tracking  station  locations  in  earth- fixed  coordinates. 

b measurement  biases. 


S t ~ measurement  timing  bias. 


The  specified  components  of  the  solve-for  vector  are  ordered  as  follows: 

• six  (or  fewer)  position  and  velocity  components,  Ro  and  Rq,  or  equivalent 
elements 

• drag  parameter 

• sclar  radiation  parameter  k = P A/m  q 

• gravitational  potential  constants  m,  C?;,  and  S;^ 

• thrust  acceleration  parameters  a^,  . . . , a^;  a^,  . . . a^;and  ^ ^ , . , . 

• attitude  control  parameters  a^ , a,a;L,b,b;andc,c,c 

x'y'z  xyz’  x’y’z 

• tracking  station  locations  r 

S 

• observation  biases  b and  § t 


Either  of  the  five  optional  characterizations  of  the  epoch  position  and  velocity, 
described  in  Sectlpnl.S,  can  be  solved  for.  The  mean  of  1950.0  Cartesian  co- 
ordinates Rq  and  R^  are  used  for  the  purpose  of  describing  the  method. 
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Each  row  of  the  F(t)  matrix  iw  Equation  (8- 21  a)  contains  partial  derivatives 
of  the  computed  observation  with  respect  to  Rq,  5^,  and  the  other  specified 
components  ol  p,  r, , b,  and  S t.  The  dynamic  variables  p must  be  related  to  the 
epoch  time  through  tho  state  transition  mv'  ix  , to)  as  discussed  in  Chapters 
4 and  6.  Partial  derivatives  with  respect  to  r^,  b,  and  8 t are  not  dependent  upon 
an  epoch  and  can  be  obtained  by  differentiating  the  observation  equation  explicitly. 

The  nonlinear  observation  equ  tion  is  written  in  Equation  (7-1)  as 

“ ^0  (t  + ^ t.  p.  (t  + dt , p,  r^)]  + b + RFg  (8-43) 


where 

7j  t , ^ vehicle  position  and  velocity  vectors  expressed  in  local  tangent 

coordinates  with  respect  to  a tracking  station  located  at  r ^ 

R F^  systematic  error  correction  to  observation  due  to  atmospheric  re- 
fraction, light  time,  transponder  delay,  antenna  mount  errors,  etc. 

The  partial  derivatives  of  an  observation  Oc , at  time  t j , with  respect  to  the 
solve-for  variables  x are 


a 

j 


<3  0, 


S X 


fp  (tj)  a fp  (tj)  3 f|)  (t,)  3 fp  (tp  3 ^0 
JR  (t^)  cT,  3b  3St  _ 


3R(t,) 
3 P (tg) 


3R(tj) 

3P(‘o) 


1(8-44) 


1 

1 

1 


The  first  matrix  on  the  right  is  explicitly  determined  from  the  observation  equa- 
tions in  Chapter  7.  The  second  matrix  on  the  right  must  be  obtained  by  integrat- 
ing the  variational  equations  (or  approximations  of  these  equations)  as  described 
in  Chapter  6.  Equation  (8  41)  constitutes  a single  row  a of  the  F matrix. 

On  each  iteration,  the  m observations  are  sequentially  processed  to  form 
the  normal  matrix  F^WF.  Since  the  weighting  matrix  W is  diagonal,  the  re- 
cursive relation  for  accumulating  the  normal  matrix  Is 
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(8-45) 


where 


a 

j 


af  [x,  (t^),  Zp] 

dx 


= { j ^^row  ot  F matrix  given  by  Equation  (8-44) } 


and  a.  is  the  standard  deviation  of  the  j obsei'vation. 


By  forming  F^WF  row-by-row  instead  of  manipulating  the  full  (m  x p)  F 
matrix,  a saving  in  storage  and  computation  time  is  realized.  Since  the  matrix 
F^WF  is  symmetric,  elements  below  the  main  diagonal  need  not  be  computed 
or  stored. 


The  general  consider  vector  z in  the  regression  equation  (Equation  (8-14)) 
can  have  as  components  any  model  parameters  in  p,  r^ , b,  or  S t. 

Each  row  of  the  E(t)  matrix  in  Equation  (8-21b)  contains  partial  derivatives 
uf  the  computed  observations  with  respect  to  the  specified  components  of  z.  The 
partial  derivatives  with  respect  to  the  dynamic  variables  p,  specified  in  z,  can 
be  calculated  simultaneously  with  the  dynamic  partial  derivatives  in  F(t)  as  de- 
scribed in  Chapter  6.  However,  the  partial  derivatives  in  E(t)  need  only  be  com- 
puted on  the  final  converged  iteration,  since  the  estimator  equation  (Equation  (8-25)) 
is  not  dependent  upon  E(t). 

In  GTDS  the  components  of  the  vectors  x and  z are  merged  on  the  final 
iteration  to  an  expanded  state  vector  u.  The  elements  of  u are  ordered  as  de- 
scribed above.  The  observation  partial  derivatives  aie  then  calculated  with 
respect  to  u,  anda  (p+q)  x (p+q)  expanded  state  normal  matrix  is 

sequentially  accumulated  as  described  above.  When  all  m observations  have 
been  processed,  selected  elements  of  are  extracted  to  form  F^WF, 

E^WE,  and  E^WF,  which  are  required  to  compute  the  covariance  and  correla- 
tion matrices  in  Equations  (8-39)  through  (8-41).  It  should  be  noted  that  only 
elements  on  and  above  the  main  diagonal  of  F^WF  need  be  calculated  and  stored. 


8.2.3  Covariance  Matrix  Transformations 

The  converged  estimate  x,  covariance  matrix  , and  correlation  matrix 
^AxAi  resulting  from  the  differential  correction  process  correspond  to  the  epoch 
time  tg.  Since  GTDS  can  estimate  the  state  in  any  of  five  subsets,  the  first  six 
components  of  x can  correspond  to  Cartesian  coordinates  in  wean  of  1950.0  or 
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true  of  date  axes,  classical  Keplerian  orDital  elements,  spherical  coordinates, 
or  DODS  variables.  For  discussion  purp  ses,  the  first  six  components  state 
components)  of  x i re  denotes  by  s.  The  vector  s can  optionally  be 
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depending  on  the  variable  set  used  in  the  differential  correction  process.  The 
upper  left  6x6  submatrix  of  P^\x,  denoted  PAs,  also  corresponds  lo  the  variables 
used  in  the  differential  correction  process. 

GTDS  transforms  the  estimated  state  s and  its  covariance  matrix 
to  any  the  other  variable  sets  shown  above.  The  constant  solve -for 
parameters  and  consider  paimmeters  in  x and  z of  the  original  differential  cor- 
rection problem  are  not  coordinate  dependent.  Only  the  state  (position  and 
velocity)  depends  upon  the  coordinate  system  utilized.  Therefore,  only  the  sub- 
set s of  X and  submatrix  Pa  of  Pa  need  be  considered  in  the  coordinate  trans  - 

4L»  s cA  X 

formation. 

If  the  sets  to  wnich  s and  are  being  transformed  are  denoted  by  s'  and 
Pa,  » , the  nonliiiear  transformation  can  be  written  as 


s''  (tp)  h [sCtp)  I 


(8-46) 


Transformations  of  this  type  between  Cartesian  and  spherical  coordinates  are 
presented  in  Section  3.3.4,  and  between  Carivs^an  aiid  Keplerian  elements  in 
Section  3.3.8. 


To  transform  thto  covariance  matrix  P*^^,  Equau’on  (8-46)  is  linearized, 
yielding 


As'(t,)  --  H(t^)  As(t^) 


(8-47a) 


where 


(8-47b) 


8-16 


These  partial  derivatives  between  Cartesian  and  spl^rical  coordinates  and 
Cartesian  and  Keplerian  elements  are  presented  in  Sections  3.3.4  and  3.3.8, 
respectively.  The  covariance  matrix  it  defined  a.' 

^As^^o)  ^ ^ ^^s(tQ)  - As(tQ)]  [As(tQ)  ^ Al(tQ)]  (8-48) 

where  /Ts  and  A s correspond  to  the  first  six  components  of  Ax  and  'Kk,  defined 
previously.  The  covariance  matrix  of  transformed  variables  # is  defined 
as 

- As'(t(j)]  [As'(t(j)  - As'Cto)]"^}  (8-49) 

Substituting  Equation  (8-47a)  into  Equation  (8-49)  yields 

PAs'(‘o)  =«(»(.)  PAs(‘o)H''(‘o) 

A second  type  of  transformation  occasionally  encoimtered  concerns  th^ 
timewise  propagation  of  the  estimate  k and  the  covariance  matrix  P/^^.  The 
estimate  x(t^j)  is  transformed  timewise  by  meraly  integrating  the  equations  of 
motion  from  initial  conditions  x(t^ ) to  other  times  of  interest.  The  best  estimate 
of  all  model  parameters  is  used  in  this  integration. 

The  timewise  propagation  of  the  covariance  matrix  of  state  and  model 
parameters  is  slightly  more  complicated.  First,  the  propagation  is  separate 
from  the  differential  correction  process,  and  model  parameters  other  than 
those  estimated  (solved  for)  can  be  considered  as  uncertain  in  the  propagation 
process.  The  a priori  values  of  the  uncertain  state  and  model  parameters 
(whether  solved  for  or  considered)  at  epoch  time  t^  are  denoted  by  u(tp)  and 
their  covariance  matrix  by  P^^(t^j).  At  any  later  time  t,  they  are  given  by 
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It  is  assumed  that  u and  are  composed  of  state  components  s and  uncertain 
model  parameters  u*.  Perturbations  about  u(t)  are  related  to  perturbations  about 
the  a priori  values  as  follows 

Alj(t)  = ^(t . tp)  Aj(to)  (8-51a) 

where  the  transition  matrix  ^ is  given  by 


with 


-?(t,  tg)  = 


to) 

^(t.  to)' 

0 

I 

(8-51b) 


t^)  and 


tQ)  - 


' ^s(t)  \ 


(8-51C) 


By  definition,  the  covariance  matrix  of  u at  time  t is 


P^u(t)  - L-Su(t)  -i^u(t)l  [Au(t>  - Au(t)]'^}  (8-52) 

Substituting  Equation  (8-51a)  into  Equation  (8-52)  yields 

^o)  PAu(^o) 


The  covariance  matrix  of  state  (upper  left  6x6  submatrix  of  P^^)  is  obtained 
by  partitioning  <P  and  into  their  s and  u*  subparts  as  follows 


= <t(t.  t„)  PA,(t„)  <pf(t.  t„)  + f(t,  t„)  cA  (t.  t„) 


<Kt.  to)C,A,A„.  +;  (t,t„)P^^. 


(8-54a) 


If  no  uncertain  model  parameters  are  included  in  the  propagation,  Equation  (8-54a) 
reduces  to 

P^^  (t)  = -t.  (t,  t„)  Pa, (to)  (t.  ‘o’)  (8-54b) 
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From  the  same  pai’titioniiig,  the  correlation  between  the  state  s and  u*  is  given 

by 


OiisAu*  ^(t,  tjj)  + ^( c,  ^o) 


(8-54C) 


8.2,4  Computational  Procedure  for  the  Differential  Correction  Program 


This  section  describes  conceptually  how  the  estimator  and  covariance  equa- 
tions are  solved  in  GTDS.  Figure  8-1,  the  computition^J  flow  schematic,  will  aid 
in  the  discussion.  The  figure  is  divided  into  functional  blocks  and  the  discussion 
is  similarly  organized.  The  logic  shown  in  Figure  8-1  is  not  the  same  as  the 
specific  source  logic  in  GTDS,  but  is  presented  in  order  to  characterize  the 
concepts. 


8. 2. 4.1  A Priori  Input 

The  process  is  initialized  by  specifying  ail  necessary  input  data  at  (J)  . 
This  includes  the  estimated  and  considered  variables  and  their  covariances,  as 
well  as  measurement  time  spaas  and  times  to  which  the  best  estimates  of  the 
state  and  covariances  are  to  be  propagated.  The  state  input  lo  optionally  ex- 
pressf  sl  in  any  of  several  convenient  coordinate  systems.  It  is  transformed  to 
the  basic  coordinate  system  used  in  GTDS  (i.e.,  mean  equator  and  equinox  of 
1950.0  or  true  equator  and  equinox  of  a given  epoch)  for  subsequent  processing. 
These  transformations  are  described  in  Chapter  3. 


8 .2 .4 .2  Data  Management 

The  next  step  is  the  preparation  of  the  observation  data  for  processing  at 
. This  encompasses  relocating  the  data  within  the  specified  measurement 
span  from  the  original  input  device  (cards,  single  or  multiple  tapes,  disk,  or 
keyboard)  to  a working  file  convenient  for  subsequent  retrieval  during  processing. 
During  this  relocation  function,  the  data  sequence  can  optionally  be  edited  con- 
sidering the  type  of  observation,  the  source  of  the  data,  the  tracking  station,  and  the 
time  span  between  adjacent  points.  The  data  on  the  working  file  are  chronologi- 
cally numbered,  and  the  number  of  the  data  point  which  bounds  the  initial  epoch 
time  to  from  below  is  recorded.  The  data  management  function  also  includes 
the  determination  of  whether  the  initial  epoch  time  is  less  than  the  first  data 
time,  between  the  first  and  last  data  time,  or  larger  than  the  last  data  time. 

For  the  first  case,  the  data  are  processed  sequentially  from  the  first  point  at 
tj  to  the  last  ocint  at  t^.  For  the  second  case,  the  processing  starts  backward 


8-19 


8-20 


© 


Figure  8-1.  Computational  Sequence  for  the  Differential  Correction  Program 


in  time  irom  the  initial  epoch  to  the  first  data  point,  it  then  switches  back  to  the 
initial  epoch  and  proceeds  forward  in  time  to  the  last  data  point.  In  the  third 
case,  the  data  are  processed  backward  in  time  from  the  last  (chronological)  data 
point  to  the  first  data  point. 


8. 2. 4. 3 Outer  Iteration  Loop 

The  o^r  iteration  loop  begins  at  or(^ . Normal  GTDS  operation 
starts  at  with  initialization  of  the  inner  processing  loop  point  counter  j and 
subsequent  integration  of  the  ephemeris  from  observation  point  to  observation 
point  within  the  inner  loop  (at  An  altemati^^scheme,  planned  for  the 

standalone  DC  Program,  beginsme  outer  loop  at  * by  calculating  and  storing 
the  ephemeris  and  state  transition  matrix  over  the  entire  DC  time  span  (To  to 
Tj ).  Later,  in  the  inner  loop,  the  state ^d  state  transition  matrix  are  obtained 
by  interpolation  of  the  stored  data  (at  ). 


8.2 .4.4  Inner  Processing  Loop 


with  the  single  row  a^  of  the  F matrix  ijorresponding  to  the  measurement  at 
To  minimize  core  storage,  the  matrix  products  F^W^  and  F^WF 


The  inner  processing  loopstarts  by  retrieving  the  first  data  point  to  be  processed 
from  the  working  file  at  (^.  Under  normal  operation,  the  nonlinear  equations  of 
motion  (see  Chapter  5)  ana  associated  variational  equationMsee  Chapter  4)  are 
numerically  integrated  (see  Chapter  6)  to  the  data  time  at  (^.  Alternatively,  if 
the  ephemeris  and  state  transition  matrix  are  generated  amstored  at  their 
values  are  interpolated  to  the  observation  time  at  . The  best  estimate  of  the 
measurement  and  its  related  residual  Ay.  are  calculated  (see  Chapter  7)  along 

® • 

are  accumu- 
lated as  each  row  of  F is  calculated,  as  dc\icribed  in  Section  8.2.2.  It  is  apparent 
from  Equation  (8-25)  that  only  these  matrix  products  are  required  for  determin- 
ing the  estimate.  All  symmetric  matrices  F^WF)  are  stored  in  upper  tri- 
angular form.  On  the  last  iteration  ♦l  e matx’x  products  F^WF,  E^WE,  F^WE, 
and  E’^'WF  are  accumulated  for  subsequent  use  in  computing  the  covariance  and 
correlation  matrices.  At(^  tests  are  performed  to  determine  if  all  m data 
points  have  been  processed.  If  they  have  not,  the  measurement  point  counter  j 
is  incremented  or  decremented,  depending  on  whether  the  data  is  being  processed 
forward  or  backward  in  time.  Tho  logic  then  returns  to  the  beginning  of  the 
processing  loop  to  retrieve  the  next  point  to  be  processed. 
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8.2 .4.5  Estimation  Computation 

When  all  m data  points  have  been  processed,  the  complete  matrix  products 
F^W  and  F^WF  are  available  at^^  as  is  the  measurement  residual  vector  Ay. 
On  the  last  iteration  F^WE,  E^WF,  and  E^WE  are  also  available.  The  best 
estimate  of  the  perturbations  Aj^+j  and  variables  x.+j  are  then  calculated  via 
Equations  (8-25}  and  (8-26)  at (7). 


8. 2. 4. 6 Termination  of  Outer  Iteration  Loop 

After  determinir^  an  estimate  at  (7),  the  iteration  is  complete  and  conver- 
genc'  tests  are  performed  at(^  . The  convergence  criteria  are  described  in 
Section  8.6.3.  If  the  iterations  are  converging,  the  iteration  counter  i is  tested 
against  the  maximum  number  of  iterations  allowable.  If  the  maximum  has  not 
been  reached,  the  iteration  counter  is  incremented  and  logic  proceeds  through 
■^i)  to  begin  the  next  iteration  at  . At  the  measurement  residual  vector 
can  be  used  to  edit  the  data  as  discussed  in  Section  8.6.2,  as  well  as  to  determine 
iteration  statistics  as  discussed  in  Section  8.6.4.  If  the  convergence  test  at 
determines  that  divergence  is  occurring,  the  problem  can  be  terminated.  If  the 
iteration  has  converged,  or  the  maximum  number  of  iterations  has  been  reaped, 
then  the  covariance  and  correlation  matrices  at  epoch  tg  are  calculated  at  . 
Finally,  the  state  vector,  the  covariance  matrix,  and  the  correlation  matrix  can 
be  transformed  to  other  space  and  time  sets  as  described  in  Section  8.2.3. 


8.3  ERROR  ANALYSIS  APPLICATION 

The  weighted  least  squares  estimator  algorithm  and  the  associated  covari- 
ance and  correlation  matrices,  derived  in  Sections  8.2  and  8.2.1,  are  summarized 
as  follows. 

Estimator 

a'x..,  = W F + P-‘^J  ' W A^,  + P-'^^  a"x,  ) (8-55) 


8-22 


HRpRomjciBu  rry  of  the 

UlOuils’AT  PACE  IS  POOR 


Covariance  of  Estimate 


PAx  = '/■■  [ft  w e et  w f + ft  w e p-1 

^*’a!:o^A.„A.E"'*'I^^FTwf.P->J'^.t 


(8-56) 


Correlation  of  Estimate  and  Consider  Variables 


CAxAx  = ^ [P^Sx^A.  -^»EPAx„] 


[pT^p^p-l  j-1 

(8-58a) 

PAx„  = ^ 

(8-58b) 

PAx  ^ - X)  (X  - x)'^ 

(8-58c) 

PAz^  = ^ 

(8-58d) 

'Ax^Az  ^ ^ ^(^0  -^)  (h  “ 2)'^> 

(8-58e) 

^AxAz  ^ - X)  (Zq  - z)T} 

(8-58f) 

(x  is  the  converged  x.  ) 

In  Equations  (8-55)  through  (8-57),  only  the  estimator  requires  measure- 
ment data.  The  equations  for  the  covariance  and  correla.tion  matrices  require 
only  the  statistics  W of  the  observations,  which  are  usually  known  for  specific 
classes  of  trackers  and  sensors.  Therefore,  if  it  is  assumed  that  the  a priori 
reference  trajectory  Xq  is  the  best  estimate,  the  estimator  equation  can  be 
omitted  and  the  covariance  and  correlation  matrices  can  be  determiiied  for  spe- 
cific mission  sensors  and  observation  profiles.  It  must  also  be  assumed  that 
the  mathematical  models  in  the  program  accurately  characterize  the  physical 
situation.  Since  actual  measurements  are  not  required,  these  operations  can  be 
performed  during  preflight  studies  to  determine: 
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• the  effect  of  measurement  data  errors  {random  and  systematic),  measure- 
ment time  spans,  and  sampling  rates  on  the  accuracy  of  the  estimated 
state  and  model  parameters 

• the  effect  of  the  trajectory  dynamics  and  the  trajectory/sensor  relative 
geometry  on  the  accuracy  of  the  estimated  state  and  model  parameters 

• the  relative  effects  of  different  types  of  measurements  on  the  accuracy 
of  the  estimated  state  and  model  parameters 

Such  problems  are  referred  to  as  error  analysis  problems,  since  they  are 
solely  concerned  with  the  influence  that  errors  in  problem  variables  have  on  the 
accuracy  of  the  estimate.  This  type  of  analysis  can  strongly  influence  the  design 
and  enhancement  of  spacecraft  missions,  as  well  as  establish  requirements  for 
observation  sensor  accuracies,  sampling  rates,  tracking  times,  and  sensor 
locations . 


The  method  for  evaluating  Equations  (8-56)  and  (8-57)  in  GTDS  is  nearly 
identical  to  that  for  estimating  applications.  An  a priori  estimate  of  the  solve- 
for  and  consider  variables  Xq  ^uid  Zq,  along  with  their  covariance  and  correlation 
matrices  and  is  specified.  The  measurement  schedule  and 

measurement  uncertainty  W is  also  specified  a priori.  The  program  then  pro- 
ceeds to  integrate  the  nonlinear  differential  equations  of  motion  and  their  corre- 
sponding variational  equations  to  the  measurement  times  and  compute  the 
measurement  partial  derivatives.  The  rows  of  the  matrices  F and  E in  Equa- 
tions (8-56)  and  (8-57)  are  accumulated  as  the  measurement  statistics  are 
processed.  Ultimately,  the  covariance  and  correlation  matrices  Pax  find  CaxAz 
are  calculated  at  the  epoch  time.  The  covariance  and  correlation  mat]?ice3  are 

then  propagated  to  specified  times  Tj  , T2 Tg  by  means  of  Equations  (8-51) 

and  (8-54).  Analogously  to  the  transformations  presented  in  Equations;  (8-46) 
through  (8-50),  the  time  transformed  covariance  matrix  PAj(T.  ),  which  is  a 
submatrix  of  Pax(T.  ),  is  itself  transformed  to  the  s’  system.  From  tlie  non- 
linear transformation 

s\Ti)  = h (8-59) 

a linearization  yields 

As'(T.)  = H(Ti)  Ai(Ti)  (B-€0) 


where 


H(Ti) 


(8-61) 
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The  covariance  matrix  of  s'(T.  ) is  thus  formed  by  appropriate  substitution  as 

= e{[-^s'(Tj)  - SS' (TjM  [/Ts'cr ) - ^'(Ti)]n 

= H(Ti)PA,(Tj)H’’(T.)  (8-62) 

The  correlation  transformed  to  C^j'Az  follows 

^As-Az(Ti)  = £{[s'(Ti)  - s-(T,)]  [?„  - 

--  8{[a's-(T,)  - 5?'(Ti)]  [F„  - Tin 
= £{H(Ti)  [a5(T.)  - Aj(Ti)]  [Tj-T]’') 

Since  the  estimation  equation  is  not  being  solved,  iteration  is  unnecessary. 


Differentiating  Equation  (8-25)  with  respect  to  z and  ignoring  both  the  iter- 
ation notation  and  the  z dependence  on  the  matrix  of  observation  partial  deriva- 
tives, the  variation  of  the  least  squares  estimator  with  respect  to  the  consider 
parameters  is 

^ = - (F'^WF  + P"*  F'^'WE  (8-64) 

dz 

Within  the  bounds  of  linearity,  the  responsiveness  of  the  components  of  Ax  to 
pei*turbations  in  the  components  of  z are  given  in  the  epoch  sensitivity  matrix 


S = 


(8-65) 


From  Equations  (8-51)  for  the  state  vector  3,  the  perturbation  about  a given  value 
of  s is 

As(t)  = 4»(t,  tjj)  As(tQ)  + ^?(t,  tQ>Au*  (8-66) 

Differentiating  A^(t)  with  respect  to  u*.  the  variation  of  the  state  components  with 
respect  to  the  consider  dynamic  parameters  is  obtained 


3 «,(t, 

3u* 


3As 

Bu* 


'Ct. 


to) 


(8-67) 
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Then  the  time  propagation  of  the  matrix  of  iunctional  sensitivities  is 


S(t)  = 


. 7 


(8-68) 


As  in  the  transformation  of  the  covariance  matrix  from  1^3  to  a simple 
chain  rule  calculation  3delds  the  variation  of  the  transformed  state  with  respect 
to  the  consider  variables 


BAs*  (t)\  _ / BAs*(tA  / Bs(t)\ 
^ BY  / \Bs(t)/  \ BY  / 


To  give  more  insight  into  the  applicabilitj^f  the  sensitivity  quantities,  the 
i*^*'  component  of  the  least  squares  estimator  As  is  written  in  nonlinear  functional 
form  as 

As.  =g.(z)  (8-70) 

By  expanding  g.(z)  in  a Taylor  series  about  z = Zq,  the  following  first-order 
approximation  is  obtained 

/\  ^ — I /bAs.  \ 

As.  = g.(Y)  = ii(2o)  + 2^  y'BFy 

If  the  errors  in  the  z parameters  are  uncorrelated  in  a Bayesian  sense  (as  they 
are  assumed  to  be  in  GTDS),  and  if  the  linearity  assumption  is  valid,  an  estimate 
of  the  variance  of  due  solely  to  the  variability  in*z  is  obtained.  In  particular, 
this  variance  estimate  is  given  by  invoking  the  variance  operator  on  both  sides  of 
the  above  expression  for  As.  and  noting  that  gj  (Zq)  is  a constant  and  that  the 
A z , 's  ai  e uncorrelated.  Therefore, 


CT' 


A s 


(8-72) 


Assuming  the  linearization  is  valid,  it  is  easily  seen  that  A z . = in  the  sensi- 
tivity analysis.  Hence,  the  sum  of  squares  of  the  sensitivities  fo;-  a^given  state 
component  over  all  conside^parameters  plus  the  excess  of  the  (i,  i)  elemen;.  of 
the  consider  covariance  of  As  over  (z)  yields  the  totel  variation  observed 
in  ^ , This  excess  quantity  is  the  (i,l/ element  of  the  normal  matrix  (measure- 
ment noise  variance  component)  since  the  covariance  equations  were  derived 
under  the  assumption  that  n and  Zq  are  uncorrelated,  thus  uncoupling  their  effects 
on  variance  estimation. 
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It  would  appear  that  since  an  estimate  is  not  actually  being  determined,  it 
should  make  little  difference  whether  model  parameters  are  associated  with  the 
solve-for  vector  x or  the  consider  vector  z.  A subtle  difference  does  exist, 
however.  Components  of  the  consider  vector  z are  maintained  at  their  a priori 
specified  values  throughout  the  processing,  and  therefore  have  no  possibility  for 
modification  through  estimation.  As  a result,  their  covariances  never  differ  from 
those  initially  specified,  i.e.,  PAzq  hi  Equation  (8-56).  The  solve-for  variables 
have  their  values  continually  modified  through  the  estimation  process,  which  is 
reflected  through  the  changes  in  the  variance  elements  in  P^x  • Because  of  the 
coupling,  the  uncertainty  of  the  state  components  is  affected  differently  if  the 
same  model  parameter  is  associated  with  x rather  than  with  z. 


8.4  SEQUENTIAL  ESTIMATION 

In  the  approach  taken  to  the  basic  orbit  estimation  problem  in  the  preceding 
sections  of  this  chapter,  the  observations  are  processed  by  classical  least  squares 
methods,  i.e.,  by  processing  the  data  in  batches.  The  solution  to  the  problem  is 
the  state  vector  (the  system  parameters  or  unknown  constants)  which  is  estimated 
from  a set  of  measured  data.  Since  the  problem  is  nonlinear,  the  solution  is  lin  - 
earized about  the  a priori  state  estimate  and  then  iterated  to  minimize  the  loss 
function.  This  approach  requires  considerable  computation  time  and  cannot  be 
applied  to  real-time  situations. 

An  alternative  approa^jh  is  to  perform  the  data  reduction  and  parameter  esti- 
mation in  a sequential  or  recursive  manner.  The  process  is  begun  by  making  an 
initial  estimate  of  the  state  vector  fro*n  a minimum  data  set  or  from  a judicious 
guess.  Each  new  data  point  is  combined  with  the  previous  parameter  estimate 
by  appropriately  weighting  the  data  point  to  give  an  improved  estimate  of  the  state. 
This  process  is  repeated  as  each  new  data  point  is  reduced.  Hence,  the  procedure 
can  be  interrupted  at  any  time  and  the  best  estimates  of  the  system  parameters 
and  their  uncertainties  based  on  all  accumulated  data  to  that  time  are  known. 

Other  advantages  of  sequential  weighted  least  squares  estimators  are  that  at 
each  step  the  calculations  are  fixed  in  size  and  format  and  that  the  need  for  stor- 
ing previous  data  points  is  eliminated.  Under  certain  assumptions  ttie  sequential 
weighted  least  squares  estimator  is  identical  to  the  "Kaliran”  minimum  variance 
estimator.  Additional  discussion  of  sequential  weighted  least  squares  and  mini- 
mum variance  estimation  can  be  found  in  Reference  2. 

The  Extended  Kalman  Filter  is  the  basic  sequential  estimator  in  GTDS.  Its 
derivation  from  recursive  weighted  least  squares  is  discussed  in  Section  8.4.1. 
Because  of  the  sensitivity  of  Kalman  filters  to  dynamic  model  errors  associated 
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with  orbit  gentration,  flliere  have  been  designed  to  adaptively  estimate  the  true 
value  of  the  uoncr eled  ^iccoioration  along  with  the  state,  This  approach,  dynamic 
model  compensaticn,  is  di-jcusr.ed  in  Section  8,4.2.  In  Section  8.4.3,  statistical 
adaptive  filtering,  whie'n  eliminates  the  need  to  specify  a priori  noise  statistics, 
is  discussed. 


8.4.1  Derivation  and  Applications  of  the  Extended  Kalman  Filter 

In  reconsidering  the  weighted  least  squares  problem  described  in  (Section  8.1, 
an  m-component  observation  vector  y is  assumed.  The  nonlinear  regression 
equation  (Equation  (8-1))  is  linearized  about  a reference  state  Xq  as  shown  in 
Equation  (8-7).  The  best  estimate  x,  in  the  classical  weighted  least  squares  sense, 
IS  given  by  Equations  (8-10)  and  (8-11)  as 

i = *0  + (8-73) 

where 

= (F"WE)“^  (8-74) 

The  subscript  m indicates  that  the  solution  is  based  on  an  m-component  obser- 
vation vector,  and  the  quantities  F,  W,  and  A y are  defined  by  Equations  (8-6), 
(8-12),  and  (8-8),  respectively.  If  one  more  observation  is  included,  the  correc- 
tion has  exactly  the  same  form, 


= (F'^'F')'i  F'Tw'Ay” 

where  F',  W,  and  A y'  are  related  to  F,  W,  and  A y as  follows 


F 

o 

1 

Ay 

F'  = 

— 

, r --r. 

1 

II 

— 

^m+  1 

0 

*ymtl 

and  + 1 » ^ j,  and  A y^  ^ ^ correspond  to  the  (m+l)'*‘  observation 

(8'75) 


(8-76) 


words,  the  original  matiices  and  vectors  are  augmented  to  include  the  next 
observation. 


Substituting  Equation  (8-76)  ’nto  Equation  (8-75)  gives 

v-i 


W I 0 

I 

0 ! w 

I m+l 


F “ 
F 

+ 1 


I 

J 
"( 

• w 


0 


m + l 


Ay 

^y^+i 


(8-77) 
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The  quantity  in  parentheses  in  Equation  {£>-17)  is  the  inverse  of  t^  covariance 
matrix  of  error  R for  the  weighted  least  squares  estimate  i.e., 

^*m+l 

P + (8-78) 

1 

However,  F^WF  is  the  inverse  of  the  covariance  matrix  , which  is  based  on 
m observations.  Therefore, 


+ F^, 


+ 1 -S' 


l) 


-1 


(8-79) 


Equations  (8-77)  ai"*d  (8-70)  are  expressions  for  the  state  correction  estimate  and 
the  covariance  of  the  error  in  the  estimate  ob.,ainea  by  processing  (m+1)  obser/a- 
tions.  These  expressions  can  be  WTitten  more  conveniently  in  the  following 
recursive  form 

+ 1 = (8-80a) 


= P 


‘in+  1 


Ax 


+ AP 


(8-80b) 


/S  St 

where  A x and  A P represent  the  changes  in  Ax^  and  Pa«„  caused  by  the  (m+1) 
obsem/ation.  This  form  allows  the  state  vector  and  covariance  matrix  to  be  de- 
termined as  each  observation  is  sequentially  processed. 


As  shown  In  Appendix  E,  Equation  (8- 80b)  can  be  written  as 

. r%  T-.T  1 “1  r- 


p = n 

Ax  . , Ax 

" ^Ax  1 

or 

m+1  m 

m 

^Ax 

-Pax 

where 

m+1 

m 

K " 

^ Pa,  Pm+J"mn  + 

1-1 


(8- 81b) 
(8-81c) 


Substitucing  PAx„+i  from  Equation  (8-81b)  into  the  first  term  on  the  right  of 
Equation  (8-77)  yields 


m 

SnbsHfiifinCT  irnmifions  /8-74)  and  ^8“81b)  into  Equation  (8-82)  yields 

" (I  ~ + ^Ax  . 1 '^m+ i ^Vm+ 1 

m*  1 


(8-82) 


(8-23) 
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In  Appendix  E it  is  shown  that 


K = P 


A. 

tn+1 


Therefore,  Equation  (8-83)  can  be  written  as 


Sinnmarizing  the  above  results, 


(8-84) 


(8-85> 


where 


and 


= Xo  ^ 


V.  1 " ^Ax.  - K^'.mPax  = (I  - KF»m)  P/^ 


‘'"'a,  PImKJ.  +F™*.Pa.  FL,] 


-1 


+ l Ax  ni+1- 


^m+  1 


m+l 


dx 


(x.Xq) 


(a) 

(b) 

(c) 

(d) 


^ym+i  linearized  (m+l)®‘  observation  (see  Equation  (8-8)) 


w 


ri 


m+t  the  variance  of  the  (m+l)® ‘ observation,  e.g.,  cr2 


m+ 1 


(8-86) 


The,  preceding  recursive  form  of  the  weighted  least  squares  estimate  yields  the 
update  equations  for  the  Extended  Kalman  Filter  in  GTDS.  The  weighted  least 
squares  estimate  is  a minimum  variance  estimate  because  the  observations  are 
weighted  with  W = 1/cr^.  This  is  the  condition  necessary  for  Equation  (8-78)  to 
be  the  covariance  matrix  of  error.  The  matrix  K is  defined  as  the  Kalman  gain. 
For  additional  discussion  of  Kalman  filter  theory,  see  References  6,  7,  and  8. 


Assuming  that  F^^^  in  Equation  (8-84)  is  a matrix  whose  el€^ments  are  all 
unity,  then  each  element  of  the  gain  matrix  K is  a ratio  between  the  statistical 
measure  of  uncertainty  in  the  state  estimate  and  the  uncertainty  in  the 

measurement  cr^  , . 


From  the  fimdamental  definition  of  the  covariance  matrix  given  in  Equation 
(8-34),  a more  convenient  form  for  can  be  derived  using  Equation  (8“86b) 

m+ 1 
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Pa,  , = =e  <[(I  - KF,*,)  + KAy„^,] 

m T 1 

X [(I  - KF„,,)  Ak^  + KAy„,,]^} 

= S{[(I  - KF„„)  + KAy„,,]  STd  - KF„,,)T 

+ [(I  - KF„,j)  Ax^  + KAy„„]  AyJ^lP} 

= (I  - KF„„)  8{S„rxT}  (I  - KF„,,f  + Ke{Ay„,,rx;j} 

X (I  - KPn.*l'/  + - KF™*!)  e<Ax„AyJ,,} 

+ K8/A>,^,AyJ,,} 

Assuming  uncorrelated  measurement  errors,  then 

S{Ay„+,Ax;j}  =S<Ax^Ayl^^}  = 0 

By  definition 

(a) 

m 

and 

S{Ay„^,AyT^i>  =w;>,  (b) 

Substituting  Equations  (8-88)  and  (8-89)  into  Equation  (8-87)  yields 


(8-87) 


(8-88) 


(8-89) 


= (I  - KP.,,)  (I  - KF„,,/  + Kw;*,K^  (8-90) 

m+1  m 

Equation  (8-90)  is  preferred  over  Equation  (8-86c)  for  the  following  reasons: 
To  first  order,  it  is  insensitive  to  errors  in  the  filter  gain,  and  it  is  better  con- 
ditioned for  numerical  computations,  since  it  is  the  sum  r f two  symmetric  non- 
negative definite  matrices. 


Up  to  this  point  the  effect  of  adding  one  more  observation  to  a set  of  m 
observations  has  been  considered.  These  results  will  next  be  gener^ilized  to 
indicate  sequential  estimates  without  dependence  on  the  size  of  the  observation 
vector,  that  is,  j will  represent  the  observation  counter,  replacing  m in  ths? 
subscripts. 

The  prediction  formulas  for  the  Extended  Kalman  Filter  follow  from  the 
discussion  in  Section  8.2.3  concerning  the  timewise  propagation  of  state  per- 
turbations (Equation  (8-51)).  Including  the  state  noise  w with  zero  mean  and 
covariance  Q , the  prediction  equation  can  be  written 
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= Ax(t.|tj) (8-91) 

where  Ax(t.  n I tp  denotes  the  best  estimate  of  the  correction  at  time  t.+j  based 
on  processing  data  through  time  t j , and  <I>(t3+j  1 1^ ) is  the  state  transition  matrix. 
For  prediction  purposes,  the  state  noise  in  Equation  (8-91)  is  set  equal  to 
zero.  The  predicted  covariance  matrix  at  time  t.+j  is  obtained  from  Equation 
(8-91)  as  follows 

= [<DA"x(tJtp+aJ.,jJ^>  ^g_^2a) 

= 8{[$Ai(tJtp  # f [<D^(t.  |tp  +"j+i^  ^I+i> 

= It.)}  <t)T  + 8{S.+jAiT('t.  |t.)>  <I)T 

+ <D8{^(t. 

Assuming  that  the  noise  and  the  state  Ax  are  uncorrelated,  Equation  (8-92a) 
becomes 


V:''  = («-92b) 

where  Qj+j  is  ihe  covariance  of  the  state  noise,  i.e., 

‘3jti  =■  <8-93) 

In  order  to  use  this  formulation  of  the  Extended  Kalman  Filter,  a reference  tra- 
jectory must  be  generated.  This  is  done  by  numerically  integraang  a nonlinear 
second-order  differential  equation  (see  Equation  (5-2))  of  the  form 

^ref(t)  = g(x,  t)  (8>94) 

where  g is  a known  function  of  the  state  variables,  x is  an  n-dimensioiial  state 
vector,  X(to)  = Xq»  and  t ^ to- 

The  predicted  measurement  residual  error  r(t.+j  | tp  is 

= <8-95) 

where  x(t  Itp  is  obtained  from  the  integration  of  Equation  (8-94)  with  the  ini- 
tial  state  for  the  integration  obtained  from  the  previous  state  updated  by  Equation 
(8-91),  and  the  predicted  measurement  residual  uicertainty  Y(t.^j  |t.)  is 
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A comparison  of  these  residuals  with  their  theoretical  statistical  properties 
provides  a means  of  judging  the  performance  of  the  filter  (cf.  Section  8.6.4). 


Equations  (8-91)  and  (8-92b)  are  used  to  predict  the  state  correction  and 
covariance  matrices  at  a future  time  t , based  on  the  best  estimate  at  the 
last  observation  at  time  tj . The  next  measurement  y,+i  is  then  used  to  update 
the  state  correction  and  covariance  matrices  (Equation  (8-85)).  These  steps 
are  repeated  until  all  the  observations  have  been  processed.  The  advantage  of 
this  recursive  estimator  is  that  the  estimate  of  the  state  and  covariance  based 
on  processing  m+1  observations  uses  the  information  contained  in  the  (m+1)®^ 
observation  plus  the  state  and  covariance  based  on  m observations.  The  entire 
process  of  accumulating  sums  and  inverting  matrices  does  not  have  to  be  re- 
peated vhen  a new  observation  is  processed.  The  error  covariance  of  the  filter 
is  inversely  proportior.al  to  the  measurement  noise  from  Equation  (8-79).  Large 
measurement  noise  implies  that  w^^^.  s small,  and  hence  decreases  by 
only  a small  amount.  Small  measuTtment  noise  implies  a large  w^+j  , and  con- 
sequently a relatively  large  decrease  in  . 

The  recursive  equations  can  be  applied  from  the  first  point  on.  In  that  case, 
the  reference  trajectory  is  chosen  as  x(tj^  = Xq,  the  a priori  state;  hence 

to)  = 0.  There  are  two  ways  in  which  the  Extended  Kalman  Filter  niay  be 
used,  with  an  updated  or  a nonupdated  ^ference  trajectory.  In  the  nonupciated 
reference  approach,  the  corrections  Ax  are  accumulated,  and  the  a priori  ref- 
erenr  e state  Xq  is  corrected  only  once,  at  the  final  time  after  all  data  are 
processed. 


The  updated  state  vector  at  the  final  time,  based  on  processing  all  the  data, 
is  then  smoothed  back  to  the  initial  time  to  obtain  the  best  estimate  of  the  state 
at  all  intervening  times.  The  covariance  matrix  can  also  be  propagated  backward 
in  time  via  Equation  (8-92b)  to  obtain  the  timewise  variation  of  the  uncertainty  of 
the  state  based  on  processing  all  data. 

If  the  batch  of  observations  is  s’lfficicntly  large,  a new  initial  reference  state 
can  be  determined  from  the  following  equation 

x'(to)  = x(to)  + Ax(toltf)  (®“97) 


where 

^(toltf)  "cwbest  estimate  of  the  state  at  tg  based  on  processing 
all  observations 

if  ~ the  time  of  the  final  observation 
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This  reference  state  will  be  closer  to  the  ’’true"  initial  state  than  will  x(tQ), 
Using  the  new  state,  the  data  are  reprocessed,  i.e.,  the  solution  is  linearized  about 
x’(to),  and  the  filtering  process  is  repeated  over  the  same  batch  of  observations. 
This  process  is  repetitively  applied  until  there  is  no  change  in  the  initial  refer- 
ence state.  At  that  time,  convergence  to  the  best  estimate  of  the  state  has  been 
achieved,  i.e.,  a solution  has  been  found  which  is  as  close  to  the  "true"  solution 
as  the  neglected  nonlinear  effects  will  allow.  These  "global  iterations"  involve 
the  same  procedure  as  that  which  is  followed  in  the  batch  processor  (iterated 
weighted  least  squares).  This  mode  is  I’sed  v.iien  the  signal-to-noise  ratio  is 
small,  and  a good  initial  estimate  of  the  state  is  available.  The  nonupdated  refer- 
ence approach  is  not  presently  available  in  GTDS. 

Another  approach  (used  primarily  when  the  signal-to-noise  ratio  is  large  or 
vdien  a good  estimate  of  the  state  is  unavailable)  is  to  update  the  reference  tra- 
jectory after  processing  each  subset  of  the  data  vector  y.  This  allows  large 
errors  in  the  a priori  state  Xq  to  be  corrected  early  in  the  process,  thereby 
assuring  that  the  processing  of  later  data  satisfies  linearity.  This,  in  turn, 
improves  the  outer  loop  (global  iteration)  convergence.  Linearization  about 
x(to)  results  in  Ax(tolto)  = 0.  Hence,  using  Equation  (8-91)  and  relinearizing 
about  each  point  yields 

Ai(t|t.)  = 0,  tj  ^ t < t.^j,  for  all  j (8-98) 

Since,  due  to  the  relinearization, 

substitution  of  Equations  (8-8),  (8-98),  and  (8-99)  into  Equation  (8-86b)  gives 

+ + [y(t.+j)  - f(x(t.  + Jtj);  tj,,  i]  (8-100) 

The  preceding  result  is  used  for  updating  the  state  vector.  The  updated  reference 
mode  is  ideally  suited  to  real-time  applications. 

The  Extended  Kalman  Filter  for  continuous -discrete  systems  described  above 
is  the  result  of  the  application  of  the  linear  Kalman  filter  to  a linearized  non- 
linear system,  which  is  relinearized  after  each  observation.  To  summarize,  the 
procedure  for  the  updated  reference  mode  in  GTDS  is  as  follows: 

1.  Store  the  reference  state  x(t.  | tp  and  the  covariance  matrix  (t.  1 1. ). 

2.  Compute  the  predicted  state  at  time  t.^j  by  numerically  integrating 
Equation  (G- 94),  i.e.,  obtain  x(tj+Jt.)  given  x(tj  !tj). 
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cx 


3.  Calculate  the  state  transition  matrix  from  time  tj  to  time  t , either 
analytically  or  numerically,  as  discussed  in  Section  4.10.2. 


t.;  x(t3|t.))  = 


1 tj) 


4.  Compute  the  predicted  error  covariance  matrix  at  time  t.+j  via 
Equation  (8-92b). 

5.  Compute  the  observation  via  Eqv  tion  (8-1)  assuming  no  noise. 

y(tj+i)  = f(x(t.  + Jtp;  tj^j) 

6.  Compute  the  partial  derivative  of  the  observation  via  Equation  (8-6). 


F. 


i + i 


3x /— 


j+i  It^ 


7.  Test  whether  this  is  an  acceptable  observation,  i.e.,  is  the  absolute 
value  of  the  residual  (observed  minus  computed  value)  less  than  the 
RMS  multiplier  times  the  square  root  of  the  predicted  measurement 
residual  uncertainty  Y(tj^i  I tj)  in  Equation  (8-96)?  If  not,  reject 
the  observation,  increment  j,  and  return  to  Step  1. 


8.  Calculate  the  filter  gain  matrix  via  Equation  (8-86d) 


-1  I'l 


9.  Process  the  observation  y(t^  + j)  to  obtain  the  updated  state  via 
Equation  (8-100) 

10.  Compute  the  updated  error  covariance  matrix  at  time  t^^j  via 
Equation  (8-90) 
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11.  Increment  j and  return  to  Step  1 to  repeat  the  cycle  for  the  next 
observation. 


12.  Continue  the  cycle  between  Step  1 and  Step  12  until  a specified  set  of 
observation  data  is  processed. 

13.  Integrate  back  to  epoch  and  output  the  results  utilizing  data  to  time  tf , 
e.g.,  x(to  itf)  and  P/^x(to  Itf),  where  tf  represents  the  time  of  the  final 
data  point  in  the  set  of  observations  processed. 

14.  Continue  the  cycle  between  Step  1 and  Step  14* until  all  the  data  are 
processed. 

15.  Make  a final  pass  through  the  observation  data  to  compute  residual 
statistics  and  print  final  reports. 

One  of  the  main  difficulties  associated  with  the  filtering  approach  to  orbit 
determination  is  filter  divergence,  i.e.,  the  estimated  (filtered)  state  diverges 
from  the  actual  state.  It  can  occur  when  estimates  of  the  state  become  more 
accurate  and  hence  the  covariance  becomes  smaller.  As  a result,  the  Kalman 
gain  decreases  and  new  observations  exert  less  influence  on  the  solution.  The 
observations,  which  are  a realization  of  the  true  state,  have  a smaller  effect  than 
the  "learned”  dynamical  model.  Therefore,  successive  estimates  of  the  state  tend 
to  follow  the  erroneous  "learned"  dynamical  model  and  to  diverge  from  the  true 
state  which  is  reflected  in  the  observations.  Consequently,  the  estimated  covari- 
ance fails  to  represent  the  true  estimation  error. 

Divergence  can  arise  from  the  following  sources; 

1.  Linearization  errors  (e.g.,  measurement  linearization) 

2.  Computational  errors  (e.g.,  loses  its  positive  semidefiniten^‘=!s) 

3.  Modeling  errors 

4.  Unknown  noise  statistics 

Generally,  the  first  source  can  be  minimized  by  iterating  the  solution  (updated 
reference  trajectory).  Computational  errors  can  be  minimized  by  square  root 
filtering  algorithms  (Reference  9)  and  program  coding  techniques  (Reference  10). 
Modeling  errors  can  be  handled  in  either  a nonadaptive  or  an  adaptive  manner. 

The  nonadaptive  m<  chcds  modify  the  filter  structure  in  order  to  maintain  the 
Kalman  gain  at  some  suitable  level  for  sustained  filter  operation.  The  Modified 
Extended  Kalman  Filter  (MEKF)  by  Torroglosa  (Reference  11)  implemented  in 
GTDS  is  a filter  of  this  type.  The  adaptive  techniques  can  be  divided  into  struc- 
tural and  statistical  methods.  The  structural  or  dynamic  model  compensation 
methods  are  designed  to  adaptively  estimate  the  true  value  of  the  unmode  led 
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acceleration  along  with  the  state.  Tapley  and  his  associates  (References  12,  13 
and  14)  have  followed  this  approach,  which  will  be  discu  sed  in  Section  8.4.2. 
The  statistical  methods  are  designed  to  correct  the  basic  filter  to  accommodate 
the  combined  effects  of  all  error  sources,  e.g.,  the  neglected  nonlinearities, 
unknown  noise  statistics,  and  computational  error  effects,  in  addition  to  the 
model  errors.  The  Jazwinski  Filter  (Reference  15)  in  GTDS  is  a filter  of  this 
type.  Statistical  adaptive  filtering  is  discussed  in  Section  8.4.3. 


8.4.2  Dynamic  Model  Compensation  Filtering 


The  dynamic  model  compensation  (DMC)  techniques  are  designed  to  adaptively 
estimate  the  true  value  of  the  unmodeled  acceleration  along  with  the  state.  A 
sequential  estimation  method  has  been  developed  (References  12,  13,  and  14) 
which  compensates  for  unmodeled  effects  in  the  differential  equations  which  de- 
fine the  dynamical  process.  The  advantages  of  this  method  are:  (1)  It  can  be 
used  to  obtain  an  improved  estimate  of  the  state  vector  in  real-time  applications, 
and  (2)  it  yields  information  which  can  be  used  in  post-flight  analysis  to  improve 
the  basic  d3mamical  model.  The  unmodeled  accelerations  are  assumed  to  be  a 
first  order  Gauss-Markov  process,  i.e.,  they  consist  of  the  superposition  of  a 
time -correlated  component  and  a purely  random  component.  Because  this  type 
of  filter  is  not  implemented  in  GTDS  at  the  present  time,  the  discussion  of  the 
mathematical  model  follows  that  of  Reference  12,  There  the  technique  is  applied 
to  estimate  the  state  of  a lunar  orbiting  spacecraft  acted  upon  by  unmodeled 
forces  due  to  venting,  water  dumps,  or  translational  forces  due  to  unbalanced 
attitude  control  reactions. 

The  equations  of  motion  of  the  nonlinear  dynamical  system  are  given  by 

t = V (a) 

(8-101) 

V = a^(r,  V,  t)  + a^(t)  (b) 

where  f and  v are  the  position  and  velocity  components,  a^  is  the  three - 
component  acceleration  vector  used  in  the  filter-world  or  nominal  dynamical 
model,  and  a^  is  the  three -component  vector  of  all  unknown  and/or  unmodeled 
accelerations. 

The  unmodeled  acceleration  §.^^(1)  is  represented  as  a first-order  Gauss- 
Markov  process  e (t)  which  satisfies  the  differential  equation 

e'(t)  = A(t)  ?(t)  + B(t)  u(t)  (8-102) 
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where  A(t)  and  B(t)  are  coefficient  matrices,  e(t)  is  a three-compon<mt  vector, 
and  u(t)  is  a three-component  vector  of  Gaussian  noise  vdiose  components  satisfy 
the  a priori  statistics 


8{u(t)}  = 0,  8{n(t)  = I8(t  - r)  (8-103) 

The  matrix  I is  a 3 x 3 identity  matrix  and  8 (t  - r)  is  the  Dirac  delta  function. 
The  quantity  A(t)  is  a 3 x 3 diagonal  matrix  of  the  time  correlatior  coefficients 


-1/Tj 


0 


A(t)  = 


0 -l/Tj 

0 0 


0 

0 

-I/T3 


(8-104) 


where  Tj , Tj  , and  T3  are  the  correlation  times,  which  are  unknown  parameters 
to  be  estimated  by  including  the  vector  T 


T’t  = [T1T2T3] 

in  the  set  of  parameters  to  be  estimated. 

The  quantity  B(t)  is  a 3 x 3 di  agonal  matrix 

F 

B(t)  = 


'1 

0 b 


0 0 
0 


0 


(8-105) 


(8-106) 


where  the  b j are  treated  as  specified  constants. 

When  Equations  (8-101)  and  (8-102)  are  combined  with  T = 0,  the  dynamical 
system  is  described  by  the  following  set  of  first-order  differential  equations 


r = V 

V = \(r,  V,  t)  + €(t) 
T = A'i”  + Bu(t) 

t = 0 

If  the  state  vector  x is  augmented  as 


(8-107) 


(8-108) 
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the  dynamical  system  in  Equation  (8-107)  can  be  written  as 


X = g(x,  u,  t),  x(tQ>  = Xq  (8-109a) 

where 

gT  = [ v"T  I ^ e )T  ; (Aj  + Bu  )'^  1 0]  (8-109b) 

and  the  initial  conditions  Xq  are  unknown. 

For  t > t.,  where  t.  is  a reference  epoch,  the  solutions  to  Equation  (8-107) 
in  integral  form  are 


r(t)  = r(tp  + v(t.)  At  + 


a(  r,  V,  €,  t)  [t  - rj  dr 


1' 


v(t)  = v(tj)+  a(r,  V,  e,  t)  dr 


£(t)  = E(t)c(tp  + ^(t3) 


T(t)  = T(tp 

where  A t = t - tj  and  a(r,v,^,t)  = i^„(r,v,t)  + e(t) 
The  matrices  E(t)  and  ^ (t ^ ) are  defined  as 


E(t)  = 


0 


0 


0 

0 


0 


0 


0. 

j 


(a) 

(b) 

(8-110) 

(c) 

(d) 


(a) 

(8-lil) 


[a,(l  - a{)>''2  u, 1(72(1  - a2)>''2  Uj  ja^Cl  - o2)«''J  Uj] 

(b) 

where 

= exp[-(t  - tp/T^] 

(a) 

and 

k ^ 1,  2,  3 

<7,  = 

ib) 

(8-112) 
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Equation  (8-110)  can  also  be  written  as 


where 


x(t,tp  = G(x(tp,  t.,  t)  + OJ.,  t > t. 


^ r I VI  € I 


(8-113) 


is  the  state  noise  matrix  which  is  due  to  the  purely  random  components  of  the 
unmodeled  accelerations 


CO.  - 

] 


*'t . 


) [t  - r]  dr 
) dr 


The  statistics  of  co  are 


8[a5]  = 0.  8[S;S3T]  =Q.8..  = 


Mt.) 

0 


0 Q 0 

'^rr  ^rv 
^rv  ^v€ 

Qr.  Q« 

0 0 0 


where  is  the  Kronecker  delta  function,  and 

Q„  = Sj  (At)V4 
<3,v  " Q,,  = Sj  (At)V2 
<3,.  = %r  = Sj  (At)^/2 
Q„  = S,  (At)^ 

Q„  = Q.,  = S,At 
Q„  = Sj 


s, 


» J 


(8-114) 


(8-115) 


(8-116) 
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and 


s.  = 


aj(l-a2)  0 

2 


0 cr2(l-a2) 


0 0 cr2(l-a|2 

The  obseiTation  equation  for  the  observation  is 

yj  = 7(x(tp,  tp  + n. 


(8-117) 


(8-118a) 


where  is  the  observation  noise  which  satisfies  the  following  conditions 


8 [n]  =0,  8 [nn'^]  = R.  S. . 

and  where  R is  the  covariance  matrix  of  the  observation  noise. 


(8-118b) 


The  procedure  then  follows  that  of  the  Extended  Kalman  Filter  described  in 
Section  8.4.1,  with  the  following  modifications: 

1.  The  state  is  predicted  via  Equation  (8-113)  with  a = 0. 

2.  Equation  (8-115)  is  used  for  in  the  predicted  covariance  matrix 
of  error. 

3.  In  the  filter  gain  matrix  K,  R from  Equation  (8 -11 8b)  replaces  w"^ 

4.  The  updated  covariance  matrix  is  computed  via  Equation  (8-86c)  rather 
than  Equation  (8-90). 

The  algorithm  requires  a priori  values  for  the  augmented  state  Xq  , along  with 
the  a priori  covariance  matrices  , Q.  , and  R. . 

When  applied  to  the  Apollo  10  and  11  missions,  the  DMC  method  gave  the 
following  results: 

1.  Its  accuracy  was  limited  by  the  observation  noise  rathc^r  than  by  the 
model  inaccuracies. 

2.  The  unmodeled  accelerations  were  primarily  due  to  neglected  effects  in 
the  lunar  potential,  and  the  magnitude  of  the  unmodeled  accelerations  wai9 
dominated  by  the  radial  component. 

3.  The  estimated  values  of  umnodeled  accelerations  were  repeatable  from 
orbit  to  orbit  and  from  mission  to  mission. 


4.  The  magnitude  of  the  radial  component  of  the  mimodeled  acceleration  was 
hi^ly  correlated  with  the  location  of  lunar  surface  mascons. 

The  obvious  drawback  of  the  preceding  filtering  theories  is  that  the  noise 
statistics  must  be  supplied  a priori.  A remedy  for  this  difficulty  is  discussed 
in  the  following  section. 


8.4,3  Statistical  Adaptive  Filtering 


Statistical  adaptive  fUtering  techniques  are  designed  to  correct  the  basic 
filter  tc  account  for  the  combined  effects  of  all  error  sources,  e.g.,  neglected 
nonlinear ities,  unknown  noise  statistics,  computational  errors,  and  model 
errors.  One  of  the  difficulties  with  filtering  is  the  determination  of  the 
proper  value  of  Q,  the  state  noise  covariance.  Additional  problems  arise  in 
determining  the  statistics  associated  with  the  observation  noise.  Effects  such 
as  atmospheric  refraction  variation  and  random  disturbances  in  the  radar  in- 
strumentation are  unpredictable.  The  assumptions  that  have  been  made  are  that 
n,  the  measvirement  noise  (Equation  (8-1)),  and  ST,  the  state  noise  (Equation  (8-91)), 
have  zero  mean.  However,  due  to  model  errors  and  nonlinearities,  this  is  rarely 
true.  The  goal  of  statistical  adapt! /e  filtering  is  to  determine  the  actual  mean 
and  covariance  of  both  the  state  and  observation  noise  so  that  better  estimates 
of  the  state  can  be  obtained. 

Numerous  investigators  have  developed  adaptive  sequential  estimation  tech- 
niques based  on  the  recursive  Kalman  filter  equations  (References  15  and  1^; 

The  J-adaptive  filter  in  GTDS  is  discussed  as  an  example  of  statistical  adaptive 
filters.  Jazwinski  developed  a sequential  adaptive  estimator  having  the  capability 
to  track  system  state  and  model  errors  in  the  presence  of  large  and  unpredict- 
able system  or  environmental  variations.  The  approach  is  to  add  a low  frequency 
random  forcing  function,  representing  the  model  errors,  to  the  differential  equa- 
tion representing  the  system  model.  The  filter  then  estimates  this  function  as 
well  as  the  state . The  model  chosen  for  this  random  forcing  function  is  a poly- 
nomial with  time-varying  coefficients.  This  particular  approach  is  especially 
useful  in  parameter  identification  problems. 

It  is  assumed  that  the  estimator  system  model  is 

x = gi(x,  t)  + g2u(t)  (8-119) 

wiiere  g^  includes  the  accelerations  that  are  well  known, 

g2  includes  possible  unknown  accelerations  and  model  errors  in  gj 
and  u(t)  is  a random  forcing  function. 
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If  u(t)  is  linear  polynomial  in  time,  the  discrete  form  of  the  sytem  model 
over  the  time  interval  + is 

= G[x(tj;,  -5(t)]  (8-]20a) 

Ti(t)  = u(t. ) + u(t. ) [t  - t.]  (8-120b) 

J 4 J 

where  u is  modeled  as  a random  constant  to  be  estimated. 

The  measurement  model  is  the  same  as  in  previous  sections,  i.e.. 


y(t.)  - f (3^(t.);  t. ) + n (8-121a) 

where  h is  measurement  noise  with 

= R (8-121b) 

Hence,  the  complete  dynamical  system  model  is 

= |tj)J  4”  (8-122a) 

u('-jnltj)  ■ iJ(tjltj)  + u(^j+iUj)  ■ ‘i  (8-122b) 

(8-122C) 


In  order  to  describe  the  system,  the  covariance  and  correlation  matrices  are 
defined  as  follows 


8{Ax(t.  ) Ax'*‘(t.  )}  = P(t.  It.  ) 

(8-123a) 

(8-123b) 

8{Ax(t  ) Au\t.)>  = C.  tt-  It.) 

(8-123C) 

S{Au(tj)  Auf(tj)) 

(8-l?3d) 

S{^(t  ))  ^ u .(t  It  ) 

J ) uu  i J 

(8-123e) 

?{Au(t  ) Au^dj)}  =U,.(t,it.) 

J i UU  J ] 

(8-123f) 
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where 


(8-124a> 

Au(t.)  -u(t.) 

(8-124b) 

^(tj)  = ^(tj)-s(t3) 

(8-124C) 

Let 

^'(t.+Jt.)  = 0x(t.)  + 0u(tp  -1- 

where 

(8-125) 

Bx(t. . 1 ) 

(8-126a) 

^(t  It  ) = — 

' ’ 3u(tj) 

(8-126b) 

, Bx(t...) 

Bu(t.) 

(8-126C) 

The  Jazwinski  Filter  is  derived  by  augmenting  the  state  x with  the  vectors  u and 
u and  using  the  Extended  Kalman  Filter  in  augmented  form. 

Equations  (8-122b),  (8-122c),  and  (8-125)  can  be  combined  to  yield  an  aixg- 
mented  transition  matrix 


<D  = 


0 'A  ‘Ad 

0 I T 

0 0 I 


(8-^t27) 


The  aug^mented  form  of  the  error  covariance  matrix  is 


p(sit.)  = 


” P 

c 

ux 

C.  ■ 

ux 

u 

u . 

ux 

uu 

uu 

cT 

u.. 

ux 

uu 

uuj 

(8-128) 
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The  augmented  state,  gain,  and  observation  matrices  are 


D:  = u K=  3 = [Fioio] 

U K. 

u 


(8-129) 


Substituting  Equations  (8-127)  and  (8-128)  Into  Equation  (8-92b)  and  Ignoring  the 
state  noise  yields 


<P  ^ 4-i  P c„  c.__  4>^  0 0 

P(t.,Jt.)=  0 I r CJ,  U„„  U.  r I 0 

0 0 1 cT  u^.  u..  'PJ  I 

ux  uu  uu  ° 


(8-130) 


Expanding  the  right-hand  side,  the  upper  triangular  elements  of  P(tj+i  I tj)  are 


+ l//'*'  + <?)C.  + '/'U  .>AJ  + '/'dU..0j 

a uu  ' ux  “ uu  ° a uu  “ 


(&-131a) 


C (t.*,  It.)  = <?5>C  +0U  + ‘A.U'*'.  + t(0C.  + vU  . + V^dH*,; 

ux ' j+1  i'  ^^UX  ~ ' uu  ~d  uu  ux  uu  ° uu 

c.  (t.  + Jt.)  =cpc.  +«//U  . +'/'dU.. 

ux  ^ K ux  ^ uu  uu 

U (t..  Jt.)  = U „ + tUT.  + r(U  . + ru..) 

uu''  j + 1'  J'  uu  .,U  ' uu  yy 

u .(t.+J  t.)  U . + rU.. 

uu  J * J uu  uu 

+ =U.. 

UU  j xxu 


(8-131b) 
(8-1 31c) 
(8-131d) 
(8-131e) 
(8-131f) 


where  all  the  terms  on  the  right-hand  sides  of  Equations  (8-131a)  through  (8-131f) 
are  evaluated  at  (tjl  t.). 
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Substituting  Equations  (8-128)  and  (8-129)  into  Equation  (8-86d)  3delds 


r 

K 

X 

ux 

1 

K 

u 

c'*‘  u u . 

ux  uu  u* 

0 

K. 

L 

cT  u^.  u.. 

_ ux  uu  uu 

0 

_ — 

r 

p 

^ux 

c. 

ux 

X 

+ [fIoIo] 

J + 1 

ux 

Uuu 

u . 

uu 

cT 

u,. 

V. 

_ ux 

uu 

uu 

IpTl 

0 

0 
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Jarrying  out  the  indicated  matrix  multiplications, 


t- 

K 

PFT(fPF'T  + 

\ 

CT^F^CFPF'*'  + 

K. 

L“J 

CT  FT(FPF  + 

_ ux  ^ ^ _ 

Substituting  Equations  (8-128)  and  (8-129)  into  Equation  (8-86c)  yields 


/ 

“ ~1 

\ 

P c c. 

ux  ux 

■ 

K. 

[F;0;0J  j 
/ 

u u. 

ux  uu 

cT  u’f.  U-- 

\ 

u 

/ 

ux  uu 

I - 0 0 

~P  ^ux  cT 

ux 

- K F I 0 

u u . 

u 

ux  uu  uu 

- K.F  0 I 

cT  u. . 

L « J 

ux  uu  uiij 

REPRODUCiBiLrry 

original  page  II 


(8-132) 


(8-133) 


(8-134) 


OP  THE 
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(8-135a) 


Hence,  tl-ie  upper  triangular  elements  of  ) are 


(8-1 35b) 

(8-135C) 

(8-135d) 

(8-135e) 

(8-135f) 

Substituting  Equation  (8~129)  into  Equation  (8-100)  gives  the  update  eoi^'^iion  for 
the  augmented  state 


K 

K. 

L lU 


t.,,)]  (8-136) 


+ ” f (x(t.+Jt.  ))]  (8-l37a) 

+ Kjy(t.^j)  - f(x(t.+jit/))]  (8-137b) 

u(t3  + ilt.)  = u(t.^j|t.)  H-  K.  [y(t.  + i)  - T(^(t.+^;tp)]  (8-137C) 


Equations  (8-125)  and  (8-130)  are  the  prediction  equations  for  the  Jazwinski 
Filter,  and  Equations  (8-133),  (8-134),  and  (8-137)  are  the  update  equations. 

The  inclusion  of  Equation  ( 8-1 35f)  is  a modification  by  Torroglosa  which  keeps 
the  covariaiicr  L.-.atrix  of  the  state  from  becoming  nonpositive  definite.  In  the 
origin;il  Jasv  ii^ki  Filter,  the  uncertainty  In  u was  maintained  constant  and  hence, 
^uu  I initial  conditions  x(0|  0),  (0|  0),  (0l  0),  and 

U.^  (0 1 0)  must  be  specified.  The  correlation  terms  (0 1 0) , C . (0 10),  U . (0 1 0) , 
and  the  initial  values  of  u(0  lO)  and  u(0  |0)  are  set  equal  to  zero  externally. 


8.4.4  Computational  Procedure  for  the  Filter  Program 

The  computational  sequence  for  the  Filter  Program  is  similar  to  that  for 
the  Differential  Correction  Program  (see  Section  8.2  4).  The  computational  flow 
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schematic  is  shown  in  Figure  8-2.  Both  the  figure  and  the  accompanying  dis- 
cussion are  divided  into  functional  blocks. 


8. 4.4.1  A Priori  Input 

All  necessary  input  data  are  specified  at  This  includes  the  estimated 
variables  and  their  covariances,  the  measurement  time  spans,  and  the  number 
of  observations  per  set.  The  state  input  can  be  expressed  optionally  in  any  of 
several  convenient  coordinate  systems  as  in  the  DC  Program.  For  subsequent 
processing,  the  state  is  transformed  into  the  mean  equator  and  equinox  of  1950.0 
system  or  into  the  true  equator  and  equinox  of  a given  epoch  system.  The  trans- 
formations are  given  in  Chapter  3. 


8. 4 .4 .2  Data  Management 

The  observation  data  are  prepared  for  processing  at  and  (^.  This 
encompasses  relocating  the  data  for  the  specified  measurement  span  from  the 
original  input  device  (cards,  single  or  multiple  tapes,  disk,  or  keyboard)  to  a 
working  file  convenient  for  subsequent  retrieval  during  processing.  During  this 
relocation  fimction,  the  data  sequence  can  optionally  be  edited  considering  the 
type  of  observation,  the  source  of  the  data,  the  tracking  station,  and  the  time 
span  between  adjacent  points.  The  data  on  the  working  file  are  chronologically 
numbered,  and  the  number  of  the  data  point  which  bounds  the  initial  epoch  time 
t^  from  below  is  recorded.  The  data  management  function  also  includes  the 
detennination  of  whether  the  initial  epoch  time  is  less  than  the  first  data  time, 
betw'een  the  first  and  last  data  time,  or  larger  than  the  last  data  time.  For  the 
first  case,  the  data  are  processed  sequentially  from  the  first  point  at  t,  to  the 
last  point  at  t„.  For  the  second  case,  the  processing  starts  backwards  in  time 
from  the  initial  epoch  to  the  first  data  point,  and  it  then  switches  back  to  the 
initial  epoch  and  proceeds  forward  in  time  to  the  last  data  point.  In  the  third 
case,  the  data  are  processed  backwards  in  time  from  the  last  (chronological) 
data  point  to  the  first. 


8.4.4. 3  Processing  Loop 

The  processing  loop  begins  by  retrieving  the  first  data  point  to  be  processed 
from  the  working  file  at  (w  A test  is  made  to  determine  the  optimal  integrator 
to  be  used  considering  the  time  span  between  observations  at  tj  and  t j-i . A 
predicted  covariance  for  the  observation  is  calculated.  The  observation,  its 
residual,  and  the  partial  derivatives  of  the  measurements  with  respect  to 
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Figure  8-2,  Computational  Sequence  for  the  Filter  Program 


parameters  being  estimated  are  computed  at  (^,  determining  ^^ether  to  accept 
or  reject  the  observation  at  (^.  If  the  observation  is  accepted,  the  Kalman  gain 
is  calculated,  the  state,  state  covariance  matrix,  aiid  correlation  matrices  are 
updated,  and  the  processed  observation  is  output  at 


3. 4.4 .4  Data  Set  I.oop 

If  it  has  been  determined  at  that  the  last  observation  of  a set  has  been 
processed,  the  updated  state  at  the  last  observation  time  and  its  co\ariance 
matrix  are  printed;  the  updated  state  is  then  integrated  backwards  to  the  a priori 
epoch  time;  and  the  Current  Elements  Report,  the  Solve-for  Parameters  Report, 
and  the  End-of-Set  Summary  Report  are  printed,  all  at  (T).  After  it  has  been 
determined  at  that  all  the  observations  have  been  processed,  a last  pass  is 
made  throu^  the  observation  data  to  compute  residual  statistics  and  print  final 
reports  at  * 

8.5  COVARIANCE  MATRIX  INTERPRETATION 

In  the  previous  sections,  equations  have  been  presented  for  calculating  the 
mean  x and  the  covariance  matrix  P^^  of  the  errors  in  the  estimated  state  and 
model  parameters.  There  is  little  difficulty  in  recognizing  the  value  of  the  mean, 
or  estimated  value,  but  interpretation  of  the  covariance  and  correlation  matrices 
in  terms  of  the  imcertainty  of  the  variables  is  not  as  clear.  Yet,  the  covariance 
matrix  yields  a great  deal  of  information  on  the  statistical  character  of  the  vari- 
ables. Some  of  these  characteristics  are  described  in  the  following  sections. 


8,5.1  Augmented  Vector  and  Covariance 

The  estimation  process  yields  the  mean  x and  covariance  of  errors 
of  the  solve-for  variables,  and  the  matrix  C^^^^  relating  errors  in  solve-for 
and  consider  variables.  The  mean  Zq  and  covariance  P^^  of  the  consider 
variables  are  known  a priori.  As  an  aid  in  understanding  &e  role  of  each  of  the 
matrices,  the  augmented,  or  expanded,  state  vector  u is  defined  as  (x  | z)  ^ . The 
best  estimate  (or  expected  value)  of  u is  (x  j Zg)^ . The  covariance  matrix  of 
errors  of  u is  P^u  » "^ich  can  be  partitioned  into  the  following  components 


~p^  1 

.Ax  ' 

1 

1 

^ A X A z 

1 - 

1 

z A X 

- ' 

Pa,„ 

repkoducibility  of  the 
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where  Pau  is  a positive  definite  symmetric  matrix.  Therefore 


^AzAx 


- 

“ AxA 


Z 


The  submatrix  remains  constant  throughout  the  processing,  since  the 
consider  variable  uncertainty  cannot  be  improved  through  estimation. 

The  following  sections  present  a geometric  heuristic  interpretation  of  the 
covariance  matrices  , P^^,  and/or  P^^^  in  terms  of  hyperdimensional 
volumes  of  constant  proliability  in  the  (p  + q)-,  p-,  and/or  q-dimensional 
Euclidean  space  of  the  vector  components. 


8.5.2  K^yperellipse  Probabilities 


In  the  followingdiscussion,  the  random  vector  x with  uncertainty  m 
considered.  The  discussion  is  equally  applicable  to  the  random  variables  u and 
z.  Assuming  that  the  random  vector  x(t)  is  normally  distributed,  it  can  be 
completely  described  by  its  mean  and  covariance.  The  assumption  that  x(t)  is  nor- 
mally distributed  is  partially  justified  as  a result  of  an  analogue  of  the  Central 
Limit  Theorem  which  states;  "If  a large  number  of  random  variables  are  com- 
bined in  a reasonably  complicated  fashion  to  form  a single  multivariate  random 
variable,  then  this  random  variable  will  have  a nearly  normal  distribution." 

For  the  followingdiscussion,  it  is  assumed  that  the  random  vector  of  errors 

Ax  about  the  mean  x is  composed  of  six  components.  It  is  normally  distributed 
with  zero  mean  and  covariance  P/\j^.  Its  probability  density  function  can  be 
written  as 


Px 


1 

(2  77)3 


_exp 


A X*  P 


T D-1 


A: 


(8-138) 


If  P^^  is  a diagonal  matrix,  then  x )ias  components  that  are  statistically  inde- 
pendent (uncorrelated),  and  Pj^(Sx)  can  then  be  factored  into  a product  of  six 
univariate  functions  of  Xj*  • • • t (the  one-dimensional  marginal  probability 
density  functions  of  the  six  components  of  the  state).  This  constitutes  a sufficient 
condition  for  independence  of  the  marginal  random  varialles  Xj,  . . . , Xg. 


8-51 


By  virtue  of  its  definition,  Is  a nonnegative  definite  matrix  so  that  it 
has  nonnegative  eigenvalues.  Hence,  a similarity  transformation 


A y = S A X (8-139) 

which  diagonalizes  is  always  possible  since  the  hyper  surf  ace  of  constant 
likelihood  (constant  value  of  probability  density)  in  six-dimensional  space  is  a 
hyperellipsoid,  and  by  a rotation  of  axes  it  is  possible  to  use  the  principal 
axes  of  the  hyperellipsoid  as  coordinate  axes  (i.e.,  to  transform  to  another  ran- 
dom variable  space  having  uncorrelated  or  independent  components).  The 
^ in  Equation  (8-139)  represents  space  coordinates  and  is  unrelated  to  the 
observations. 

Of  interest  is  the  probability  that  Xj,  X2,  . . . , Xg  lie  within  the  hjrperellipsoid 


A A X = ^ 


(8-140) 


where 't  is  constant.  By  transforming  to  principal  axes,  this  expression  be- 
comes 


A yj 


Ay? 


(8-141) 


where^  , cr^ , . , , , are  *he  eigenvalues  of  The  transformation  matrix 
from  Sx  to  Ay" space  is  accomplished  by  the  matrix  of  eigenvectors  S.  By  a 
second  transformation,  A z.  = Ay.  /cr, , the  expression  in  Equation  (8-141)  becomes 
the  equation  for  a hypersphere  in  six  dimensions 


AzJ  + Az^  i . . . + AzJ  = ^2 


(8-142) 


The  probability  of  finding  Az  Inside  this  h3rpersphere  is 


VO  1 un'p 


dAzj  dAZj 


■ dAz.  (8-143) 

o 
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where  the  integration  is  carried  out  over  the  volume  of  the  hypersphere  of  radius 
Ar,  where 


Ar^  r AzJ  + Az2  + . , . + Az2  (8-144) 


Thus , the  probability  of  finding  Ax., Ax,  , . . ,Ax  inside  the  hyperellipsoid 

AX^P^l^  ^ = ^2  ig  ® 

U 

P,  = f (A  r)  d Ar  (8-145) 

(2  77)3 

where  f(Ar)  is  the  spherically  symmetric  differential  volume  element. 

In  six-dimensional  space,  Equation  (8-145)  is 

r / ^ \" 

P,  = ^ I e‘i/2Ar^  (7t3  A rS)  d A r = 1-1  ( 1.  + 2)  (8-146) 

(2  77)^  Jq  L 2 \ 4 /J 

For  ^ = 1,  2,  and  3,  the  probability  is  0,014,  0,332,  and  0,826,  respectively.  Also 
of  interest  are  hypereUipsoids  of  other  dimensions.  Considering  an  m-dimen- 
sional  random  vector  where  m = 1 through  7,  the  probabilities  corresponding  to 
= 1 through  4 (often  called  1,  2,  3,  and  4cr  probabilities)  are  as  shown  in  Table 
8-1, 

Table  8-1 

Hyperellipse  Probabilities 
1 2 3 4 

1 0.683  0.955  0.997  1.00 

2 0.394  0.865  0.989  1.00 

3 0.200  0.739  0.971  0.999 

4 0.090  0.594  0.939  0.997 

5 0.037  0.450  0.891  0.993 

6 0.014  0.323  0.826  0.986 

0.005  0.220  0.747  0.975 
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The  problem  of  evaluating  the  hyperellipsoid,  however,  remains  very  difficult 
since  it  cannot  ce  visualized.  The  equation  for  the  ellipsoid  can  be  transformed 
to  its  principal  ar:es  by  means  the  eigenvector  transformation.  The  resulting 
diagonal  matrix  of  eigenvalues  yields  the  maximum  excursions  of  the  state  vari- 
ables. Howevei , these  excursions  are  inthe  transformed  (principal)  axes  and  there- 
fore are  maximum  excursions  for  combinations  ofAx^,  Ax^,  . . . , Axg  and  still 
difficult  to  visualize . 


8.5.3  Hyperrectangle  Probabilities 

Another  method  of  interpreting  the  confidence  regions  of  state  variable  un- 
certainty is  by  means  of  hyper  rectangles  instead  of  hyperellipses.  Consider  a 
two-dimensional  case  where  Pa  is  the  covariance  matrix 


"A: 


^AxjAxj 
_^AXjAxj  _ 


The  quadratic  form  Ax^P^^^Ax  is 


A: 


2 


Ax , A; 


Ax,  Ax, 

1 i 


(8-147) 


(8-148) 


This  quadratic  equation  represents  an  ellipse  such  as  that  in  Figure  8.3. 
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The  width  AXj*  and  height  of  the  rectangle  enclosing  the  ellipse  are 

determined  from  Equation  (8-148)  for  the  condition  that  dAx^/dAx^  = 0 and 
dAx^/dZ^2  ~ respectively,  yielding 


Ax 


2 


A X 


1 


= -eo-^ 


(8-149) 


Thus,  the  probability  that  Ax j lies  within  the  region -3  ^ AXj  ^ ^ ^Ax 

0.997,  AXj  falling  wherever  it  may.  Tlie  probability  tha^  A x^  lies  within  ihe 
region  -3  ^ Ax^  ^ 3 is  also  0.997,  Ax^  falling  wherever  it  may. 

Assuming  no  significant  correlations,  the  probability  that  A x^  and  Ax^  simultaneously 
lie  with  the  respective  regions  i Ax^  < 3o-^^  and  -3cr^  < Ax^  ^ 3ctAx2  Is 

therefore  (C.997)^  or  0.994.  The  probability  that  Ax^  andAx2  lie  within  the  3a  ellipse 
is  0.989,  slightly  less  than  that  for  the  rectangle  due  to  the  lesser  area. 

Extending  this  interpretation  to  six  dimensions,  the  probability  that  A x^ , 

AXj,  . . . , Ax^  simultaneously  lie  within  their  3a  h3q>ei..actangles  is  (0.997)® 
or  0.982.  The  probability  that  they  lie  within  the  six-dimensional  hyperellipsoid 
is  0,826,  significantly  lower  because  of  the  smaller  volume.  The  hyperrectangle 
probabilities  corresponding  to = 1,  2,  3,  and  4 and  m ==  1 through  7 are  pre- 
sented in  Table  8-2. 


Table  8-2 

Hyper  rectangle  Probabilities 


mU 

1 

2 

3 

4 

1 

0.683 

0.955 

0.997 

1.00 

2 

0.466 

0.912 

0.994 

1.00 

3 

0.319 

0.872 

0.991 

1.00 

4 

0.218 

0.832 

0.988 

1.00 

5 

0.149 

0.794 

0.985 

1.00 

0.102 

0.759 

0.982 

1.00 

7 

0.069 

0.724 

0.979 

1.00 

The  hyper  rectangle  probabilities  are  much  easier  to  analyze  since  the  various 

sides  of  the  hyperrectangles  are  multiples  of  the  square  root  of  the  variances. 

However,  it  is  Important  to  bo  aware  of  the  fact  that  the  boundary  of  the  hyper- 

rectangle  merely  encloses  a volume  of  space  and  in  no  way  can  be  regarded  as 
a boundary  of  constant  probability  as  is  the  case  with  h'q)erellipses. 
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The  hyperrectan^le  probabilities  are  particularly  convenient  during  program 
checkout.  By  processing  simulated  data  having  Gaussian  random  error  with 
zero  mean  and  known  variances,  the  residuals  of  the  estimated  vector  can  be 
compared  with  the  calculatjd  standard  deviations.  The  distribution  of  residuals 
should  satisfy  the  1,  2,  3,  and  4cr  probabilities  in  Table  3-2. 


3.5.4  Correlation  Coefficient 

It  has  been  shown  that  the  off-diagonal  covariance  elements  of  a covariance 
matrix  determine  the  deviation  between  the  random  vector  coordinate  axes  and 
the  principal  axes  of  the  hyperellipse  of  constant  probability.  When  the  covari- 
ance elements  are  zero,  the  principal  axes  are  aligned  vnth  the  coordinate  axes 
and  the  components  are  independent  of  each  other.  Furthermore,  the  normal 
density  function  (Equation  (8-138))  can  then  be  factored  into  a product  of  n 
univariate  functions  of  Ax,,  Ax«,  . . .,  Ax  . 

Another  measure  of  the  dependence  of  two  random  vectors  Ax  andA  having 
a (p  X q)  correlation  matrix 


cov  (A  Xj,  A Zj)  cov  (A  x^,  A z^)  • • * cov  (A  x^,  A z^) 
cov  (A  x^,  A 7j) 


^AxAz  = 


(8-150) 


cov  (A  X , A z ) cov  (A  X , A z_)  • * • cov  (A  x , A z ) 

P 1 'p  2'  'p  q' 


is  the  correlation  coefficient,  defined  as 


p..  = p (Ax..  Azp 


cov  (Ax,,  A z, ) 
/var  (a  x^)  var  (A  z.) 


(8-151) 


The  variance  elements  are  the  squares  of  the  standard  deviations  for  Ax.  and 
Az. , respectively,  and  lie  along  the  main  Diagonal  of  and  respectively. 
The  correlation  coefficient  satisfies  the  following  conditions: 
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REPRODUCIBILITY  OP  THB 

nPiniMAT.  PACF  TS  POOR 


• p = 0 if  and  only  if  Ax^  and  Az.  (and  therefore  x.  and  z, ) are  uncorrelated 

A 1 1 

w 1 r'  1 -3 

• p = ±1,  if  and  only  if 


where 


(8-152) 


“^Ax.’  ^Az.  standard  deviations  of  the  errors  x.  aud  z.  , respectively. 

8.6  ESTIMATION  RELATED  TECHNIQUES 

Specific  techniques  required  in  the  estimation  process  include  matrix  inver- 
sion, editing  of  residuals,  Iteration  control,  residual  statistics,  and  hypothesis 
tests. 


8.6.1  Matrix  Inversion 

The  normal  matrix  is  inverted  by  recursively  inverting  smaller  matrices 
and  by  the  use  of  the  Schur  identity.  The  symmetrical  properties  v ' the  normal 
matrix  are  utilized  during  the  inversion  process.  The  Schur  identity  method  is 
developed  by  assuming  that  the  matrix  to  be  inverted  is  of  the  form 


with  the  inverse  given  by 


m 


-1 


( 

iMjil 

1 

"[H„] 

I 

1 

1 

1 

(8-153) 


(8-154) 
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Since 


then 


j 

^Li: 

; 

M 

m-'  4 

— 

-- 

UO' 

i [11/ 

[M„] 

[H,,]  . 

[Mj 

[H21] 

[Mj,] 

[il„]  - 

[Mjj] 

[H,,l  = 

Eliminating  [H^j]  from  Equation  (8-156)  and  solving  for  gives 


[M^j]  [Hjj]  + [M12]  [Mji]  [Hij]  = [I] 

or 

[H„]  = [M,,]"'  - [M,,]'*  [Mjj]  [Mjj]"'  ([Mj,]  iHj,]). 


Premultiplying  Equation  (8-157)  by  [ M ] [Mj,]  ' gives 


(M^,)  [H„]  + [Mj,l  [M,j]  [Mjj]  [H„]  = [M,,]  [M,,]'’ 

or 

[Mj,]  [H„l  ■=  [n;  V [M,,l  [M,j]  [Mj,]  [M,,]"' 

Substituting  Equation  (8-160)  into  Equation  (8-158)  gives 


[Hji]  [Ml  2]  [M2  2]"^ 


X 


[[I]  + [MjJ 


(8-155) 


(8-156) 


(8-157) 


(8-158) 


(8-159) 


(8-160) 


(8-161) 
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reproducibility  of  the 
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The  matrices  [H^^]  , derived  in  a similar  manner, 

yielding 


[Hjj]  = - r[Mj,]  [M„]->  [M,j]  + [Mjjl] 

[HJ  =-  [MJ  LHjj]  (8-162) 

[Hj,]  = [Mjj]-’  [MjjJ  [HjjJ 


It  is  assumed  that  the  inverse  of  [Mjj]  is  known  and  that  [M22]  is  in  all  cases 
a (1x1)  matrix.  The  matrix  inversions  required  in  Equations  (8-161)  and  (8-162) 
are  simply  the  reciprocals  of  the  elements  of  the  respective  matrices.  The  in- 
version begins  by  setting  [M^j]  as 


and 


‘11 


(8-163) 


(8-164) 


Equations  (8-161)  and  (8-162)  are  then  employed  to  determine  the  inverse  of 


"'ll  "'12 


LH'21  "'22J 


(8-165) 


The  result  is  called  [Mjj]  and  the  diagonal  element  following  (in  this  case  ) 
is  used  to  form  a new  [M22]  • The  process  is  continued  along  the  diagonal  until 
the  required  matrix  is  inverted.  GTDS  takes  full  advantage  of  the  symmetry  of 
the  normal  matrix  by  computing  and  storing  only  the  upper  triangle  of  the  matrix. 
The  inversion  process  is  designed  to  invert  a matrix  in  upper  triangular  form 
and  store  the  result  in  the  same  manner. 
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8.6,2  Editing  of  Observation  Residuals 


The  observation  residual,  as  computed  by  GTDS,  is  defined  as  the  actual 
observation  minus  the  computed  observation  that  is  based  on  the  trajectory 
specified  by  the  current  state  vector  solution.  Deletion  of  an  observation  from 
the  differential  correction  or  filter  computation  may  be  accomplished  by  one  or 
more  of  the  following  tests  that  are  made  on  each  iteration  or  filter  set  for  each 
observation: 


• By  number.  After  examination  of  a previous  nm*s  residual  printout, 
the  user  may  elect  to  delete  some  residuals  by  sequence  number. 

• By  time.  The  observation  is  rejected  if  it  falls  outside  a specified  time 
span. 

• By  type.  The  observation  tjq)e  is  among  those  to  be  rejected. 

• By  station.  The  identifier  of  the  station  making  the  observation  is 
among  those  to  be  rejected, 

• By  n observation.  Every  n observation  of  this  t3rpe  is  to  be 
processed;  all  other  observations  are  rejected. 

• By  deviation.  The  observation  is  rejected  when  the  deviation  from  the 
orbit  established  by  the  previous  iteration  is  greater  than  a specified 
value,  or,  in  a filter  run,  when  the  residual  differs  from  the  predicted 
measurement  residual,  by  more  than  a specified  amount. 

• By  geometry.  The  observation  is  rejected  v^en  Ihe  elevation  argle  of  the 
line  of  sight  from  the  tracking  station  is  below  a specified  minimum  value. 

If  a residual  is  deleted  by  any  test,  then  the  row  of  the  augmented  matrix  F 
(matrix  of  partial  derivatives  of  the  observations  with  respect  to  the  estimated 
parameters)  corresponding  to  the  observation  is  not  computed. 


8.6.3  Iteration  Control  for  the  Differential  Correction  Program 

Conditions  that  may  cause  termination  of  the  differential  correction  process 
are  as  follows: 

• Convergence  of  the  solution 

• Maximum  number  of  consecutive  divergent  Iterations  reached 

• Maximum  number  of  iterations  reached 
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The  convergence  criteria  in  GTDS  are  based  on  iterative  reduction  of  the 
square  root  of  the  mean  square  of  the  observation  residuals.  This  quantity, 
denoted  by  RMS,  is  calculated  as  follows  on  the  i**'  iteration 


RMS  = 


icAyf  W Ay.  + a\T  P"* 
m ^ * Ax 


(8-166) 


where  A y.  and  Ax.  are  defined  in  Equations  (8-23)  and  (8-24),  and  m is  the 
number  of  observations.  If  the  value  of  RMS  decreases  during  two  consecutive 
iterations,  the  solution  is  converging.  After  a prespecified  number  of  consecu- 
tive divergent  iterations,  the  problem  is  terminated.  After  testing  for  conver- 
gence or  divergence,  a predicted  RMS  is  calculated  through  first  order  in 
for  the  next  iteration  as  follows 


RMSP- J-(Ay.  -Fj  A^x.,^)T  W (A  y . - F. 


(8-167) 


(Ax.„  -Ax.)Tp-i  (Ax,,,  -A-x.) 


1/2 


where  Ax.^^  defined  in  Equations  (8-25),  (8-24),  and  (8-21a), 

respectively.  The  second  term  on  the  right  is  exactly  correct  for  the 
(i+1)*  iteration.  The  first  term  on  the  right  linearly  corrects  the  measure- 
ment residuals  to  account  for  the  differential  correction  i*  If  the 
regression  equation  (Equation  (8-14))  were  linear,  the  predicted  (RMSP) 
would  be  exactly  correct.  The  iterations  are  considered  converged  and  the 
problem  terminated  when  the  following  criterion  is  met 


where 


RMSB  - RMSP 
RMSB 


< e 


(8-168)  . 


RMSB  ~ tue  smallest  RMS  achieved  compared  with  all  previous  iterations 
f the  improvement  ratio  criterion  specified  by  input 


8.6.4  Weighted  Least  Squares  and  Filter  Statistics 

Upon  completion  of  each  iteration  of  the  weighted  least  squares  fit  or  after 
a specified  set  of  observations  has  been  filtered,  a summary  of  the  observation 
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residual  statistics  is  calculated  and  printed.  The  statistical  quantities  that 
comprise  the  summary  are  computed  for  data  types  and  residual  groups  'which 
contain  data  from  specific  tracking  stations.  The  following  abbreviations  are 
used  in  the  statistical  relationships 

Ay.  '^the  residual,  y.  - f[x.(tp,  z^] 

.1  ~ the  total  number  of  residuals  for  a station 

s 

and  data  type  (group). 

• Koot  Mean  Square  Error 

The  total  weighted  HMS,  the  predicted  total  RMSP,  and  the  RMS  for 

each  station  and  data  type  are  calculated  from  Equations  (8-166)  and  (8-167). 

It  is  normally  desirable  that  RMS  be  small,  preferably  zero. 

• Group  Mean 


The  mean  value  of  each  residual  group  is  a measure  of  the  bias  in  the  ob- 
servation and  is  calculated  as  follows 


m = 


(8-169) 


It  is  desirable  that  m for  each  group  be  zero  to  be  consistent  with  the 
assumption  in  Equation  (8-27a)  that  the  measurement  noise  has  zerc 
mean. 

• Sum  of  Squares  About  Mean 


The  sum  of  the  squares  of  the  residuals  about  the  mean  of  each  residual 
group  is 


S 


(A  y. 


- m)^ 


(8-170) 
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(UCIBILITY  OF  THF 


• Sample  Standard  Deviation 


The  sample  standard  deviation  of  each  residual  group  is  a measure  of 
the  dispersion  of  the  observation  daty  and  is  calculated  as  follows 


In  GTDS  the  approximation  is  made  that  n,  is  large.  Hence,  n^  - 1 is 
replaced  by  in  the  denominator  of  Equation  (8-171).  The  standard 
deviation  should  be  consistent  with  the  values  used  in  the  a priori  wei^t- 
ing  matrix  W. 

4 Confidence  Interval  for  Group  Mean 


If  the  observation  residual  group  population  is  normally  distributed  with 
zero  mean,  then  the  variable 


t r (8-172) 

has  a t-distribution  (Student *s)  with  (n^  - 1)  degrees  of  freedom.  There- 
fore, confidence  intervals  for  the  mean  can  be  constructed  D*om  tables 
of  the  i-distribution.  As  becomes  large,  the  t-distribution  ap  oaches 
the  normal  distribution. 

• Observation  Residual  Groups 


For  each  Iteration  of  the  wei^ted  least  squares  fit,  or  after  a specified 
set  of  observations  has  been  filtered,  the  following  data  are  printed  for 
each  residual  group: 

• the  number  of  observations  n 

S 

• the  number  of  rejected  and  accepted  observations 

• the  histograms  of  observations  by  true  anomaly 
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CHAPTER  9 

EARLY  ORBIT  JMETHODS 


The  estimator  algorithm  in  the  Goddard  Trajectory  Determination  System  (GTDS) 
requires  an  a prilori  estimate  of  the  spacecraft  position  and  velocity  in  order  to 
initiate  the  itera^tive  estimation  process  (see  Chapter  8).  An  accurate  estimate 
is  frequently  unavailable  because  of  large  booster  injection  errors,  maneuver 
errors,  or  unknown  orbits  of  tracked  satellites.  GTDS  has  been  provided  with  the 
capability  to  determine  a starting  value  of  position  and  velocity  from  a limited 
number  of  discrete  tracking  data  samples. 

Three  techniques  are  optionally  provided  to  perform  this  function.  They  are  as 
follows: 

• The  Gauss  M^ithod  and  Double  r-Iteration  Method  - These  deterministic 
methods  use  three  sets  of  chronologically  ordered  gimbal  angle  observa  - 
tion pairs  to  solve  for  the  six  Cartesian  position  and  velocity  compo- 
nents at  an  epoch  time  equal  to  that  of  the  second  observation.  The 
gimbal  angle  observation  sets  need  not  be  from  the  same  tracking  sta- 
tion. The  central  angle  (from  the  earth’s  center)  subtended  by  the  three 
sets  of  angles  should  be  less  than  60  degrees  for  the  Gauss  Method  and 
less  than  360^  for  the  Double  r Method.  Either  X and  Y or  A and  E 
gimbal  angle  data  from  GRARR,  ATSR,  USB  or  C-Band  Systems, -and 
m-direction  cosines  from  tb^  Minitrack  System,  or  geocentric  right 
ascension  a and  declination  b observations  can  be  used. 

• The  Range  and  Arigles  Method  — This  method  uses  multiple  (more  than 
two)  sets  of  simultaneously  measured  range  and  gimbal  angle  data  from 
the  GRARR,  ATSR,  USB  or  C-Band  radar  systems.  Two -body  equations 
are  regress ively  fitted  to  the  transformed  data  to  yield  epoch  values  of  the 
spacecraft  position  and  velocity. 


9,1  ANGLES  ONLY  METHODS 

Both  the  Gauss  Method  and  the  Double  r-lteration  Method  use  three  sets  of 
chronologically  ordered  gimbal  angle  measurements  from  up  to  three  separate 
tracking  stations  to  determine  the  Cartesian  components  of  position  and  velocity. 
The  angle  data  set  can  be  distributed  over  an  orbital  arc  of  less  than  60  degrees 
in  mean  anomaly  for  the  Gauss  Method  and  up  to  360^  in  mean  anomaly  for  the 
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Double  r-Iteration  Method.  The  epoch  for  the  position  and  velocity  corresponds 
to  the  time  of  the  second  observation  set.  The  methods  are  deterministic  since 
the  six  measuiement  components  yield  the  six  position  and  velocity  components. 
Additional  descriptions  of  these  methods  are  presented  in  Reference  1 . 

9.1.1  Transformation  of  Topccentric  Gimbal  Angles  to  Inertial  Coordinates 


All  gimbal  angles  are  initially  transformed  to  topocentric  station  centered  azi«- 
muth  A and  elevation  angle  E.  The  X30  and  Y3Q  angles  corresponding  to  the 
GiiA  P.Fv  and  USB  30  foot  antennas  are  transformed  by 


sin  E = cos  X3QC0S  Y3Q 
, ^ 

cos  E = y 1 - s in^E  (9-la) 

and 

sin  A = sin  X3QC0S  Y^^/cos  E 

(0  < A < 2tt) 

cos  A = sin  Yjq/'cos  E (9-lb) 


The  Xg5  and  Ygs  angles  corresponding  to  the  USB  85  foot  antennas  are  trans- 
formed by 


sin  E = cos  Ygj  cos  Xgg 
cos  E - yi.  - s in^  E 


(9-lc) 


sin  A = sin  Ygg/cos  E 

cos  A = - cos  Ygg  sin  Xg^/cos  E 


(0  < A < 2tt) 


(9-ld) 
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The  direction  cosines 't  ana  m are  transformed  by 


and 


cos  E = 


(9-2a) 


sin  A = 'l/cos  E 


(0  ^ E < 2tt) 


cos  A = m/''os  E. 


(9-2b) 


The  C-Band  radar  gimbal  angles  are  directly  measured  as  A and  E,  and  the 
resulting  angle  sets  are  denoted  by  (t,  A,  E).  The  altitude  above  the  reference 
earth  ellipsoid,  the  geodetic  latitude,  and  longitude  of  the  tracking  station  meas- 
uring the  angle  set  are  denoted  by  (h^,  ).  The  unit  vector  directed  toward 

the  spacecraft  can  be  written  in  topocentric  local  tangent  coordinates  as  follows. 


L 


It 


cos  E sin  A 
cos  E cos  A 
sin  E 


(9-3) 


The  tracking  station  coordinates,  expressed  in  body-fixed  axes,  are  presented  in 
Section  3.3.7  as 


(N,+  h^)  cos  c.»s  X . 
(N,+  h^)cos0j  sinX^ 
[N,+  - (2f  - f^)  N,]  sin  0^ 


(9-4) 


where 


N.= 


yi  - (2f  - f^)  sin^ 


and 


earth*s  equatorial  radius 
{ ^ earth^s  flattening  coefficient 


(9-5) 


9-3 


Both  the  and  vectors  are  transformed  to  a common  inertial  Cartesian 
axes  system,  either  true  of  reference  date  or  mean  of  1950.0.  The  transfor- 
mations, presented  in  Sections  3.3.1,  3.3.2,  and  3.3.7,  follow.  The  matrix 
from  Section  3.3.7  transforms  from  the  topocentric  local  tangent  system  to  the 
body- fixed  system  and  is  a fimction  of  the  station's  latitude  and  longitude,  i.e., 


where 


I-u 


(9-6) 


-s  in  \ 


cos  k 


M 


It 


-sin  cos  k -sin  sin  k cos  4> 


cos  0 cos  k cos  0 sin  k sin  0 


The  matrix  B"*",  from  Section  3. 3.2.3,  transforms  from  the  body- fixed  system  to 
the  true  of  date  system  and  is  normally  a function  of  the  Greenwich  sidereal  time 
and  polar  motion.  Polar  motion  is  neglected  for  early  orbit  application  (from 
considerations  of  precision).  The  transformation  is  as  follows 


J.-  = 


cos  cos 
CO s s in 
_ sin  Sf  _| 


= (o  ) T_ 

' g''  b 


(9-8) 


and 


where 


T,  = B’'  (a  ) T 

" g «5 

0 
0 
1 


cos  a -s  in  a 

g g 


s in  a cos  a 

g g 


(9-9) 


(9-10) 
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and 


~ topocentric  right  ascension  of  spacecraft  from  true-of-date  equinox 
topocentric  declination  of  spacecraft  from  true-of-date  equator 
~ Greenwich  sidereal  time  at  measurement  time  t (see  Equation  (3-19)). 

Equations  (9-6)  and  (9-8)  can  be  combined  resulting  in  a single  transformation 
matrix  identical  to  that  in  Equation  (9-7),  with  replaced  by  ( V^  + ?^), 
the  longitude  measured  from  the  true  vernal  equinox.  The  unit  vector  in 
Equation  (9-8)  can  be  solved  for  the  topocentric  right  ascension  ard  declina- 
tion Sj  . Should  observations  of  the  topocentric  right  ascension  and  declination  be 
available,  they  can  be  used  to  replace  the  topocentric  gimbal  angles  ana  deter- 
mine directly  from  Equation  (9-8).  The  matrix  from  Section  3. 3. 1.3 
transforms  from  the  true  of  date  system  tc  the  mean  of  1950.0  system  and 
accounts  for  nutation  and  precession.  The  resulting  transformation  is 


L = 

(9-11) 

R =C^7 

(9-12) 

v/here  is  the  product  of  the  precession  transformation  A(^q,  and  the 

nutation  transformation  N(Se,Si//)as  follows 


= (NA)"^  (^-13) 

The  elements  of  the  summation  matrix  C'*'  are  obtained  from  an  ephemeris  file 
in  GTDS  as  a furction  of  time  from  1950.0. 

Combining  the  preceding  transformations, 


L=  (M,,  (9-14) 

and 

(9-15) 
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Equations  (9-14)  and  (9-15)  present  the  transformations  necessary  when  the 
computations  are  performed  in  the  mean  of  1950.0  system,  ^ecifying  C = I 
permits  the  vectors  to  be  transformed  to  the  true  of  reference  date  system. 

In  the  following  sections  three  sets  ofgimbal  angles,  obtained  at  times  t^,t2  and 
t3»  are  available  from  either  the  same  or  different  stations.  Station  vectors  and 
unit  vectors  directed  towards  the  spacecraft,  , Lj),(R^2*  (1^.3 » 

can  be  determined  from  Equations  (9-3),  (9-14),  and  (9-  x5)  for  each  gimbal 
angle  set. 

9.1.2  Gauss  Method 

The  Gauss  Method  utilizes  the  geometric  properties  of  the  station  positions  and 
station-to-spacecraft  unit  vectors,  in  conjunction  with  an  approximation  of  the 
orbital  dynamics,  to  determine  an  estimate  of  the  spacecraft’s  position  at  time 
tj.  The  orbital  dynamics  are  approximated  by  the  low  order  terms  of  the  f and 
g series,  therefore  limiting  the  orbital  arc  of  the  angular  observations  to  be 
within  appr».ximately  60®  in  mean  anomaly.  Subsequently,  the  accuracy  of  the 
position  vector  is  iteratively  improved,  and  the  velocity  vector  determined  by  the 
method  of  Gibbs.  This  method  utilizes  the  approximately  known  position  ve<;tors 
at  the  three  observation  times  to  determine  a velocity  vector  at  time  t2.  Know^ 
ing  the  velocity  allows  one  higher  order  term  to  be  included  in  the  f and  g series 
and  thereby  improves  the  spacecraft  position  determination. 

The  geocentric  inertial  position  vector  R can  be  determined  from  the  known 
vectors  and  Rg.  and  the  unknown  slant  range  , from  the  station  to  the 
spacecraft  as  follows  (see  Figure  9-1). 


F igure  9-1.  Position  Vector  Geometry 
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+PiK  (i  =1*  2,  3) 


(9-16) 


The  three  vectors  and  R3  are  coplanar  since  they  all  lie  in  the  same 

orbit  plane.  Therefore,  R^  can  be  written  as  a linear  combination  of  ^ anr?  r^ 
as  follows 


CiRi  + C2R2  + ^3  K3  = 0 

where 

C2=  - 1 


(9-17) 


(9-18) 


Substituting  Equation  (9-16)  into  Eqixation  (9-17)  yields 


C,p,L,  + CjPjLj  + C3P3L3  = . (C,R.^  + + C3R,^) 

or,  in  matrix  form 


*-'1 

L 

Cj  P2 

= -R. 

_^3 

c, 

L U 

where 


L = 

1 1 ~ 

L,  L,  L3 

and  R = 

s 

1 1 

R,  1 R.  ' R 

1|  ®2|  *3 

- 1 1 _ 

- 1 1 J 

(9-19) 


(9-20) 


(9-21) 
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Premultiplying  Equation  (9-20)  by  L"*  yields 


(9-22) 


where 

D = L“*  R,  (9-23) 

The  preceding  three  scalar  equations  ir*volve  the  five  unknown  variables  Ci,  C2, 
Pj,  P2  and  P3.  Additional  conditions  must  be  minosed  to  determine  the  slant 
ranges  Pj  , or  pj.  Knowing  any  one  of  these  ranges,  a ge<^centric  position 
vector  Rj,  Rj  or  R3  can  be  determined  from  I, pat  ion  (9-i6). 

The  cross  product  of  Rj  and  R,  with  EcP’ation  '>.-17)  yields 


c,  P,' 

Cl 

CjPj 

= - D 

C, 

3 

1 

C3 

R,  X = C3R,  X R3 
R3  X R2  = Cj  R,  X Rj 


(9-24) 


Dotting  k,  the  unit  vector  normal  to  tlie  orbital  plane  In  the  direction  of  the  angular 
momentum,  into  Equation  (9-24)  gives 

c ..  ^ • (^1 X y 

" ‘ K • (R,  X R3) 

^9-25) 

‘ C • (R,  X R3) 


The  position  vectors  can  next  be  expressed  in  terms  of  the  f and  g series 
representation  for  two-body  motion  (Reference  2).  The  series  is  expanded 
about  t2»  the  time  of  the  second  observation,  as  follows 


9-8 


where 


f . ^ 1 - ^ (u.  - 


and 


T.  = t.  - t. 


U 


2 


= Jt 


where 

fjL  ~ gravitational  parameter  for  the  earth 
Substituting  and  R3  from  Equation  (9-26)  into  Equation  (9-25)  yields 


Cl 


63 

* 1 ^3  ” ^3 


-Si 

" ^iSs  - ^3  Si 


Approximating  £3,  gj  and  g3  by 


g.  = T.  - i iij  t\  + 0(tJ)  (i  = 1.  3) 


(9-27a) 

(9-27W 

(9-28) 

(9-29) 


(9-30) 

(9-31) 
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F^aation  (9-30)  becomes 


Cj  = 3j  + bj  U2 

C3  = a.  + b3  Uj 


(9-32) 


v/here 


a,  = 


T — T 
3 1 


bj  =— [(t  - r )2  - r^] 

6(t3-Tj)  1 ^ 


(9-33) 


“3  rFz  :rT  v ■ 3 ' 1 J 

3 “ 


T — T 
3 ^ 1 


6(r 


Substituting  Equation  (9-32)  into  (9-22)  gives 


(aj  + bj  U2)  Pi 

b. 

*N 

-p. 

= -D  . 

-1 

+ 

0 

(a,  + bj  Uj)  P3 

^3 

— 

ba 

> 

(9-34) 


ITie  preceding  three  scalar  equations  involve  the  four  unknown  variables  p^',  p^, 
p^  and  Uj. 

Dotting  Equation  (9-16)  with  itself  (for  i = 2)  jdelds 


^2  = ^2  + ^2  + ^^2 

where 

C,,  = 2L,  • R 
^ »2 

is  known.  The  second  scalar  equation  of  Equation  (9-34)  is 


(9-35) 


(9-36) 
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(9-37) 


where 


Pj  = dl  + d* 


dj  - d^j  3j  - dj2  + dj3  U3 
d*  = dj,  b,  + dj3  bj 


(9-38) 


and  the  matrix  D contains  the  elements  (d- j ). 
Substituting  Equation  (9-37)  into  (9-35)  gives 


or 


(9-39) 


(9-40) 


Solving  the  preceding  equation  for  its  real  positive  root  yields  R2 , whicb,  from 
Equation  (9-29),  determines  u^.  Equation  (9-34)  can  then  be  solved  for  yOj, 
and  P3 , and,  finally.  Equation  (9-16)  can  be  solved  for  Rj , 
sequence  of  computations  is  summarized  in  Figure  9-2,  The  resulting  position 
vectors  are  only  approximately  correct  because  of  the  truncation  of  the  f and  g 
series  to  get  Eq^iations  (9-31), 

The  accuracy  of  the  position  can  be  improved  and  the  velocity  vector  computed 
by  the  method  of  Gibbs  (Reference  1 ).  Th’S  method  utilizes  the  three  ap- 
proximately known  position  vectors  , R^  and  R^  to  determine  the  velocity  Rj . 
This  allows  an  additional  term  to  be  retained  in  the  f and  g series. 

The  position  vectors  R^  and  R3  can  be  obtained  from  a Taylor  series  expansion 
about  Rj  as  follows 


T? 


R.  = R™  + 


Rj  T. 


+ R. 


i Si*  ' 2 
2 2 5 


(9-41) 


The  vector  difference  (Ri_-  R2)  and  (R3  - R2)  can  be  obtained'  from  Equation 
(9-41).  Multiplying  (Rj  - Rj)  by  - r]  and  adding  to  (R3  - Hj)  multiplied  by 
yields 
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Given 


Calculate  (Gauss  Method) 


3j.  a^  D L-'Rj 

bj,  bj  r (d  ) 


Eq(28)  Eq(33)  Eq(21).(23)  Eq(38)  Fq(36)  Eq(40)  Eq(29)  Eq(34)  Eq(16) 


Solution  Rt  R, 


C,  C, 


^2'  R2~^(C,--1) 


Conver  gence 


f3-  S3 


Eq  (50).  (SI). (49)  Eq(48)  Eq(52. 53)  Eq(29.  54)  Eq(27)  Eq(30i  En(22) 


Multiplying  (R^  - R^)  by  and  (R^  - R^ ) b>  adding  the  results  and  differ- 
entiating twice  yields 
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(9-45) 


^ ^ ^ 

^3^1  " ^13^2  “ ^1^3  ^1^3^13  2 


Solving  Equations  (9-44)  and  (9-45)  for  and  and  substituting  them  into 

Equation  (9-42)  giver. 


- '^3^1  + (’"3  -"^l)  •*2  + 


^ R,  Rj  R. 

= - ^.^2".3  [^2  - -312  " ^^3  - "172J 


Substituting  the  inverse-square  law 


Ri  -- A^—  (i  = 1.  2,  3) 
R? 


into  Equation  (9-46)  and  rearranging  terms  yields 


where 


R2  " - DjRj  + D2R2  + D3R, 


D.  = G.  +-i  (i  = 1,  2,  3) 


H.  i, 
^ 12 


H3  = --,Y’  »2=H,  -H3 


G,  = - 


'1^13 


G3  = - — - G2=G.  -°3 

3 13 
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Knowing  Rj  and  R2  from  Equations  (9-40)  and  (9-48),  Kj  and  its  time  derivative 
R2  are  obtained  from 


and 


R. 


R2 


(9-52) 


(9-53) 


Then  Uj  can  be  determined  from  Equation  (9-29),  and  U2  can  be  determined  as 
follows 


^2=  ^2 

R2 


(9-54) 


Knowing  U2  from  the  preceding  equation  permits  one  higher  order  term  to  be  in- 
cluded in  the  f and  g series  in  Equation  (9-27).  An  improved  determination  of 
is  thereby  obtained  by  iteratively  solving  Equation  (9-27)  for  f.  and  g.  (including 
the  higher  order  term);  Equation  (9-30)  for  Cj  and  C3;  and  Equation  (9-22)  for 
P2  and  P3 . After  converging  on  , P2  and  P3,  Equation  (9-16)  is  solved  for  R2 
and  Equation  (9-48)  is  solved  for  R2.  The  computation  sequence  is  shown  sche- 
matically in  Figure  9-2, 


9,1.3  Double  r-Iteration  Method 


The  Double  r-Iteration  method  requires  an  initial  guess  of  the  magnitudes  R ^ 
and  R2 . Then  the  geometric  relations  of  the  three  station  positions  and  station- 
to-spacecraft  unit  vectors  are  used  in  conjunction  with  the  orbital  dynamics  to 
determine  the  time  intervals  (between  the  first  and  second  observations)  and 
(between  the  third  and  second  observations).  A standard  Newton-Raphson 
successive  approximation  scheme  is  then  used  to  correct  Rj  and  R 2 
match  Tj  and  to  the  known  intervals  and  , 

The  Double  r-Iteration  method  can  be  used  when  the  angle  data  is  spread  out 
over  a considerable  arc  in  eccentric  anomaly  whereas  the  Gauss  method  is 
um’eliable  and  may  not  converge  over  large  arcs. 

From  Figure  9-1  and  Equation  (9-16),  the  slant  range  vector  from  the  station  to 
the  spacecraft  is 


9-14 


p.  = R.  - R 

1 s . 


(i  = 1.  2,  3) 


(9-55) 


Dotting  Equation  (9-16)  with  itself  yields  Equation  (9-35)  rewritten  for  the  i 
observation  as  follows 


+ PiC^  + (R^  - Rf)  = 0 (i  = 1,  2,  3) 

where 

C^.  =2L;-R  (i  = 1,  2,  3)  (9-57) 

I » £ 

Solving  Equation  (9-56)  for  and  /Oj  by  means  of  the  Binominal  Theorem 
gives 


(9-58) 


where  the  positive  sign  on  the  radical  is  known  to  yield  the  correct  roct  from 
physical  considerations.  Initially  estimating  Rj  and  Rj,  Equation  (9-58)  can  be 
solved  for  and  p^,  and  Equation  (9-16)  for  R ^ and  R . Knowing  R ^ and  R^ 
merely  defines  the  orbit  plane  'in  terms  of  f)  and  i)  and  two  position  vectors 
in  this  plane.  However,  there  arje  numerous  orbits  (in  terms  of  a and  e)  which 
satisfy  the  two  position  vectors  Rj  and  Rj.  Tlierefore,  a third  position  vector, 
along  with  orbital  dynamics  relationships,  are  necessary  to  imiquely  determine 
the  orbit  being  observed. 

ilie  quantity  k is  defined  as  the  unit  vector  perpendicular  to  the  orbit  plane,  i.e.. 


k = 


^ ^2 


(9-59) 


Then,  since  the  third  position  vector  R3  must  lie  in  the  01  bital  plane, 


^3-k.O 


(9-60) 
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Substituting  Equation  (9-16)  into  Equation  (9-60)  5delds 


R -k 
^3  =-r-7T 


(9-61) 


Knowing  , the  geocentric  vector  can  be  obtained  from  Equation  (9-16). 
Note  that  when  lies  in  the  orbit  plane,  R^^  and  are  perpendicular  to  k 
and  Equation  (9-61)  is  singular.  Should  such  a singularity  occur,  a different 
observation  time  t3  must  be  used.  Thus  the  vectors  R^,  R^  and  R^  have  to  be 
determined  as  functions  of  the  estimated  vector  magnitudes  R^  and  R^. 

The  difference  in  the  true  anomalies  can  be  determined  as  follows 


cos(t  - f ) = 


(9-62a) 


sin(f . - f^)  = m va  - cos2  (f . - (j , k = 1,  2,  3) 


(9-62b) 


where  f denotes  the  true  anomaly  and 


m 


(9-63) 


where  X,^,  Y,^ , are  the  components  of  R.  *,  the  positive  sign  is  used  for  direct 
orbits  and  the  negative  sign  for  retrograde  orbits.  In  order  to  correct  the 
estimated  values  of  R^  and  R^,  it  is  necessary  to  compute  the  resulting  time 
intervals  between  (E3,  R^)  (^1*  obtair  residuals  as  actual  time  diff  r-- 

ences.  The  semilatus  rectum  obtained  from  Gaussian  sector  to  triangh';  thf  .r- 
(Reference  1)  is 


^ ^r3^3  ~ ^rl  ^2 

1 -c^. 


or,  dividing  the  numerator  and  denominator  by  Cj 


cp,  .C3F,  -R3 
C,  + C,  - 1 


,9-  .^5) 
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where 


^ sin(f,  - f.) 

3 R3  -.in(f3  - fj) 

(9-66) 

, _fi 

R3sin(f3-f2) 

For  very  short  observational  arcs,  both  Equation  (9-64)  and  Equation  (9-65)  are 
poorly  determined,  and  the  Gauss  Method  (Section  9.1.2)  should  be  used.  The 
singularity  inherent  in  Equation  (9-64)  when  f 3 - f ^ = 77  can  be  avoided,  along 
with  other  numerical  difficulties,  by  using  Equation  (9-65)  when  f 3 “ 5 77  and 

Equation  (9-64)  whenever  13  - f j > 77. 

From  Equation  (3-183)  the  conic  eq.'ation  for  true  anomaly  is 


Rj  s in(f3  - 12) 
Rj  sin(f3  - 


Rj  sin(f3  - fj) 
R2  sin(f3  - f2) 


e cos  f . = ^ - 1 (i  = 1,  2,  3) 


(9-67) 


E2*panding  factors  of  the  form  sin  (fj  + f,  ^3^  gives 


e sin  fj  = 


cos  fj  cos(f2  - fj)  - e cos  f, 
sin(?2  - fj) 


(9-68) 


e sin 


- c cos  f.  cos(f.,  - f,)  + e cos  f, 
2^21'  1 

^ sin^f^-fj) 


for  (f^  “ fj)  ?^77,  and 


e sin 


c cos  cos(f^  _ f^)  _ e cos 
sin(f3  - f^) 


- e cos  f,  cos(f,  _ f ) + o cos 

p sin  f,  = - . V-  1 

^ sin(f3  ~ fj) 


(9-69) 
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for  (f  3 - f 7T.  From  Equations  (S-67)  thru  (9-69)  the  eccentricity  can  be 
determined  as 


- (e  cos  + (e  sin 


(9-70) 


and  the  semimajor  axis  as 


a = 


(1  - e2) 


For  an  elliptical  orbit  (e  < 1)  the  mean  motion  n is 


(9-7i) 


a y a 


(9-72) 


and  the  eccentric  anomaly  E . is 


R 


sinE.  = — 1^1  - e^  sin  f. 
' P 


Ri 

cos  E = — (e  + cos  f . ) (i  - 1.  2,  3) 
' P ' 


(9-73) 


The  preceding  equation  can  be  written  as  follows  for  the  second  observation  point 




S ^ [e  SI  n E-]  = ~i  v'  1 - [c  sin  i J 

^ 2 p 2 


(9-74) 


C [c-  cos  E„]  = -— (o^  + [e  cos  f ]) 

e ^ p ^ 
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The  following  equations  for  differences  in  eccentric  anomalies  expressed  as 
functions  of  true  anomaly  differences  can  be  obtaiiied  by  expanding  Equati  m (9-73). 


K K 

sinv-  ^ sin(f3  - f j [1  - cosCf^  - f^)] 

>''ap  P 


R R 

C0S(E3  •*  = 1 - ~~~  [1  - COS(f3  - fj)] 


(9-75) 


SI 


R R 

in(Ej -E  ) =-^sin(fj  - f.)  ^ll-cos(f,  - f )'  S, 
Zap  P 


(9-75) 


R R 

COSI.E,  - E,)  ^ 1 --i_i  (1  - co3(f,  - f,)] 

E pp  Z I 


Kepler*s  equation  (Equation  (3  -147))  is  written  as 


r4  = E-  e sinE 


(9-77) 


where  M is  the  mean  anomaly.  Mean  anomaly  differences  about  the  second 
point  esn  be  written 


M,  - M,  = E3  - E,  + 2 S,  sin^  - C.  si,.(E,  - E,) 


E,  - e:\ 

- c 

2 / e *“'“3  ~2 


(9-7b) 


M,  - = E,  . E,  . 2 S,  sin2  - ^ C,  sir.(E^  . F,) 


E.  - E, 
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The  mean  anomaly  can  also  be  written  in  terms  the  mean  motion  as 


M.  -M^  = n(t.  - t^)  (i  = 1.  2.  3) 


(9-79) 


Rev/riting  the  ^receding  equation  for  the  time  differences  yields 


(9-80) 


where  r'  and  rj  are  defined  by  Equation  (9-28).  Equation  (9-80)  expresse  ’ the 
time  differences  between  points  3 and  2 and  between  points  1 and  2 as  functions 
of  the  eccentric  position  vector  magnitudes  R^  and  R^.  This  process  is  sum- 
mariz  l in  Figure  9-3, 

me  calculated  time  differences  rj  and  r'  will,  in  general,  not  agree  with  the 
ephemeris  time  differences  and  corresponding  to  the  station  observa- 
tions. Thus  Ri  and  R2  must  be  adjusted  to  obtain  agreement  between  the  calcu- 
lated f’nd  actual  time  differences.  A standard  Newton-Raphson  successive 
approximation  procedure  performs  this  adjustment  a~  shown  in  Figure  9-3. 

If  the  functions  Fj  and  Fj  are  defined  as  follows. 


F.(E,,  . 


M,  -Mj 


(9-81) 


FpR,,  Rp  = - 


“3  -“2 


the  calculated  and  actual  time  diffeiences  will  agree  when  F^  and  are  zero. 
The  algoi'ithm  for  successively  driving  F^  and  F^  to  zero  is  obtained  by 
linearizing  Equations  (9-81)  about  the  estimated  values  of  R^  and  R^,  denoted 

R,  UiVd  Rj  . 

i i 
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<^t 

«•  or.s  f j 
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0 cos  f j 

sinCf^-fj) 

P 

0 sin  f j 

oosrf^-fj'i 

0 sin  f j 

Eq(62) 

Eq(64-66) 

Eq(67-69) 

s I ti(Ej-Ej) 


► oos<E,-E, )— » 


M3-M,  F,(R,.R,) 


s I n(E,-Ej ) 

I 0!,(Ej-E,  ) 

E<i(75.70)  Eq(78)  Eqf79) 


Tost  F,  & Fj 
against  itc'ro 


R.  R.  I R. 


I 1 


I'-st  .-.R,  ARj 
ag.iinst  Zero 


Eq(89)  Ec|(86)  Kq(85)  Eq(87)  Ec)(88) 


Figure  9-3.  Double  r-herotion  Computation  Sequence 


This  linearization  jislds 


where 


and 


BF,  dF, 

AF,  = — aR,  + — - AR„ 

‘ 3Rj  ’ 2 


3F,  3F, 

^ 3R  ' 3R  2 


AF  = F - F = F 

2 2.,i  2.  2. 


AR,  = R,  - R- 

1 *i+i 


ar  = R^  - r^ 

2 2^+j  2. 


Solving  Equation  (9-82)  simultaneousiy  for  AR^  and  AR^, 


AR,  = — 
^ A 


where 


AR 


2 


A. 


(9-82) 


(9-83) 


(9-84' 


(9-85) 


(9-86) 
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and 


The  corrections  AR^  and  AR^  are  added  to  and  R2  to  yield  the  i + 1^^ 
approximation 


K.  =R-  +AR, 

li+i  *i  * 


R_  = R.  + AR 

2i  + i 2 2 


(9-87) 


This  process  is  repeated  successively,  incrementing  i each  time,  until  con- 
vergence is  obtained.  The  convergence  criteria  are  satisfied  when  the  absolute 
\alues  of  the  corrections  are  less  than  a prespecified  tolerance  e,  i.e., 


IarJ  < 


IarJ  < €. 


(9-88) 


The  partial  derivatives  required  in  Equations  (9-86)  are  approximated  by  the 
one-sided  finite  difference  approximations 

9F,  ^Fi(R,  + i'Ri.  Rj)  -F,(Rj,  Rj) 

3R,  “ 8R,  


^FjCR^,  R^  + SR^)  -F^(R^,  R^) 


BR, 


SR, 


(9-89) 


BR. 


SR. 
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The  converged  solution  for  and  yields  the  position  vectors  R^,  R^*  P-3  and 
all  related  variables  in  Figure  (9-3).  Therefore,  the  closed-form  f and  g coef- 
ficients (Reference  1)  are 


f = 1 - ^ (1  - cos(E3  -Ej)] 
**2 

8 = 


(9-90) 


which  3delds  the  velocity  vector 


r 


2 


(9-91) 


9.2  RANGE  AND  ANGLES  METHOD 

The  Range  and  Angles  Method  determines  spacecraft  position  and  velocity  by 
fitting  two-body  orbit  relations  to  GRARR,  C-Band  or  USB  range  and  gimbal 
angle  data  in  a regression  n?anner. 

A set  of  m chronologically  ordered  radar  data  vectors  are  available  from 
the  GRARR,  C-Band  and/or  USB  systems.  Each  vector  consists  of  a range 
measurement  and  two  gimbal  angle  measurements.  The  measurement  vectors 
are  first  transformed  to  the  station  centered  topocentric  local  tangent  Cartesian 
coordinate  system.  The  GRARR  and  USB  angles,  X and  Y,  are  transl^rmed  to 
azimuth  A and  elevation  angle  E,  as  shown  in  Equation  (9-1),  The  C-band  data 
vectors  and  transformed  GRARR  and  USL  data  vectors  are  then  transformed  to 
local  tai^ent  coordinates  as  follows 


X, 

COS  E.  s i n A, 

It 

1 1 

^It 

= P; 

cos  E.  cos  A. 

i I 

sin  E. 

It 

L ‘ J 

(i  = 1,  2 m) 


(9-92) 
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The  local  tangent  vectors  are  tixcn  transformed  to  true  of  r <feren^e  date  or 
mean  of  1950.0  inertial  coordinate  s>ctems  as  described  in  Section  9.1,1,  i.e., 


p.  = (M„  BCf  p,„ 


(9-93) 


The  station  position  vector  in  geocentric  inertial  Cartesian  coordinates,  given  in 
Equation  (9-15),  is 


R 


- (BC)^ 


(9-94) 


where  the  station  coordinates  in  body-fixed  axes  ai’e  given  in  Equations  (9-4)  and 
(9-5).  Vectorially  adding  the  station  vectors  Rs^  ana  topocentric  spacecraft 
vectors  ^c.  yields  the  geocentric  spacecraft  position  vector 


Bi  = Rs  + p,  (i  - 2,  . . . , m) 

* I * 


(9-95) 


A two-body  orbit  is  then  fitted  to  the  m position  vectors  by  using  the  f and  g 
series,  expanded  aioout  a d'^^sired  epoch  time 


K,  = f.Ro  + 


= 1,  2, 


, m) 


(9-96) 


Multiplying  the  preceding  equation  by  f and  then  summing  on  i yields 


m 


1*1 


(9- 9 7a) 
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Multiplying  Equation  (9-96)  by  g.  and  summing  on  i yields 


m 


m 


m 


(9-97b) 


i“l  i~l  i=l 

Solving  Equations  (9-97a  and  b)  simultaneously  for  Rq  and  yields  the  desired 
inertial  geocentric  position  and  velocity  at  epoch. 


mm  mm 


E ■■  E - E E 


R 


0 


Ti  m 


L'‘L 

; s 1 : S 1 


(9-98) 


(9-99) 


Equations  (9-98)  and  (9-99)  are  solved  iteratively  by  successively  improved 
approximations  for  f.  and  g.. 

The  orbit  is  initially  approximated  by  a circular  orbit  with  the  semi-major  axis 
a obtained  by  averaging  the  m position  vectors 


m 


The  mean  motion  n is 
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R.\  (9-100) 

(9-101) 

'['HR 


and  the  mean  anomaly  measured  from  epoch  is 


(9-102) 


The  coefficients  f and  g for  the  two-body  circular  orbit,  corresponding  to  each 
measurement  vector,  are  (Reference  1) 


f.  = cos(Mi  ” Mq) 

g.  =1  sin(Mi  - Mp) 


(9-103) 


Substituting  the  precedij^  f.  an^  g j into  Equations  (9-98)  and  (9-99)  yields  the 
first  approximation  for  Rg  ard  Rg.  After  the  initial  iteration  the  coefficients 
f.  and  g.  are  calculated  froni  the  following  procedure. 

ReJference^2  presents  a general  method  for  computing  f.  and  g.  as  functions 
of  Rg  and  Rg.  The  Sundman  transformation  is  used  to  obtain  a new  independent 
variable  4;  defined  by 


(9-104) 


The  coefficients  f ^ and  g.  are  determined  from  the  relations 


fi  = 


The  velocity  R,  can  be  determined  by 


(9-105) 


(9-106) 
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where 


^ " -A^Sj(v/;^)/(R.Ro) 
g.  = 1 /Ri 


(9-107) 


and  the  time  difference  between  K ■ and  is 


= ^ - ‘o  = + ^53(^1)  (9-108) 


The  parameter  cr^  is 


(9-109) 


and  ihe  parameters  S2  and  S3  are  obtained  by  solving  Kepler's  equation  by 
successively  approximating  s/'  to  satisfy  Equation  (9-108).  The  method,  described 
in  Reference  2,  is  summarized  below. 

After  initially  estimating  a value  of  0,  the  quantity  is  calculated  from 


\ = ai//2 


(9-110) 


where 


a - 


R„  - 2m/R„ 


(9-111) 


The  parameters  , Cj  ... , C.  are  next  computed  as  functions  of  \ 


9-2'! 


3Cj.  = (1  + (1  + (1  + (1  + (1  + (1  + (1  4 


^ \ \ \ _J^_\  k \ k \ K \ ^ 

19-  18/  17-  16/15  - 14/  13  - 12/11-  10/9- 5^7 -6 


(I4(l  + (l4(l  + (l4(l4(l4 


^\^\\\\\\\\\ 
18-  17/  16-  15/  14-  13/12-  ll/I0-9j8^/ 


^3  = 


I + 


^2  " '^^4 


q = 1 4 


q = 1 4 ^C2 


and  S^,  S3 


are  calculated  as  functions  of 


C , C and  0 

3 ^ 


(9-112) 


51  = Cji/' 

52  = (9-113) 

53  ^3.^. 

The  time  interval  betv/een  the  point  corresponding  to  \p  and  the  reference  epoch 
tg  is  determined  from  Equation  (9-108)  to  be 


r(^i)  Sj  i 4 MS3,  (9-114) 

and  the  geocentric  radius  corresponding  to  0 is 

R(0)  - Kq  + o-gS,  + mSjI  (3  -115) 
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Figure  9-4 


Range  and  Angles  Method  Computational  Sequence 


reproducibility  of  this 
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The  difference  between  the  desired  time  increment  r ; and  r ( ^)  is 

(9-116) 

The  successive  approximation  scheme  involves  correcting  4’  in  order  to  cause  At 
to  vanish.  The  finite  difference  form  of  Equation  (9-104) 

t.  - t. 

i//.  = — (v/here  0=0  at  t = t^)  (9-117) 

aids  in  determining  the  iterative  correction  algorithm 


k+  1 


'^k  “ 


R(0k) 


(9-118) 


When  the  solution  has  converged,  the  value  0.  which  yields  is  obtained. 
Values  of  (7;.)  and  S^(/  .)  are  a by-product  and  are  used  to  determine  f j and 
g.  by  means  of  Fquation  f9-105). 

Repeating  the  preceding  process  fc  • the  data  times  tj , t^,  ...  , t^,  the  values  of 
f.  and  g.  for  i = 1,  2,  ...  , m are  obtained  for  sutstitution  into  Equations  (9-98) 
and  (9-99),  along  Mth  data  measurements  Rj,  R^,  •••  These  equations  yield 
new  estimates  of  R,,  and  R^  to  commence  the  next  iteration.  This  computational 
sequence  is  shown  schematically  in  Figure  9-4. 
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APPENDIX  A 

tixajector\  ?fnsor  system  functional 

DESCRIPTIONS  AND  PREPROCESSING 


The  trajectory  sensor  systems  measure  the  various  ^ropap’ation  characteri.  •jes 
of  electromagnetic  or  optical  signals  transmitted  between  the  satellite  and  ti,"ck' 
ing  stations  (or  other  reference  sources).  These  dal?*  are  subsotiuently  used  to 
determine  me  satellite  trajectory.  The  dependence  of  these  maacurements  upo?> 
the  rel«»tlve  states  of  the  spacecraft  provides  the  key  to  the  orbit  determinatii^u 
process. 

This  appendix  provides  a brief  functicnal  description  of  the  trajectory  senr ing 
systems  currently  included  in  GTDS.  It  also  describes  the  procedures  follo  ved 
in  preprocessix^g  the  data  prior  to  GTDS  piocessing.  These  computations  are 
independent  of  GTDS  and  are  presented  primarily  for  informational  purposes. 
However,  they  do  provide  an  insight  to  the  condition  of  the  data  at  the  preprocessor/ 
processor  interface  which  is  necessary  in  order  tc  understand  the  processor 
measurement  models  described  in  Chapter  7. 


A.  1 GOD?JARD  RANGE  AND  RANGE-RATE  (GRARR)  SYSTEM  AND 

APPLICATIONS  TECHNOLOGY  SATELLITE  RANGE  AND  K\NGE- 
RATE  (AT SR)  SYSTEM 

A. 1.1  Functional  Description 

The  GRARR  System  (Reference  through  6)  and  the  xVTSR  System  (References  4, 

5,  and  6)  determine  and  record  spacecraft  range,  radial  velocity  and  angular  position. 
GRARR  a:  d ATSP,  Systems  are  located  at  the  tracking  sites  shown  in  Table  A-1. 
These  systems  transmit  a continuous  wave  signal  from  the  tracldng  station 
antenna  at  a carrier  frequency  / which  is  modilatod  by  a low-frequency  ton- 
. This  signal  propagates  tc  the  spacecraft’s  omni-direc^lonal  antenna,  where 
the  received  freq  ency  appears  to  be  slightly  different  from  that  transmitted 
because  of  the  uplink  Dopp«ier  shift.  The  received  signal  Is  modified  by  the 
spacecraft  transponder  electronics  and  retrajis nutted  back  to  the  ground -tracking 
station.  Again,  the  signal  experiences  u downlink  Doppler  snift  so  that  the 
frequency  : ^ received  at  the  ground  differs  from  that  transmitted  to  the  space- 
craft. The  30-foot  diameter  ground  receiving  antemia  is  aut'>matlcally  steered 
through  two  gimbal  angles,  and  ^3^  A cwd  I'  S hown  in  Figure  A-1),  to 


A-1 


> 


Table  A-1 

GT?  ARR  and  ATSR  Stations 


Frequency 

Independent 

Hardware 

Gimbai 

Angles 

GRARR  Stations 
Rosman,  North  Carolina 

Yes 

— 

X,,.,  Y 

Orroral  Valley,  Canberra,  Australia 

Yes 

30  * 30 

Y V 

■^30  * jO 

Tananarive,  Malagasy  Republic 

Yes 

^30*^30 

Fairbanks,  Alaska 

Yes 

V V 

“^.^0 » ■*•10 

Santiago,  Chile 

No 

ATSR  St.'tions 

Rosman,  North  Carolina 

No 

Y30 

^30  • ^30 

A,  E 

Mojave,  California 

No 

Toowoomba,  Australia 

No 

Kashima,  Japan 

No 

A,  E 

maximize  the  received  signal  strength.  As  the  signal  is  processed  through  the 
ground  electronics  system,  the  spacecraft  transponder  modification  is  undone 
and  the  transmitted  car  rier  frequency  is  subtracted.  At  the  output,  the  differ- 
enced Doppler  signal  (reflecting  the  uplink  and  downlink  Doppler  shiftr)  is 
modified  by  the  addition  of  a bias  signal  of  known  frequency  . 

Three  different  types  of  measurements  result  from  signals  received  during  the 
"frame"  time  interval  which  begins  at  "frame"  time  tp: 

1.  The  gimbai  pickoff  angles,  X and  Y or  A and  E,  defining  the  direction  of 
the  received  signal  path  at  the  antenna  at  time  tp,  are  recorded  in  degrees 
and  decimal  fractions. 

2,  The  two-way  range  time  delay  is  measured  as  a count  of  the  number 
of  cycles  of  a reference  frequency  occuring  between  positive- 
dire' :ted  zero  crossings  of  the  low-frequency  ranging  tone  (frequeroy  - 
associated  with  the  transmitted  and  received  signals.  The  counter  is 
started  and  the  frame  time  tp  is  signaled  simultaneously  by  a zero 
crossing  of  the  transmitted  signal.  The  counter  is  stopped  by  the  nerrt 
zero  crossing  of  the  received  signal.  Since  the  lowest  sidetone 


A-2 


Zenith 


Figure  A-1.  Schematic  of  GRARR  Gimbal  Angles 


frequency  for  the  GRARR  System  is  8 Hz,  the  maximum  unambiguous 
one-way  range  measurement  corresponds  to  a distance  of  approximately 
18,737  kilometers.  Distances  greater  than  this  produce  phase  shifts 
larger  than  one  cycle  of  the  signal.  When  this  occurs,  the  GRARR 
system  utilizes  a pseudo-random  binary  code  to  determine  the  range 
ambiguity  number  , the  number  of  whole  cycles  to  be  added  to  the 
counter-measured  fractional  phase  shift.  The  ATSR  System  does  not 
require  an  ambiguity  resolving  system  since  it  is  used  only  in  conjunction 
with  ATS  synchronous  satellites  which  remain  in  the  same  ambigxiity 
period  during  a pass. 

3.  The  two-way  range-rate  measurement  is  made  by  counting  the  number  of 
cycles  Cq  of  a reference  frequency  required  to  count  exactly  N 
('yclcs  of  the  Doppler-plus-bias  signal  in  the  Gl’ARR  System 

and  100  times  for  the  ATSR  System.  The  count  also  is 

started  at  the  frame  time  tp  and  ended  after  the  accumulation  of  N 
cycles  of  the  signal.  All  GRARR  Stations  except  Santiago 

have  been  modified  to  remove  the  dependency  of  C q on  the  indepenc  c^nt 
frequencies  and  vrj  • The  modification  amounts  to  deriving  the 
reference  and  bias  frequencies  from  the  same  source  as  the  trans- 
mitted frequency. 

The  gimbal  angles  and  ¥3^  (or  A andE)  are  measured  only  at  the  frame 
time  tp,  but  the  range  and  range-rate  measurements  are  made  at  the  frame 
time  and  at  three  subsequent  data  sample  times  t^  within  the  frame-time 


interval.  The  spacing  of  these  data  samples  (and  hence  the  time  span  of  a data 
frame)  may  be  varied  to  give  range  and  range-rate  recording  rates  of  4,  2,  or  1 
samples  per  seconder  6 samples  per  minute.  ATSR  Stations  can  ^iso  record  at 
a rate  of  8 samples  per  record.  The  data,  one  angle  sample  and  four  range  and 
range-rate  samples  for  each  frame,  are  pimched  on  paper  tape  at  the  tracking 
station  in  standard  Baudot  5-level  teletype  code  and  then  transmitted  to  GSFC 
via  teletype  to  be  preprocessed. 

A.1.2  Preprocessing  Description 


The  GRARR  and  ATSR  data  processing  procedures  and  interfaces  are  obtained 
from  References  1 through  6 and  have  been  revised  to  reflect  subsequent 
modifications  in  the  software.  Emphasis  is  placed  on  the  preprocessor  compu- 
tations, but  the  interfaces  with  the  stations  and  the  processor  are  also  included. 
Figure  A-2  summarizes  the  station/preprocessor/processor  interfaces  and  will 
aid  in  the  ensuing  description. 

fhe  data  are  formatted  into  frames  at  the  station.  Each  frame  contains  four 
sets  of  range  and  range-rate  observables  and  Cj  , as  well  as  a single  set  of 
gimbal  angles  and  (or  A and  E).  Each  frame  is  time-tagged  in  station 
time  tp , Prior  ro  transmission  to  the  Goddard  Space  Flight  Center,  data  calibra- 
tion corrections  are  applied  to  the  data,  and  the  time  tag  is  corrected  for  the 
propagation  delay  of  the  ^VWV  signal  from  transmission  to  its  reception  at  the 
tracking  station,  i.e., 


tp  = + At  (A-1) 

Thus,tp  corresponds  to  the  UTC  time  at  initiation  of  the  range  counter.  Each 
range  observable  Cj  is  divided  by  the  reference  frequency  thereby 
converting  it  to  a time  interval  with  a standard  transponder  delay  At 
accounted  for  as  follows 


where 


(A-2) 


r«0  for  S-Band 
\«17.1/Lisec  for  VHF 
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S“Band)  applied  at  the  station,  and  deviation  from  standard 
delay  applied  in  the  processor 


Figure  A-2.  GRARR  and  ATSR  Data  Preprocessor  Computot^ons  and  Interfaces 
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Each  frame  of  data  is  received  at  GSFC  in  approximately  format  A in  Figure 
A-2  (data  quality,  carriage  return,  line  feed,  and  figure  shift  indicators  are 
omitted).  These  data  are  then  preprocessed  as  described  in  the  following  sections. 

A >1.2.1  Gimbal  Angles 

The  gimbal  angles  X30  and  Y30  (±00.00  to  --90.00  degrees)  or  A (000,00  to 
360.00  degrees)  and  E (000.00  to  090.00  degrees)  are  unaltered  in  the  pre- 
processor, Atmospheric  refraction  corrections  must  be  applied  later  in  the 
processor. 

A. 1.2.2  Range 

The  range  observable  C ^ is  corrected  to  the  two-way  propagation  time  interval 
Atj^  at  the  station.  In  the  preprocessor,  the  interval  is  converted  to  one-way 
distance  by  multiplying  by  one-half  the  velocity  c of  the  signal  propagation  as 
follows 


(A-3) 


where 


c = 2.997925  x 10®  m/sec 

The  preprocessed  range  p'  always  lies  in  the  first  ambiguity  period  and  must, 
therefore,  be  corrected  for  range  ambiguity  in  the  processor.  Furthermore, 
the  transponder  delay  is  a function  of  the  received  signal  frequency  at  the  space- 
craft transponder^  Therefore,  any  deviations  from  the  standard  transponder 
delay  deducted  in  the  preprocessor  must  be  accounted  for  in  the  processor.  The 
time  at  each  of  the  four  range  samples  within  each  frame  is 

(k^O,  1,2,  3)  (A -4) 


where 


AIrjj  ~ the  reciprocal  of  the  recording  rate 
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The  time  is  the  ground  receive  time  in  UTC,  corresponding  co  each 
range  sample.  The  range  and  gimbal  angles  correspond  to  the  spacecraft's 
position  at  the  time  it  retransmits  the  tracking  signal.  Therefore,  the  times  must 
be  corrected  for  the  one-way  light  time  in  the  processor.  The  gimbal  angles 
correspond  to  the  first  time  (i.e.,  k = 0 in  Equation  (A-4)  on  each  frame), 

A.1,2.3  Range-Rate 

The  interpretation  of  the  Doppler  cycle  count  Cq  as  a measure  of  the  tracking 
station-to-spacecraft  relative  range-rate  rests  upon  the  following  assumptions : 

(1)  The  Doppler  effect  can  be  adequately  represented  by  the  theory  of 
special  relativity. 

(2)  A simplification  can  be  made  in  representing  the  motion  of  the  tracking 
station. 

Assuming  the  tracking  station  motion  is  uniform  in  inertial  space,  it  is  shown  in 
Appendix  C that  the  average  range-rate  (in  the  sense  of  the  Theorem  of  the  Mean) 
over  the  time  interval  t s and  t^  + At^j^  is 

. _ - N/At^g) 

- N/At^) 

where  the  Doppler-plus-bias  count  time  interval  Atj^j^  is 


At,„  = ~ (A-6) 

Equation  (A-5)  is  used  for  the  GRARR  station  at  Santiago.  Since  ATSR  stations 
count  N cycles  of  100  times  the  two-way  Doppler-plus-bias  frequency,  the  range - 
rate  equation  for  the  ATSR  station  data  is 

c(v.  - N/At_) 

p = ^ /A-7^ 

200  - N/Atj„^)  ' ' 

The  average  range  rate  in  Equations  (A-5)  and  (A -7)  is  dependent  on  the 
three  frequencies  ^^2*  Four  of  the  GRARR  stations  were  modified 

by  driving  and  with  the  transmitted  frequency  i.e., 


(A-8) 
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where  i»i  and  are  the  following  constants. 


GRARR  Stations 

m, 

nij 

Rosman 

VHF  Crystal 

1/5000 

1/15 

Tananarive 

^ S-Band  Crystal 

1/3600 

1/180 

Carnarvon 

S-Band  PLL* 

cj/4500 

t^/225 

Fairbanks  ^ 

*0"  = phase  locked  transponder  multiplication  constant  (Reference  4). 


Substitiiting  Equations  (A-8)  into  (A-5)  yields  the  relation  for  preprocessing 
Doppler  data  from  these  frequency  independent  GRARR  stations 

c(m-  - m,  N/Cn) 

■p  ^ _li 2 ^ (A-9) 

A more  precise  modeling  of  the  Doppler  data  is  provided  by  the  range  difference 
formula  in  Appendix  C.  In  this  optional  processing  mode,  the  preprocessor 
computes 


P ^ 


(^b  - N) 


(A-10) 


rather  than  The  processing  program  compares  p with  the  range  difference 
calculated  by  Equation  (7-41). 

A.  1.2. 4 Smoothing 

The  range,  range-rate  and  gimbal  angle  data  are  finally  smoothed  by  regressively 
fitting  low  order  (third  or  fourth)  polynomials  to  at  least  20  samples  each  of  range 
and  range-rate  and  at  least  5 samples  each  of  the  gimbal  angles.  A least  squares 
method  is  used  for  the  polynomial  fits,  and  a 2.5cr  data  rejection  criterion  is  used 
to  eliminate  "wild"  data.  The  midpoint  values  of  the  polynomials  replace  the 
original  data.  The  smoothed  values  are  stored  in  a format  similar  to  format  B 
in  Figure  A-2  for  subsequent  use  in  the  processor. 
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A.2  C-BAND  RADAR  SYSTEM 


A.2.1  Functional  Description 

The  FPQ-6,  FPS-16,  TPQ-18,  and  MPS-26  pulse  radars  used  most  frequently  to 
support  NASA  satellite  tracking  are  listed  in  Table  A-2.  These  radars  measure 
the  two-way  light  time  from  the  antenna  to  the  spacecraft  as  well  as  the  antenna 
pointing  angles.  The  antenna  Gimballing  system  records  the  azimuth  and  elevation 
angles  A and  E shown  in  Figure  A-1. 

The  usual  mode  of  tracking  a satellite  via  a C-Band  radar  is  similar  to  the 
GRARR  System,  The  two-way  light  time  of  a transmitted  pulse  and  associated 
glmbal  angles  are  measured  and  time  tagged  at  the  ground  receive  time  of  the 
return  pulse.  The  range  measurement  is  corrected  for  satellite  transponder  time 
delay,  and  the  time  tag  is  corrected  for  system  delays  and  WWV  propagation  time 
delay.  The  resulting  two-way  time  is  converted  to  units  of  distance  by  multiply- 
ing by  one-half  the  speed  of  light.  These  corrections  are  performed  at  the  track- 
ing site.  There  is  no  range  ambiguity  or  range-rate  associated  with  this  type  of 
system. 


Table  A-2 
C-Band  Radar  Sites 


Station  Locations 

Type 

Bermuda 

FPQ-6,  FPS-16 

Grand  Canary  Island 

MPS-26 

Carnarvon,  Australia 

FPQ-6 

Woomera,  Australia 

FPS-16 

Hawaii 

FPS-16  1 

Point  Arguello,  California 

FPS-16  ! 

Eglln  Air  Force  Base 

FPS-16  ! 

Patrick  Air  Force  Base 

FPQ-6 

Cape  Kennedy  ' 

FPS-16 

Grand  Bahama 

FPS-16,  TPQ-18 

Grand  Turk 

TPQ-18 

San  Salvador  Island 

FPS-16 

Merritt  Island 

TPQ-18 

Ascension  Island 

FPS-16,  TPQ-18 
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A,2.2  Preprocessing  Description 


The  data  received  from  the  C-Band  tracking  site  is  calibrated,  corrected  for 
transponder  delay,  and  time  corrected.  The  preprocessor  converts  the  range 
data  from  yards  (received  from  the  station)  to  kilometers  (1  meter  equals 
3.280839895  international  feet)  and  the  gimbal  angles  from  mils  to  degrees  (6400 
mils  equals  360  degrees).  The  time  tag  corresponds  to  the  ground  receive  tirrs. 

Capability  must  be  provided  in  the  processor  to  account  for  atmospheric  re- 
fraction and  light  time  correction  of  the  time  tag. 


A.3  UNIFIED  S-BAND  (USB)  SYSTEM 
A.3.1  Functional  DeSvOription 


The  USB  System  (References  2,  5,  6,  7 and  8)  determines  and  records  the 
spacecraft  range,  range-rate,  and  antenna  gimbal  angle  positions  at  the  globally 
located  tracking  sites  listed  in  Table  A-  3.  The  USB  System  transmits  a con- 
tinuous S-Band  carrier  signal  with  a modulated  pseudo  random  code.  The  nominal 
up-link  signal  frequency  of  2 GHz  is  multiplied  by  a constant  (k  = 240/221)  at 
the  coherent  spacecraft  transponder,  and  retransmitted  to  the  receiving  stations. 

Table  A-3 

Unified  S-Band  (USB)  Stations 


USB  Station 

Antenna  Size,  Feet 

Merritt  Island 

30,  30 

Bermuda 

30 

Carnarvon,  Australia 

30 

Hawaii 

30 

Corpus  Christi,  Texas 

30 

Guam 

30 

Goldstone,  California 

85  and  a 30  oriented  as  ar  8b 

Pioneer 

F5  hr,  dec  angles 

Ascension  Island 

30 

Canberra,  Australia 

85 

Tidbinbllla,  Australia 

85  hr,  dec  angles 

Madrid,  Spain 

85  ! 

Cerebros,  Spain 

85  hr,  dec  angles  ! 

Grand  Canary  Island 

30 

Greenbelt,  Maryland 

30  and  a 30  oriented  as  an  85 

Vanguard  Ship 

30 
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The  USB  System  range  measurement  is  made  by  means  of  an  autocorrelation 
involving  a pseudo  random  code  vdiich  is  modulated  onto  the  S-Band  uplink  carrier 
and  coherently  turned  around  by  the  transponder.  The  locally  generated  code  at 
the  ground  station  undergoes  a variable  delay  when  compared  with  the  received 
code,  which  has  undergone  a two-way  propagation  delay.  When  the  inserted  ground 
station  delay  equals  the  two-way  propagation  delay,  the  autocorrelation  has  a 
maximum  value  and  the  inserted  ground  time  delay  is  a measure  of  the  slant 
range.  With  the  "long  code"  or  nor  nal  pseudo  random  noise  code,  the  USB  range 
measurement  is  unambiguous  to  a ra  ge  of  800,000  km.  Normally,  only  one  such 
"range  acquisition"  is  made  over  a single  tracking  station,  and  subsequent  range 
readouts  are  obtained  by  updating  the  initial  measurement  by  integratli^  a "clock 
Doppiei  " signal..  That  is,  once  range  acquisition  Is  made,  the  ranging  code  is 
switched  off  and  a clock  modulation  is  sMtched  on.  The  relative  phase  change 
of  the  clock  signal,  as  relayed  via  the  spacecraft,  is  then  a measure  of  range 
change.  As  presently  configured,  the  clc  c is  not  an  integral  submultiple  of  the 
carrier  frequency,  however,  the  smallest  increment  of  range  change  in  the  track- 
ing format  (termed  the  range  unit  RU)  corresponds  to  ^proximately  16  cycles 
of  two-way  carrier  Doppler  change.  Thus,  whenever  the  vehicle  moves  a radial 
distance  of  a^)proximately  16  half-wavelengths  of  the  carrier  frequency  relative 
to  the  ground  station,  one  RU  is  recorded.  One  RU  corresponds  to  1,0496936 
meters  of  range.  The  range  update  is  done  at  the  tracking  site  and,  from  an 
equipment  standpoint,  is  esscLitially  independent  of  the  carrier  Doppler  tracking 
information  wdiich  is  also  contained  in  the  raw  USB  data  format.  Only  the  re- 
ceiver radio  frequency  and  intermediate  frequency  stages  are  common  to  the 
range  and  rsnge-r>^te  channels. 

The  raw  time  tag  associated  with  the  range  corresponds  to  UTC  ground  receive 
time  and  includes  an  on- silo  correction  for  WWV  propagation  time  delay.  Typ- 
ically, all  USB  remote  site  clocKS  are  synchronized  to  the  Naval  Observatory 
Master  clock  to  within  50  microseconds.  The  USB  dish  antennas  employ  an 
X-Y  gixnbal  mounting  system  (see  Figure  A-1).  The  30-foot  diameter  antennas 
employ  an  X30  -axis  aligned  North -South,  whereas  the  85-foot  antenna  Xgg  -axis 
is  aligned  East- West.  The  X-axis  is  always  contained  in  the  local  tangent 
plane. 


liny  ba**ic  measurement  of  range  rate  in  the  USB  System  io  that  of  carrier  frequency 
Doppler  pnase  change.  The  down  link  carrier  from  the  spacecraft  is  coherently 
tracked  by  a phase-locked  ground  receiver.  The  essential  system  functions  are: 

1,  The  up-link  carrier  has  a nominal  fixed  frequency  of  2 GHz  derived 
from  a cesium  clock  source. 
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2,  The  transponder  receiver  aboard  the  spacecraft  is  phase-locked  to  the 
up-link  frequency  plus  the  up-link  Doppler  shift* 

3,  The  transponder  transmitter  frequency  is  coherently  derived  from  the 
up-link  carrier  plus  up-link  Doppler  shift.  A fixed  frequency  turn- 
around ratio  of  240/221  is  used  for  all  USB  tracking. 

4.  The  ground  receiver  is  phase  locked  to  the  do\^n-link  signal  which  is  at 
the  transponder  ou^nit  frequency  plus  the  d /u-llnk  Doppler  frequency 
shift. 

5.  In  the  2-way  mode,  a 1 MHz  signal  is  subtracted  from  the  ground 
receiver  *!iignal  prior  to  comparisor  wlti^  a signal  vdiich  is  coherent 
with  the  transmitted  carrier  treqi'^ency.  '.^e  basic  output  is  then 
the  Doppler  frequency  plus  a stable  1 MHz  bias. 

The  raw  data  consists  of  whole  cycle  counts  of  phase  change,  which  is  a diioct 
measure  of  the  spacecraft  radial  change  relative  to  the  station.  The  basic 
measurement  N is  a nondestruct  cycle  count  of  carrier  phase  shift  plus  bias 
over  a time  period  Atpj^ . It  is  termed  nondestructive  since,  although  tne  counter 
is  read  out  at  even  time  intervals,  the  accumulated  count  is  not  destroyed.  Thus, 
the  si^erage  frequency  is  obtained  by  differencing  the  count  in  adjacent  frames 
and  dividing  by  the  sample  time. 

The  Doppler  count  N is  resolved  to  .01  cycle  through  the  implementation  of  the 
Time  Increment  Resolver  (TIH).  Cycle  resolving  gives  a precise  measure  of 
the  time  between  the  start  of  the  data  interval  and  the  time  at  which  the  last 
positive-directed  zero  crossing  of  the  biased  Doppler  signal  is  counted.  This 
time  duration  is  measured  by  counting  the  cyc’es  of  a 100  MHz  oscillator.  The 
Dcppler  count,  along  with  the  TiR  count,  will  appear  in  the  same  data  trans- 
mission frame.  In  the  high  speed  forniat.  the  granularity  of  TIR  is  10  nano- 
seconds, while  in  the  low  speed  format,  the  granularity  is  40  nanoseconds. 

The  normal  low  speed  data  rates  of  the  USB  system  are  one  frame  per  six 
seconds  and  one  frame  per  10  seconds.  This  low  speed  data  is  derived  on-slte 
from  the  high  speed  data,  which  consists  of  a 240  bit  format.  High  speed  data  is 
simultaneously  available  at  a rate  of  10  frames  per  second,  5 frames  per  second, 
or  2.5  frames  per  second,  depending  on  the  operator  selection  at  the  on-slte  USB 
data  processor.  USB  sites  are  capable  of  obtaining  iiimbal  angle  and  x'ange  rate 
data  without  ranging  in  contrast  to  the  GRARR  system  which  always  provides 
range  data. 
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A.3.2  Preprocessing  Description 


The  USB  ran^e  data  is  transmitted  from  the  sites  in  octal  with  a granularity  of 
1.0496936  meters,  Tlie  output  of  the  data  handler  is  the  one-way  range  in 
kilometers  with  no  dati?  corrections  applied. 

The  N-count  and  TIR  required  to  compute  range  rate  are  transmitted  in  octal 
with  a granularity  of  1 cycle  and  40  nanoseconds  respectively.  The  1-way  and 
3-way  Doppler  are  converted  to  range  rate  in  km/sec  through  the  equations 


FOC  = 


N(t).N'(t  - 
At, 


RR 


♦ 4 ♦ C(t)  * 10"® 


(A-11) 


N*(t)  =N(t)  - FOC 


(A-12) 


• _ rN‘(t)-N’(t-At,,p)  jp. 

At 


“RR 
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where 


FOC 

= fractions  of  a cycle 

N(t) 

= contents  of  Doppler  counter  at  time  t 

N*(t) 

= Doppler  counter  at  time  t corrected  by 

TIR 

C(t) 

= contents  of  TIR  counter 

^,^RR 

= sample  interval  of  the  Doppler  counter 

vg 

= average  range  rate 

c 

speed  of  light 

K 

* transponder  tumaroimd  ratio  (240/221 

for  USB) 

= transmitter  frequency. 

The  angular  measurements  are  the  X and  Y gimbal  angles,  with  the  85-foot  sites 
having  the  X-axis  aligned  East-West  and  the  30-foot  sites  having  the  X-axis 
aligned  North-South.  The  data  are  transmitted  In  octal  with  a granularity  of 
6.8664  X 10“^  degrees.  The  data  handler  outputs  the  angles  in  radians. 

The  time  tag  associated  with  all  USB  angle  data  is  the  ground  receive  time 
corrected  un-site  for  WWV  propagation  delay. 
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A,4  MINITRACK  SYSTEM 


A.,4.1  Fxmctional  Description 

The  Minitrack  system,  References  5,  6,  9 and  10,  is  basically  a radio  direction 
finder  which  utilizes  the  interferometer  principle  to  locate  a radiating  transmitte 
carried  by  a spacecraft.  The  Minitrack  network  is  composed  of  seven  stations, 
globally  located  as  shorn  in  Table  A~4, 

Table  A-4 
Minitrack  Stations 

Quito,  Equador  I 

Santiago,  Chile 
Winkfield,  England 
Johannesburg,  South  Africa 

t 

Fairbanks,  Alaska 

Orroral  Valley,  Canberra,  Australia 

Tananarive,  Malagasy  Republic 


Each  system  consists  of  a series  of  six  horizontal  baselines  at  each  station, 
three  oriented  east-west  (EW)  and  thre«  oriented  uurUi-south  as  shown  in 
Figure  A'3a.  A fixed  antenna  system  is  located  at  each  end  of  each  baseline  to 
receive  a nominal  136  MHz  signal  transmitted  continuously  from  a spacecraft 
as  it  passes  within  view  of  each  station.  The  spacecraft  transmitter  frequency 
can  be  preset  to  any  of  2000  frequencies  between  136.000  and  137.999  MHz  in 
steps  of  1 kHz.  Each  set  of  three  EW  or  NC  baselines  consists  of  a fine,  a 
medium,  and  a coarse  baseline.  The  fine  baselines  are  accurately  surveyed  to 
be  46  or  57  times  the  vacuum  wav^Tfength  of  the  nominal  136  MHz  signal.  The 
medium  and  coarse  baselines  are  4.0  and  3.5  nominal  wavelengths,  respectively. 

The  principle  underlying  the  i^'^^nitrack  system  is  illustrated  by  the  following 
simplified  two-dimensional  case  (see  Figure  A-3b).  The  spacecraft  transmitter 
is  assumed  to  be  located  ?.t  an  elevation  angle  a and  at  a very  large  distance 
from  the  station  so  that  received  signals  appear  to  be  planar  wavefronts,  e.g., 

BC  and  B'C.  The  baseline  distance  AB  is  a multiple  Ng  of  the  nominal  136  MHz 
vacuum  wavelength.  At  any  given  instant,  the  phase  of  the  signal  along  the 
propagation  paths  AC*  and  BB’  is  characterized  by  Ihe  two  sinusoids  shown  in 
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Figure  A-3.  Minitrack  Baseline  and  Signal  Reception  Geometry 


Figure  A-3b»  The  separate  signals  received  by  the  two  antennas  at  A and  B are 
fed  into  a phase  counter  which  measures  the  phase  difference  between  the  two 
signals,  normalized  to  a fractional  part  of  the  received  si^^nal  wavelength,  e.g., 
ap  in  the  figure.  This  measurement  gives  no  information  concerning  the  addi- 
tional number  of  whole  wavelengths  which  occur  between  the  signal  received  at 
antenna  A and  the  signal  received  at  antenna  B.  This  ambiguous  integral  number, 
as  well  as  the  fractional  phase  displacement  itself,  is  dependent  upon  the  wave- 
length of  the  received  signal  >< , the  length  of  the  baseline  Np , and  the  spacecraft 
angular  geometry  a.  Thus, the  reasonfor  the  multiplicity  of  parallel  baselines 
(’.e.,  46  or  57,  4 and  3.5  wavelength  bases)  is  to  resolve  the  integral  cycle  count 
ambiguity  on  the  longer  (fine)  baseline.  This  resolution  is  accomplished  by 
synthesizing  a 0.5  wavelength  measurement  by  differencing  the  4.0  and  3.5  wave- 
length baseline  phase  difference  measurements,  i.e., 


a 


0.5 


a 


4.0 


a 


3. 


5 


(A-14) 


where  a indicates  absolute  phase  difference. 

It  would  be  impractical  to  build  a 0.5  wavelength  baseline,  since  the  antennas 
would  physically  interfere  with  each  other.  The  S3mtheslzed  0.5  wavelength  phase 
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difference  Eq  5 is  unambiguous  since  the  extra  path  length,  corresponding  to 
AC  in  Figure  A-3b,  is  less  than  one  wavelength.  By  similarity  of  triangles  in 
the  figure,  the  absolute  length  of  the  path  AC  may  be  estimated  from  the  0.5  wave- 
length value  as  follows 


a 


F 


0.5 


(A-15) 


where  Np  = 46  or  57 . 

In  practice  a q ^ is  not  precise  enough  to  be  used  directly  to  obtain  apj  therefore, 
a slightly  more  complicated  process  is  used  to  determine  the  unambiguous  fine 
phase  difference  ap.  Knowing  ap,  the  direction  cosine  is 


cos  a = 


AC 

AB 


(A-16) 


For  the  three  dimensional  csise,  the  corresponding  ratios  obtained  from  the  EW 
and  NS  phase  difference  measurements  3rield  the  direction  cosines  and  m of 
the  signal  path  at  the  station. 

Each  fine  baseline  has  its  own  phase  difference  counter;  hence,  two  measure- 
ments (EW  and  NS)  are  recorded  simultaneously.  The  four  ambiguity  baselines 
(EW  and  NS,  medium  and  corxse  baselines)  share  a single  counter  through  a 
multiplexed  digital  recording  system.  Since  all  measurements  cannot  be  made 
simultaneously,  the  sequence  of  recordings  for  each  data  frame  occurs  according 
to  the  schedule  of  Table  A-5.  These  data  may  be  recorded  at  the  rate  of  one 
frame  every  1,  2,  10,  20,  or  60  seconds.  The  fine  baseline  counter  registers 
a decimal  number  between  .000  and  .999,  and  the  medium  and  coarse  baseline 
counter  registers  a decimal  number  from  .00  to  .99. 


The  frame  rate  is  generally  scheduled  so  that  31  frames  give  complete  coverage 
of  the  usable  data  for  a spacecraft  pass  over  a station.  A message  consisting 
of  up  to  31  frames  is  punched  on  paper  tape  at  the  tracking  station  in  standard 
Baudot  5-level  teletype  code  and  transmitted  via  teletype  to  GSFC  for  preprocessing. 
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Table  A-5 

Minitrack  Counter  Sequence 


Time  Registered  by 
Minitrack  Data  Clock 

Initiation  of  Both 
Fine  Baseline  Coxmters 

initiation  of  Ambiguity 
Counter  and  Baseline  Sampled 

t * 

*'F 

X 

E-W  Medium 

tp  + 0.2  sec 

X 

E-W  Coarse 

tp  + 0.4  sec 

X 

N-S  Medium 

tp  + 0,6  sec 

X 

N-S  Coarse 

tp  + 0,8  sec 

X 

*tp  = UTC  at  the  beginning  of  the  frame. 


A. 4.2  Preprocessing  Description 


The  Minitrack  preprocessing  procedures  and  interfaces  are  obtained  from 
References  9 and  10  and  have  been  revised  to  reflect  subsequent  modifications 
to  the  software.  Figure  A-4  summarizes  the  station/preprocessor/prooessor 
interfaces  and  will  aid  in  the  following  description. 

At  the  Minitrack  station,  the  fine,  medium,  and  coarse  phase  difference  measure- 
ments are  sampled  and  recorded  in  frames,  as  described  in  Section  A.4,1.  The 
time-tag  tp  for  each  frame  is  corrected  at  the  station  for  the  propagation  delay 
of  the  VvWV  signfd  from  transmission  to  reception  at  the  tracking  station.  Thus, 
ty  corresponds  to  UTC  time  at  the  beginning  of  each  frame.  Each  frame  of  data 
is  transmitted  to  GSFC  in  approximately  format  A of  Figure  A-4  (the  data  signal) 
strength  indicators  are  omitted).  These  data  are  then  preprocessed  by  rectifying 
the  shift  in  whole  cycle  counts  between  consecutive  fine,  medium,  and  coarse  phase 
difference  measurements,  and  then  least  square  fitting  low  order  polynomials  to 
the  data.  Electronic  system  filter  delays  are  corrected  in  the  polynomial  time 
variable,  and  calibration  corrections  are  applied  to  the  data. 

The  ambiguity  correction  for  the  fine  phase  data  is  determined  from  the 
medium  and  coarse  data.  At  each  output  time,  a 0.5  wavelength  baseline  phase 
difference  ao.s  is  synthesized  from  the  4.0  wavelength  baseline  (medium)  data 
a4,o»  and  the  3.5  wavelength  baseline  (coarse)  data  aj  5 . The  medium  and 
coarse  data  are  obtained  from  the  smoothing  polynomial  previously  determined. 
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Observables  Station  Preprocessor  Processor 

t • Sample  observables  • Linearize  and  • Atmospheric 

aEWp . assp  for  each  frame  smooth  data  refraction 

aEWii . aNSM  • Correct  frame  time  • Time  adjustment  correction 

apwc*  Snsc  for  WWV  propaga-  and  zenith  cali- 

tion  delay  b ration 

• Ambiguity 
resolution 

• Antenna  field 
correction 

• Conversion  to 
direction  cosines 


D,  H,  M,  S ~ Day,  hour,  minute,  and  seconds  of  time  tp 

Ip  '''  Indicates  polar  antenna  (Np  = 57)  or  equatorial  antenna 


=46) 

Ig,  Ij.  ~ Satellite  and  station  identification 
a^  j Phase  difference  measurement 

i NS  (North-South)  or  EW  (East -West) 
j f ine  (F),  medium  (M)  or  coarse  (C)  baselines 
k ~ kth  data  point  within  frame 
m ~ Direction  cosines  of  received  signal 

Figure  A-4.  Minitrack  Preprocessor  and  Interface  Schematic 
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BBPRODUCIBILrrY  OF  THE 
OBIQINAL  PAGE  IS  POOR 


Because  of  its  short  baseline,  the  synthesized  0.5  wavelength  baseline  data  is  an 
absolute  (unambiguous)  phase  diff-irence  (the  bar  denotes  absolute  phase 
difference).  Were  it  not  for  inaccuracies  in  a^  ^ , it  cculd  be  used  to  deternr.ne 
the  ambiguity  correction  for  the  fine  data.  In  order  to  minimize  the  amplification 
of  these  measurement  inaccuracies,  a 0.5  is  used  to  correct  the  ambiguities  in 
a3  5 and  a 40,  which  are  then  used  to  synthesize  a 75,  corresponding  to  a fictitious  7.5 
wavelength  baselino  reading.  Finally,  5 is  used  to  correct  the  ambiguity  in 
the  46  or  57  wavelength  baseline  fine  data.  This  stepping  process  is  described 
mathematically  in  Section  A.4.2.3. 


At  each  output  time,  the  absolute  fine  phase  difference  data  are  corrected  for 
antenna  field  corrections  and  converted  to  direction  cosines  for  use  in  subse- 
quent processing.  Data  at  different  output  times  from  the  same  station  are 
correlated  by  means  of  the  smoothing  polynomials  which  are  used  to  replace 
the  actual  measurements. 


The  preprocessing  steps  summarized  above  are  described  in  more  detail  in  the 
following  sections. 


A.4.2.1  Data  Linearization  and  Smoothing 

As  stated  in  Section  A.4.1,  up  to  21  frames  of  data  are  recorded  tor  each  space- 
craft pass  over  a station.  Each  fr^me  of  data  contains  five  fine,  one  medium, 
and  one  coarse  baseline  phase-difference  measurements  from  each  East-West 
(EW)  and  North-South  (NS)  baseline  set.  Thus,  up  to  155  fine,  31  medium,  and  31 
coarse  baseline  measurements  are  recorded  from  each  of  the  EW  and  NS  base- 
line sets  for  each  spacecraft/station  pass. 


The  fine  phase  difference  counters  register  only  from  .000  to  .999;  therefore,  it 
is  possible  that  the  absolute  value  of  the  difference  between  consecutive  readings 
may  be  numerically  larger  than  .500.  This  is  assumed  to  mean  that  a new  cycle 
crossing  occurred  between  measurements,  and  that  the  measured  data  should 
be  rectified  by  adding  or  subtracting  a full  cycle  count  to  one  of  the  points.  This 
process  of  rectifying  the  data  by  converting  to  nonmodular  number  sets  is  called 
linearization. 
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A.4.2.1.1  Ambiguity  Data 

The  ambiguity  u ,ta  (medium  and  coarse  baselines)  are  linearized  first  since  It 
is  less  likely  that  the  phase  difference  will  exceed  ±.50  between  consecutive 
points  with  these  data.  The  linearization  is  accomplished  as  follows: 

(a)  Beginning  with  the  first  phase  difference  measurement, 

the  difference  between  consecutive  points  is  calculated,  i.e., 

S.  =a..  -a.  (A-17) 

(b)  If  S.  lies  within  the  range  -.500  .500,  no  rectification  is 

necessary.  If  8.  ^ .500,  then  integer  multiples  of  1.000  are  subtracted 
from  a.+j  until  8^  lies  within  the  range  -.500  < 5.  < .500.  If  8.  < 
-.500,  then  integer  multiples  of  1.000  ?ire  added  to  a.^.^  until  5^  lies 
within  the  range  -.500  < 8.  < .500. 

(c)  The  index  i is  then  updated  and  steps  (a)  and  (b)  are  repeated  until 
all  phase  difference  measurements  have  been  rectified. 

This  linearization  process  is  applied  separately  to  each  of  the  EV/  and  NS  medium 
and  coarse  l^eline  data  sets.  The  components  of  the  resulting  data  vectors 
bfiWM  1 » ^EWct  t>NSc  correct  relative  phase,  but  the  vectors  may 

have  an  incorrect  absolute  phase. 

After  linearizing  the  medium  and  coarse  baseline  data,  quadratic  smoothing 
polynomials  are  least- squares  fitted  to  each  of  the  four  data  sets.  The  polynomials 
are  of  the  form 


b - k +Bt+Ct2 

n n n " 

(n  = EW^,  EW^.  NS„,  NS^) 


(A-18) 


where  r is  the  time  measured  from  the  frame  time  of  the  midframe  (middle 
frame  of  the  data  sets),  i.e.,  = t - t , When  determining  the  polynomial 

coefficients,  the  ambiguity  data  are  tagged  at  their  frame  times;  thus,  each  of  the 
polynomials  is  biased  in  time  by  the  multiplexer  time  delay.  The  multiplexer 
time  delay  is  accounted  for  later  when  evaluating  the  polynomial.  Ambiguity  data 
exhibiting  unusually  large  deviations  from  the  smoothing  polynomials  are  rejected 
dTiring  the  fitting  process. 
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A.4.2.1.2  Fi!ie  Data 


The  linearization  procedure  for  the  fine  baseline  data  is  somewhat  more  complicated 
than  for  the  ambiguity  data,  since  the  phase  change  between  data  in  successive 
frames  can  exceed  one  cycle.  Therefore,  an  approximation  to  the  LW  and  NS 
data  phase  change  is  estimated  as  follows,  using  the  fine  phase  rate  ap. 


8.  = a..,  - a.  -t.) 

1 1 + 1 I F'-  1 + 1 


(A-19) 


The  fine  phase  rate  is  determined  by  averaging  the  ratioed  slopes  of  the  medium 
and  coarse  smoothing  polynomials  at  the  middle  frame  time  t 


FM 


N.,  /B 


B 


^F  +7^)  (Np  - 46  or  57) 

^ 2 \3.5  4.0/  ^ 


(A-20) 


The  quantities  and  are  the  coarse  and  medium  phase  rates  from  Equation 
(A-18)at  the  middle  frame  time,  i.e,,  r = 0. 

The  fine  phase  linearization  is  accomplished  as  described  in  Steps  (a),  (b),  and 
(c)  in  the  preceding  section,  but  using  the  estimated  difference  given  by  Equa- 
tion (A-19).  The  components  of  the  resulting  data  vectors  bEWp  and  bNSp  have 
the  correct  relative  phase,  but  the  vectors  may  have  an  incorrect  absolute  phase. 

After  linearizing  the  fine  baselmo  data,  their  time  tags  t^  are  computed  for 
the  appropriate  sequential  position  within  each  frame  by  accounting  for  sequencer 
delay  A+p  and  for  the  counter  delay  in  the  phase  readout  digitizing  equipment 
At  , as  follows 


t.  = + At„  + At. 


(A-21) 


where 


Atp  = 0,  .2,  .4,  .6,  .8 

depending  on  the  relative  position  of  the  data  point  within  its  frame  (see  Table 
A-5),  and 


At^  = .01  8p 
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Cubic  smoothing  polynomials  are  then  least-squares  fitted  to  the  li:iearized  and 
time  corrected  EW  and  NS  fine  baseline  data.  The  polynomials  are  of  the  form 


b 


r A +B  r 


+ C 

m n 


■i  D 


(A-22) 


(m  = EWp.  NSp) 


where  r is  the  time  measured  from  the  middle  point  of  each  data  set.  The  NS 
and  EW  midpoint  times  t^^  can  differ  due  to  the  correction  At^.  Fine  data 
exhibiting  large  deviations  irom  the  smoothing  polynomials  are  rejected  during 
the  fitting  process. 


A.4.2.2  Time  Adjustment  and  Zenith  Calibration 

The  four  ambiguity  polynomials  and  two  fine  baseline  polynomials,  in  Equations 
(A-18)  and  (A-22),  are  inconsistent  in  terms  of  their  time  variables.  The  ambiguity 
polynomials  neglect  sequencer  delay  and  use  a reference  time  equal  to  the  mid- 
frame  time  tpM*  The  fine  polynomials  use  a reference  time  equal  to  the  time  of 
the  midpoint  tm^,  of  each  data  set.  Neither  of  the  polynomials  accounts  for  the 
delays  between  the  time  the  signal  is  received  at  the  antennas  and  the  times  the 
phase  differences  are  sampled  and  tagged,  nor  do  they  account  for  calibrations 
in  the  phase  difference  measurements. 

These  discrepancies  are  accounted  for  by  making  the  following  corrections  fo 
the  fine  baseline  smoothing  polynomials 


wnere 


b = [A']  + B T + C + D 


(A -23) 


(A-24) 


r 

m 


= t - t* 


(A -25) 


t* 

m 


KF 

+ 7T~+KI  - 0.4 
1000 


(m  = EWp,  NSp) 


(A-26) 
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The  correction  terms  are  defined  as  follows; 


~ zenith  calibration  constant  which  accounts  for  internal  system 
changes  such  as  aging  and  maintenance  of  electronic  components, 
phase  shifts  caused  by  antennas  and  feed  lines,  and  unequal  lengths 
of  cable  connecting  the  antenna  pairs 

KF^  ~ u^lay  of  approximately  36  msec  caused  by  the  fine  filter 

KI  ~ delay  of  .120  sec  due  to  the  optional  2 Hz  bandwidth  filter  when  used 

The  0,4  second  delay  in  Equation  (A-26)  accounts  for  the  difference  between  the 
time  of  the  middle  point  t^,^  and  the  midframe  time  tp^,.  This  term  shifts  the 
reference  time  of  the  fine  polynomials  to  that  of  the  corrected  midframe  time. 
The  notation  [ ] denotes  that  the  integer  part  of  the  number  is  truncated  leaving 
only  the  fractional  part.  This  transforms  the  phase  difference  to  the  first 
ambiguity  period  at  the  reference  time. 

The  ambiguity  polynomials  are  corrected  for  sequencer  and  2 Hz  filter  deJay, 
their  reference  times  are  made  equal  to  those  of  the  fine  polynomials,  and  cali- 
bration corrections  are  applied  as  shewn  in  the  following  equations. 


where 


b = [A']  + B T + C t2  (A-27) 

n n n n ' ' 

A*  = A + B (t*  - t*)  + C (t*  - t*)2  - Z (A-28) 

n n n''m  n'  n'm  n'  n 


r 

= t - t* 

m 

(A-29) 

t*  = 

n 

^FM 

(A-30) 

m = EWp 

for 

n = EW„  or 

M 

EV»c\ 

m = NSp 

for 

i\  = NS|^^  or 

NSc/ 
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The  correction  terms  are  defined  as  follows: 


Z ~ same  as  above 

n 31 

At^  correction  due  to  sequencer  delay,  plus  a 0,15  sec  delay  due  to  a 
2 Hz  bandwidth  filter  in  the  digital  recording  system 


^-0,15  for  EW  medium 
0.15  for  EW  coarse 
0.25  for  NS  medium 
^ 0,45  for  NS  coarse 


(A-31) 


The  first  three  terms  on  the  right  in  Equation  (A -2 8)  account  (approximately) 
for  the  shift  in  reference  time  of  the  ambiguity  polynomials, 

A. 4 ,2. 3 Ambiguity  Resolution 

The  time  adjusted  and  calibrated  smoothing  polynomials  provide  the  proper 
relative  phase  difference  (time  variation).  The  phase  difference  magnitudes 
are  reduced  to  the  first  ambiguity  period  when  the  constant  terms  A' 

(n=  EWp.  EW^,  EW^.  NSp,  NS„.  NS^)  are  reduced  to  their  fractional  parts 
in  Equations  (A -2 3)  and  (A-27).  Since  the  time  variation  of  the  polynomials 
is  proper,  the  coefficients  C (and  for  fine  polynomials)  are  correct  and 
only  A'  needs  to  be  altered  to  accommodate  the  ambiguity  resolution.  Furthermore, 
A'  = b^  \T=  0)  = b*  is  the  smooth,  time  corrected,  and  calibrated  ambiguous 
phase  difference  at  approximately  the  midframe  time. 

The  stepping  process,  summarized  at  the  beginning  of  Section  A.4.2  and  described 
in  detail  in  References  9 and  10,  is  now  performed  to  determine  the  absolute  phr.se 
differences  of  the  fine  baseline  polynomials.  Throughout  the  following  descrip- 
tion, [ ] denotes  fractional  part  only.,  and  ( } denotes  minimum  phase  differ- 
ence, i.e.,  -.500  < { } < .500. 

The  absolute  phase  difference  for  a fictitious  North-South  and  East-West  0.5 
wavelength  baseline  is  determined  from  the  medium  (4.0  w ivelength)  and  coarse 
(3.5  wavelength)  baseline  relative  phase  differences  bj  Lid  b^  s as  follows 


b 


0. 


5 


{[b 


* 

4. 


0 


]} 
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The  absolute  phase  differences  for  the  medium  and  co\rse  boiielines  are  obtained 
as  follows 


5 “ ^ ^O.S 

(A-33) 

(A-34) 

o = 8b„.s 

(A-35) 

(A -36) 

The  absolute  phase  difference  for  a fictitious  7.5  wavelength  baseline  is  deter- 
mined from  the  absolute  medium  and  coarse  data  b^  q tnd  b3  5,  as  follows 

^7.5  =^3.5  + (A-37) 


Finally,  the  absolute  phase  difference  for  the  fine  baseline  is  determined  from 
the  absolute  7.5  wavelength  baseline  data. 

b'  =b^  g(N/7.5)  (A-38) 


b^  = b;-{[b;-b;]} 


(A-39) 


The  above  process  is  performed  for  both  EW  and  NS  baseline  data.  The  result- 
ing EW  and  NS  fine  baseline  absolute  phase  difference  polynomials  are 


= 0)  + (A -40) 

(m  = EWp.  NSj.) 

where 

T = t - t;;;  <m  = ew,,,  ns,,)  (a-41) 
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A.4.2.4  Antenna  Field  Correction 


The  calibration  Z given  in  Equation  (A-28)  is  determined  as  an  average  ovei 
the  usable  antenna  field.  There  are  distortions  in  the  field  patterns,  however, 
and  they  are  corrected  by  the  following  calibration  polynomials  operating  on  the 
corrected  absolute  phase  differences  b^g^  and  b£Wp  , obtained  from  Equation 
(A-40).  These  corrections  are  of  the  form  given  below 


where  the  coefficients  C.  are  obtained  by  field  calibration. 


A.4.2.5  Conversion  to  Direction  Cosines 

The  direction  cosines  and  m'  of  the  corrected  phase  differences  are  deter- 
mined from  the  corrected  absolute  fine  baseline  phase  differences  by  dividing  by 
the  distance  between  the  fine  antennas,  expressed  in  wavelengths  of  the  received 
signal.  The  fine  antennas  are  positioned  to  be  Np  (4C^  or  57)  times  the  nominal 
136.000  MHz  vacuum  wavelength.  For  tismsmitted  signal  frequencies  v^,  the 
baseline  length  in  terms  of  the  transmitted  frequency  is  Np  v^/136,000.  There- 
fore, the  direction  cosine  of  the  received  signal  from  the  station  centered  local 
tangent  east-pointing  axes  Is 


(A-43) 


(A-44) 
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A.4.2.5 

Several  aspe<3t>>  . , - . ocedm  ;>^flaence  the  accuracy  and  use 

of  direction  cjrBine  dai  \ subs  ,.A‘^.iv  orbit  ^'ete*  mination  processing.  First, 

the  sampled  data  a**;.*  approximated  Jr, » a.  ct«bic  polynomial  which  is  used  to  de- 
termine the  direction  cosjues-  iW;  cubic  polynomial  can  introduce  time  corre- 
lated errors  into  multiple  direstlon  cos-nc  pairs  obtained  from  the  same  station 
pass.  Therefore,  the  variance  of  the  p.Fioufils  between  the  cubic  polynomial  and 
the  data  should  be  scrutinized,  and  cr.rsidcration  should  be  given  to  limiting 
the  direction  cosine  data  to  one  paix'  per  station  pass.  Second,  the  received  signal 
frequency  in  Equations  (A-43)  and  (A-44)  neglects  the  downlink  Doppler  shift 
and  assumes  that  the  transmitted  and  received  signal  frequencies  are  the  same 
(i.e.,  Vjj  = I'j  ).  Finally,  the  direction  cosines  V and  m'  correspond  to  vacuum 
signal  paths.  Thus,  atmospheric  refraction  corrections  and  light  time  delays 
must  be  applied  in  the  processor. 


A. b  VERY  LONG  BASEUNE  INTERFEROMETER  (VLBI) 

Like  Minitrack,  the  VLBI  system  measures  the  phase  differences  at  two  or  more 
ground  stations  when  they  simultaneously  receive  the  same  radio  signal.  How- 
ever, in  the  VLBI  system  each  terminal  is  controlled  by  its  own  independent 
frequency  standard  so  that  there  is  no  necessity  to  use  cable  or  microwave  lirJes 
to  preserve  the  phase  coherence  among  these  statiens.  This  permits  the  stations 
to  be  separated  by  arbitrarily  large  distances,  typically  of  the  order  of  thousands 
of  kilometers.  Since  the  angular  resolution  of  any  interferometer  is  directly 
proportional  to  the  length  of  the  baseline,  the  VLBI  concept  permits  the  position 
of  the  radio  source  (e.g.,  satellite)  to  be  determined  to  a much  greater  degree  of 
accuracy  than  is  possible  with  a short  baseline  system  like  Mlnitrack. 

The  principle  underlying  the  VLBI  concept  is  illustrated  by  the  simplified  two- 
dimensional  geometry  shown  in  Figure  A-5.  The  figure  shows  a signal,  charac- 
terized as  a planar  wavefront,  being  simultaneously  received  at  stations  A and 

B,  which  are  separated  by  distance  D.  The  phase  difference  between  the  two 
received  signals  is  related  to  the  separation  of  the  stations  D as  follows 


A<^  = (D/X)  cos  6 


(A-45) 
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Figure  A-5.  Simplified  Schematic  of  VLSI 


where  0 Is  the  source  direction  and  X.  is  the  signal  wavelength.  When  the  value 
of  8 is  such  that  A0  is  an  integral  number  of  half-cycles,  i.e.,  6 = eos"^  (nX/2D) 
where  n is  an  integer,  the  signals  received  at  each  terminal  are  in  phase  or  anti- 
phase, and  a relative  ex*tremum  of  power  is  available  from  the  interferometer. 

As  the  source  transits  the  interferometer,  a power  (or  intensity)  response  like 
that  shown  in  Figure  A-6  is  produced.  The  abscissa  is  time,  which  is  related 
monotonic  ally  to  the  source  direction  0,  If  the  time  at  which  a specific  frirtge  is 
produced  can  be  determined  precisely  enough,  the  relationship  for  A0  in  Equa- 
tion (A-45)  can  be  equally  precisely  specified  in  terms  of  source  position  and 
baseline  parameters.  The  fringe  density  is  so  great,  however,  that  it  is  very 
difficult  to  identify  the  central  fringe  (the  fringe  produced  when  the  source  direc- 
tion is  perpendicular  to  the  baseline),  and  hence  very  difficult  to  record  accurately 
the  time  of  passage  through  any  n*^ -order  fringe  (i.e.,  the  fringe  displaced  from 
the  central  one  by  n cycles). 


Figure  A-6.  Interferometer  Fringes 
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The  fringe  number  ambigjuity  is  resolved  bj*^  recording  the  received  signal 
onto  magnetic  tape  at  as  high  a bandwidth  as  possible.  These  recorded 
signals  are  clipped  and  sampled  so  that  the  information  is  preserved  in  digital 
format.  Corrections  to  compensate  for  the  clipping  and  sampling  are  applied 
during  preprocessing.  Pairs  of  tapes,  one  from  each  station,  are  crosscorrelated 
afterwards  in  a preprocessing  program.  The  correlations  are  repeated  for  many 
trial  combinations  of  relative  delay  offset  and  delayer  ate  offset  between  the  two 
records.  When  both  digital  records  are  correctly  aligned,  all  of  the  frequencies 
within  the  signal  bandwidth  will  have  the  same  phase,  and  at  this  point  the  super- 
position of  all  the  harmonic  components  within  the  complex  correlation  function 
will  produce  a maximum  in  its  amplitude,  as  well  as  in  the  amplitude  of  its  power 
spectrum.  For  each  observation,  the  delay  and  delay-rate  values  that  produce 
this  maximum  are  recorded,  and  the  series  of  such  values  form  the  observables 
that  enter  as  input  into  the  GTDS  program. 


A.  6 RADAR  ALTIMETER 

A satellite  is  assumed  to  be  in  a near  earth  orbit,  and  its  attitude  is  assumed 
to  be  stabilized  so  that  the  axis  z ^ of  an  attached  pointing  instrument  is  directed 
alonf^  the  local  vertical  or  gravity  gradient.  This  may  be  accomplished  (as  for 
GEOS-C)  by  gravity  gradient  stabilization  or  other  attitude  stabilization  techniques. 
Such  stabilization  allows  the  use  of  a directional  antenna,  pointed  along  the  z^- 
axis,  for  the  radar  altimeter.  The  transmitter  aboard  the  satellite  transmits 
X-band  signal  pulses  which  form  a series  of  spherical  wavefronts  directed 
towards  the  ea3rth.  The  antenna  beamwldth  results  in  a signal  cone  with  its  apex  at 
the  transmitter  and  an  axis  which  coincides  approximately  with  the  Zj -axis  of 
the  satellite  as  shown  in  Figure  A-7.  As  the  wavefront  of  each  pulse  intersects 
the  sea  surface,  it  is  reflected  back  towards  the  satellite.  The  time  difference 
between  the  time  of  transmission  and  time  of  reception  of  the  radar  pulse  is  a 
measure  of  the  height  of  the  satellite  above  the  local  surface.  If  the  beam- 
width  of  the  transmitted  signal  is  larger  than  the  nominal  spacecraft  libration  in 
attitude  about  the  local  vertical,  the  first  return  signal  will  lie  on  the  transmission 
path  normal  to  the  sea  surface  and  through  the  satellite.  The  effective  size  of  the 
illuminated  spot  on  the  surface  is  determined  by  the  transmitted  pulsewidth,  the 
beamwidth,  and  the  type  of  return  pulse  detection  utilized.  As  long  as  the  local 
vertical  from  the  surface  to  the  satellite  lies  inside  the  antenna  beamwidth  cone, 
the  altimeter  measurement  will  represent  the  shortest  distance  between  the 
satellite  and  the  sea  surface. 
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Figure  A-7.  Radar  Altimeter  Cone 


The  satellite  timing  equipment  p.ovides  signals  for  measuring  the  time  interval 
between  the  transmitted  and  received  signals,  and  for  time  tagging  discrete 
observations.  This  timing  equipment  is  periodically  calibrated  from  ground 
stations. 

Initial  preprocessing  of  the  altimetry  data  will  consist  of  applying  calibration 
and  ambiguity  corrections  to  the  tvw-way  time  difference  between  transmitted 
and  received  signals,  and  convei1;ing  the  result  to  an  altitude  by  multiplying  by 
one-half  the  speed  of  lirht.  The  time  tag  is  calibrated  and  corrected  to  the 
midinterval  time  (i.e.,  the  time  that  the  signal  is  reflected  from  the  sea  surface). 
After  these  preprocessing  computations,  each  data  element  is  treated  as  if  it 
were  an  instantaneous  measurement  at  the  midinterval  time. 


A.7  SATELLITE-TO-SATELLITE  TRACKING 

A relay  satellite  is  assumed  to  be  in  a near  synchronous  orbit  over  a tracking 
site,  and  a target  satellite  is  assumed  to  be  in  a low  elliptical  orbit.  Figure  A-8a 
presents  a schematic  of  the  geometry  of  the  two  satellites  relative  to  the  tracking 
site.  The  tracking  station  transmits  a signal  to  the  relay  satellite.  The  relay 
satellite  then  retransmits  the  signal  to  the  target  satellite,  which  retransmits 
it  back  to  the  relay  satellite.  Finally,  the  relay  satellite  retransmits  the  signal 
to  the  ground  station.  The  signal  traverses  the  path  S A M A S.  The 
return  signal,  when  related  to  the  transmitted  signal,  can  be  expressed  as  the 
sum  of  the  range  segments  of  the  signal  path  (RS)  and  the  time  derivative  of  the 
range  sum  (RSR). 
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An  exaggerateci  schematic  of  the  signal  paths  is  shown  in  Figure  A-8b.  The 
station  transmits  a signal  at  time  t^.  The  signal  is  received  by  the  relay 
satellite  at  tj  and  retransmitted  to  the  target  satellite  at  + At^  where  At^  Is 
the  transponder  time  delay.  The  target  satellite  receives  the  signal  at  t2  and 
retransmits  back  to  tne  relay  satellite  at  t2  + The  relay  -.atellite  receives 
the  retransmitted  signal  at  t3,  and  alter  a transponder  time  delay  of  ^'T‘3,  sends 
it  back  to  the  ground  station,  vdiich  receives  it  at  The  station  records  the 
data  at  UTC  tag  time  t^.  The  signal  time  delays  depicted  in  Figure  A~8b  are 
defined  as  follows: 


Figure  A-8. 


Range  Sum  Geometry  ond  Transmission  Legs 


Atj  ~ time  delay  due  to  the  transponder  on  the  relay 
satellite  at  Its  first  reception 

A Tj  time  delay  due  to  the  transponder  on  the  target 
satellite  at  its  reception 


Atj  ~ time  delay  due  to  the  transponder  on  the  relay 
satellite  at  its  second  reception 
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Atj  ~ light  ttiuc  anc’  atmospheric  delay  during  leg  1 
At,~U  ght  time  delay  during  leg  2 
light  time  delay  during  leg  3 
At^  ~ light  time  and  atmospheric  delay  during  leg  4. 

The  recorded  measurements,  descr'bed  in  Section  A.l,  consist  of 

• The  gimbal  angles  X and  Y defining  the  direction  of  the  received  signal 
path  at  time  tp. 

• The  four-way  range  time  delay,  measured  as  a count  C ^ of  the  number 

of  cycles  of  a reference  frequency  which  occurs  between  the  positivc:- 
directed  zero  crossings  of  the  high-frequency  ranging  tone  (frequency  ) 
associated  with  the  transmuted  and  received  signals.  The  counter  is 
started  and  the  tag  time  t^  is  signaled  simultaneously  by  a positive 
zero  crossing  of  the  transmitted  signal.  The  counter  is  stopped  at  the 
next  zero  crossing  of  the  received  signal. 

• The  four -way  range-rate  measurement  a be  made  in  two  ways.  In  the 
"destruct”  method  the  measurement  is  the  number  of  cycles  of  a 
reference  frequency  vr2  required  to  simultaneously  count  exactly  N 
cycles  of  the  Doppler -plus-bias  signal  + i The  count  is  begun  at 
time  t,^  and  ended  after  the  accumulation  of  N cycles  of  the  p^  p^  signal. 
In  the  "non-destruct"  method  the  measurement  is  N,  the  number  of  cycles 
of  the  Doppler -plus -bias  signaJ  p^  + required  to  simultaneously  count 
Co»  a fixed  number  of  cycles  of  the  reference  frequency,  i.e.,  At  for  the 
counting  period  is  constant. 

A more  detailed  description  of  the  Doppler  measurement  for  an  existing 
satellite-to-satellite  tracking  scheme  can  be  found  in  Reference  11. 

The  data  sample  time  t^^  corresponds  to  the  time  that  the  range  measurement 
of  the  received  signal  was  initiated.  Therefore,  the  end  cf  the  measurement 
occurs  at 


where  accounts  for  ihe  signal  propagation  delay  within  the  ground  station 

electronics  as  well  as  dola\  in  the  counter  itself,  and  is  determined  by  on-site 
calibration.  The  round  ti  <;  4ght  time  is 
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C,  P Pk 


where 

p^,  Pb  range  ambiguity  numbers 

Ar  ~ the  sum  of  the  transponder  time  delays 

The  ambiguity  number  , the  number  of  cycles  of  , is  determined  by  range 
tone  methods  which  superimpose  a series  of  low  frequencies  on  . The  ambi- 
guity number  p^  , tne  number  of  cycles  of  large  ambiguity  which 

results  from  the  light  time  being  greater  than  l/i^^  • Both  At^j,  and  are 

accounted  for  in  the  logic  by  the  station  hardware.  The  time  of  the  return  signal 
1 0 does  not  involve  the  range  ambiguity  numbers  since  their  effect  would  be  to 
increase  the  return  time  erroneously  rather  than  decrease  the  transmission 
time.  The  range  ambiguity  can  be  accounted  for  in  the  gross  logic  of  the  process, 
since  its  omission  accounts  for  large,  obvious  errors. 
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APPENDIX  B 
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TIME  ELEMENTS 

The  Time-Regularized  Cowell  system  of  equations  achieves  anal3rtic  stepsize 
control  through  the  transformation  of  the  independent  variable  time  to  a new 
variable  s defined  by 


ds 


(B-1) 


where  a is  called  the  uniformization  constant  and  r is  the  magnitude  of  the  radius 
vector.  The  physical  time  t is  obtained  through  the  integration  of  Equation  (B-1), 
which  involves  r.  Any  linear  error  in  r will  propagate  into  a nearly  quadratic 
error  in  the  time.  Time  elements  are  Introduced  to  reduce  this  nearly  quadratic 
error  growth  to  a nearly  linear  error  growth  for  perturbed  motion.  An  element 
in  tv/o-body  motion  is  defined  as  a parameter  which  is  either  constant  or  a 
linear  function  of  the  independent  variable. 

For  perturbed  motion  (assuming  small  perturbations)  an  element  varies  slowly 
from  the  two-body  solution.  Thus,  in  deriving  a time  element  r for  the  Time- 
Regularized  Cowell  method,  r is  required  to  vary  linearly  with  the  independent 
variable  s,  i.e.. 


dr 


- c 


(E-2) 


where  c is  a constant;  it  is  also  required  that  r be  related  analytically  to  the 
physical  time  t.  This  is  done  via  Kepler’s  Equation 

t = tg  + i (E  - e sin  E)  (B-3) 

which  can  be  rewritten  with  the  introduction  of  r as 

t = to  + T + — (E  - e s i n E)  (B-4) 

n n 


where,  by  definition. 


T = 

n 

and  g(a ) is  a function  relating  r to  the  Kepler  element  a . 


(B-5) 


B-1 


Differentiating  Equation  (B-5)  with  respect  to  s and  substituting  Equations  (B-1) 
and  (B-2)  yields 


^ = ncr-“ 
dt 


(B-6) 


B.l  UNPERTURBED  MOTION 

The  definition  of  the  function  g is  obtained  for  various  values  of  a by  utilizing 
known  integrals  of  the  two -body  problem. 

B.1.1  Time  Element  Corresponding  to  the  Eccentric  Anomaly  (a  - 1) 

In  Keplerian  motion,  the  time  derivative  of  the  eccentric  anomaly  E is  given 
by 


dt 


= nar 


-1 


(B-7) 


where  the  mean  motion  n and  the  semimajc  .•  axis  a are  constants  for  two-body 
motion.  Comparing  Equations  (B-6)  and  (B-7)  for  a = 1 yields 

g = E (B-8a) 


and 


c = a 


(B-8b) 


Thus, 


dr  1 dE  a 

r = a 

ds  n dt 


(B-9) 


and,  from  Equation  (B-4) 


t = to  + r 


e 3 in  E 
n 


(B-IO) 


which  is  the  desired  result  for  two-body  motion. 


B.1.2  Time  Element  Corresponding  to  :he  True  Anomaly  (a  s=  2) 


The  time  derivative  of  the  true  anomaly  f is  given  by 


^ = 4^  r-2  (B-11) 

at 

where  the  semilatus  rectum  p is  a constant  of  the  motion  for  the  Kepler  problem. 
Comparing  Equation  (B-6)  and  Equation  (B-11)  yields 

g = f (B-12a) 


and 


c 


(B-12b) 


Thus, 


dr  _ 1 df  ^2  _ ^ /^P 
ds  n dt  n 


(B-13) 


which  is  the  desired  differential  equation  for  r.  Kepler's  equation,  Equation 
(B“4) , can  then  be  written  as 


t = to  + r 


— + — (E-e  sinE) 
n n 


4-  ^ ^ _ (f  - E)  e sin  E 


(B-14) 


B.2  PERTURBED  MOTION 

The  extension  of  the  time  element  equation  for  perturbed  motion  is  presented 
for  a = 1 and  a - 2,  using  the  approach  followed  in  References  1 and  2. 

B.2.1  Time  Element  Equation  Corresponding  to  the  KS  Formulation  (a  = 1) 

Equation  (B-10)  can  be  written  as 


B-3 


(B-15) 


r - t -V 


(r -7) 


where  hj^  is  the  negative  Keplerian  energy 


u M 

Differentiating  Equation  (B-15)  with  respect  to  the  new  independent  variable  s 
yields 


dr 

ds 


(r-r)(r*r)  r-r/ 
, 2h,  ■ 2h2 


ds 


(B-17) 


This  expression  simplifies  to 


dr  /X  r ( r • P)  r ( r • r ) ( r • P) 
where  P is  the  perturbing  acceleration,  i.e., 


(B-18) 


r = ~ + P (B-19) 

3 

The  differential  equation  for  the  time  element  in  Equation  (B-18)  cleariy  has  the 
desired  properties  in  that  the  element  varies  linearly  with  rei^'pect  to  the  inde- 
pendent vaHable  s for  unperturbed  motion  (P  = 0),  and  for  perturbed  motion 
(providing  P is  small)  the  element  varies  slowly  from  the  two-body  solution. 

An  alternative  expression  involving  the  total  energy 

h = - V (B-20) 

where  V is  the  perturbing  potential,  can  be  derived  by  beginning  with  the  expression 

T = t + (B-21) 


Differentiating  this  equation  with  respect  to  the  Independent  variable  s yields 
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~=  JL  [^  - 2rV  - r(r-  W)  + r(r  • P)]  - llLLL?  h (B-22) 
ds  2h  2h^ 

where  Vy  is  the  perturbing  acceleration  due  to  the  perturbing  potential  function^ 
i.e., 


r = iJtl  4 P - VV  (B-23) 

Equation  (B-22)  can  be  shown  to  be  the  time  element  equation  corresponding  to 
the  KS  formulation  (Equation  (5-lOa))  by  noting  that 


2co-^ 
ds  d£ 


and 


(B-24) 


(B-25) 


The  comparison  between  Equations  (B-18)  and  the  KS  equation,  Equation  (B-22), 
has  been  made  in  Reference  2,  and  it  was  found  that  they  give  the  same  amount 
of  accuracy  improvement  for  the  tested  cases. 


B.2.2  Time  Element  Equation  Corresponding  to  the  DS  Formulation  (a  = 2) 


Equation  (B-15)  can  be  written  as 


r 


1 4 


(B-26) 


Differentiating  Equation  (B-26)  witj  respect  to  the  new  independent  variable  s 
yields 


dr 

ds 


dt 

7.7^2^ 


[(r  • r ) 4 (r  • r)] 


r''  ( r • r ) 


4 


/ \ 


3/2 


(f  -E)- 


3^r^(f  - E) 

(2h^)5'2 


\ 


(B-27) 
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This  expression  simplifies  to 


dr 

ds 


(2h^)3''2 


+ iL  ( r • t)  (t  • P) 


(B-28) 


+ (f  - E)  (t  • P)  + Jfll 


Noting  that  the  leading  term  in  this  equation  is  a constant  and  all  ocher  terms 
are  a function  of  the  perturbations,  it  is  clear  that  this  differential  equation  for 
r has  the  desired  properties  noted  previously. 

The  differential  equation  for  the  time  element  £ in  the  DS  formulation  (see 
Equations  (5-45),  (5-46),  ^nd  Rpfercnctj  3)  is  given  by 


1 (2  — 


(B-29) 


where  L,  the  total  energy,  is  one  of  the  elements  of  the  formulation,  and  s,  the 
independent  variable,  is  the  true  anomaly.  Transforming  the  independent 
variable  of  Equation  (B-28)  to  the  true  anomaly  using  the  operator 

i = (0  - 4.)  1 (B-30) 

ds  df 

(where  G is  the  total  ang'Uar  momentum  and  <1>  is  the  perturbing  energy)  and 
letting  Qj  represent  al?  terms  dependent  upon  perturbations,  yields 


dr 


(2\) 


— + 0, 

3/2 


(B-31) 


If  Qj  represents  those  terms  in  Equation  (B-29)  which  are  dependent  upon  per- 
turbations, the  following  equacion  results 


ds 


(B-32) 


B-6 


As  in  the  case  where  a ~ 1,  the  leading  term  in  Equation  (B-31)  is  a luncUon  of 
the  Keplerian  energy  h^^ , whereas  the  leading  term  in  Equation  (Jb  -32)  is  a 
function  of  tie  total  energy  L.  This  may  lead  to  accuracy  Improvements  for 
conservative  perturbed  motion  situations,  although  at  present  no  comp^irison 
stiuiies  have  been  performed. 
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DEVELOPMENT  OF  RANGE-RATE  FORMULAS 


This  appendix  presents  the  development  of  formulas  which  relate  the  tracker  and 
spacecraft  relative  motion  to  the  Doppler  shift  in  an  electromagnetic  signal  trans-^ 
mitted  from  one  to  the  other.  For  a further  definition  of  the  mathematical  sym-  / 
bols  used,  refer  to  Appendix  A,  which  describes  the  GRARR,  ATSP,  USB  and^S^T 
Systems. 

The  general  relativistic  expression  relating  the  frequencies  of  an  electromagnetic 
signal  propagation  from  a transmitter  to  a receiver  is 


1 

1 - -t^ 


(0-1) 


where 


a 


(C-2) 


F = 


'Soo 


3 

dx’  dx^  ^ dx* 

(goigoj”^00gij)“^  goi" 

i,j=l  j=l 


dS 


(C-3) 


and 

t,  r subscripts  indicating  that  the  designated  quantities  are  evaluated 
at  the  transmitter  and  receiver,  respectively 

~ frequencies  of  the  transmitted  and  received  signals 

velocities  of  the  transmitter  and  receiver,  defined  as  the  derivatives 
of  their  inertial  positions  with  respect  to  the  coordinate  time  t 

gjj  ~ elements  of  the  metric  matrix  defining  the  nature  of  the  space-time 
frame 
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components  the  space  coordinates 


S ~ arc  length  along  the  propagation  path 

n^,  riy  unit  vectors  along  the  local  propagation  path  at  the  transmitter  and 

receiver,  respectively 

c ~ wave  propagation  speed 

The  derivativei-  dxVdS  are  simply  the  direction  cosines  of  the  propagation  path, 
and  thus  are  the  components  of  the  local  unit  vector  n. 

Equation  (C-1)  is  derived  under  the  assumption  that  the  metric  elements  gy  vary 
slowly  in  time  compared  with  the  wave  propagation  speed  c.  This  is  a good  ap~ 
proximation  since  the  variations  of  the  g.j  ’s  are  due  to  planetary  motions,  which 
are  very  slow  compared  with  c. 

In  principle,  the  gy  should  mathematically  describe  everything  that  physically 
affects  the  propagation  of  electromagnetic  waves  in  their  region  of  definition, 
including  gravitational  influences,  the  refractive  effects  of  the  atmosphere,  and 
any  other  significant  influences.  If  such  a rigorous  mathematical  description  of 
the  space-time  frame  could  be  formulated  and  then  solved  analytically,  propj^ga- 
tion  paths  for  specific  cases  could  be  computed  very  accurately  as  geodesics. 
However,  no  such  completely  general  treatment  of  the  problem  has  yet  been 
produced. 

It  is  generally  assumed  that  the  metric  coefficients  for  the  case  of  special 
relativity  are 


®oo  ~ ^ 

8ii  = -1 
gjj  = 0,  i=?tj 


I iJ  = 1,  2,  3 


Equation  (C-2)  then  becomes 


(C-4) 
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and  Equation  (C-3)  simplifies  to 

1 

F - 
c 


(C-6) 


The  propagation  path,  which  is  the  straight  relative  position  vector  from  to 
, is  given  hy 


Under  the  preceding  conditions,  Equation  (C-1)  reduces  to 


(C-8) 


which  is  the  formula  from  special  relativity  for  the  one-way  Doppler  frequency 
shift. 

The  metric  coefficients  in  Equation  (C-4)  describe  straight  line  propagation  in  a 
vacuum.  The  neglect  of  the  ray  path  bending  due  to  gravitational  effects  ie  an 
acceptable  approximation,  considering  the  precision  of  the  radar  Doppler  measur- 
ing equipment.  However,  the  refractive  bending  of  the  ray  by  the  atmosphere 
(troposphere  and  ionosphere)  is  not  negligible  and  must  be  taken  into  account. 

The  special  relativistic  formula  given  by  Equation  (C-8)  is  modified  to  replace 
the  unit  vector  n along  the  idealized  straight  ray  path  with  the  unit  ve^'tors 

= n + An. 

(C-9) 

hj  = n + Ahj 

along  the  actual  curved  propagation  path.  The  method  by  which  the  refraction 
difference  vectors  AHj  and  Ah^  are  estimated  is  discussed  in  Chapter  7.  Here 
the  terms  will  simply  be  introduced  into  the  equations  and  formally  carried 
through  the  derivations.  As  a result  of  this  substitution.  Equation  (C-8)  becomes 
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where  and  are  given  by  Equations  (C-9). 

The  geometry  of  two-way  (or  three-way)  signal  propagation  is  illustrated  in 
Figure  C-1,  A continuous  wave  signal  of  frequency  Vj  is  emitted  by  a ground 
station  at  position  Tj  at  time  tj..  At  a later  time  t^,  the  spacecraft  at  position 
iFy  receives  this  signal  along  the  curved  uplink  transmission  path.  Application 
of  Equation  (C-10)  gives  the  relationship  between  the  apparent  signal  frequency 
at  the  ground  transmitter  ; Vj,  and  at  the  spacecraft  receiver  , i,e,, 


(C-11) 


C-4 


where 


= u + Au^ 

= u + AUy 

(C-12) 


and  the  subscript  T reters  to  quantities  evaluated  at  the  ground  transmitter. 


Although  it  is  not  rigorously  correct  to  do  so,  the  spacecraft  USB  transponder 
can  be  modeled  as  though  it  coherently  turns  the  received  signal  around  and 
retransmits  it  at  the  received  frequency  p\.*  The  downlink  signal  is  received 
by  the  ground  station  (either  the  same  station  which  transmitted  the  uplink  signal 
or  an  entirely  different  station  whose  oscillator  is  coherently  linked  with  the 
transmitter)  at  position  r^^  at  time  tj^.  The  one-way  frequency  shift  which  occurs 
on  the  curved  downlink  path  is 


V 


R 


V 


V 


(C-13) 


where  _ _ _ 

dy  = d + Ady 


= d + Adj^ 


(C-14) 


The  relationship  between  the  transmitted  and  received  ground  frequencies  for 
this  two-  or  three-way  case  is  computed  by  multiplying  Equations  (C-11)  and 
(C-13)  together  to  obtain 


♦The  USB  uplink  frequency  capability  is  2025  to  2120  MHz,  and  the  downlink  frequency  capability  is  2200  to 
23f'0  MHz. 
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The  frequencies  and  Vj  are  defined  with  respect  to  the  tracking  station  oscil- 
lator. In  the  language  of  relativity  theory,  this  "clock"  measures  the  proper 
time  associated  with  the  inertially  moving  tracking  station.  The  velocities,  on 
the  other  hand,  are  all  defined  in  terms  of  derivatives  with  respect  to  coordinate 
time,  the  time  system  associated  with  the  inertial  reference  frame.  This  time 
can  be  regarded  as  the  same  as  uniform  time  for  the  present  development. 

If  Equations  (C-12)  and  (C-14)  are  substituted  into  Equation  (C-15),  and  the 
factors  within  the  brackets  are  expanded  in  terms  of  no  higher  order  than 
Au  • (r/c)  or  Ad  • (r/c),  the  following  form  results 


(C-16) 


where 

Ap  = Au^  • fj  + Ady  • Fy  - AUy  * - Ad^  • 7^ 


The  first  term  within  the  braces  (the  product  of  the  expression? s in  brackets) 
represents  the  vacuum  portion  of  the  Doppler  shift.  The  additional  term  Ap/c, 
involving  the  propagation  path  unit  vector  deflections,  represents  the  refraction 
effects.  Equation  (C-16)  relates  the  received  frequency  to  the  transmitted  fre- 
quency via  the  geometry  of  the  round-trip  light  path. 


The  continuously  transmitted  signal  is  beat  against  the  received  signal,  resulting 
in  a signal  with  a frequency  equal  to  the  difference  between  the  two,  i c,, 


V 


d 


^R-^T 


(C-17) 
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A fixed  frequency  bias  signal  is  added  to  this  Doppler  signal  and  the  combina- 
tion is  fed  to  a Doppler-plus-bias  cycle  counter.  Simultaneously,  a reference 
frequenc}'  j'nj  is  fed  to  a separate  time  interval  counter.  At  most  tracking  stations 
the  bias  and  reference  frequencies  are  coherently  derived  from  the  same  source 
as  Pj.  The  measurement  is  mechanized  in  one  of  two  ways,  a destruct  or  a non- 
destruct  count.  The  destruct  count  mode  (employed  in  the  GRARR  and  ATSR  sys- 
tems) counts  a preassigned  fixed  number  of  cycles  N of  the  Doppler-plus-bias 
signal  and  records  the  measurement  as  the  (variable)  number  Cq  of  cycles  of  the 
reference  frequency  required  to  accumulate  the  simultaneous  N cycle  count.  The 
nondestruct  mode  (employed  in  the  USB  and  ATSR  SST  systems)  continually  ac- 
cumulates the  count  of  the  Doppler-plus-bias  signal  in  its  counter.  The  measure- 
ment consists  of  recording  this  continually  increasing  number  whenever  a pre- 
assigned fixed  number  of  reference  frequency  cycles  has  been  accu^  ulated. 
Differences  between  the  recorded  values  at  different  sample  times  gives  the 
number  N of  the  Doppler-plus-bias  count  over  the  reference  time  interval.  Using 
either  technique,  the  measurement  results  in  a count  of  some  number  N of  Doppler 
plus -bias  cycles  over  a period  of  time 


This  measurement  count  can  be  modeled  mathematically  by  the  equation 


N=  / + 

If  the  measurement  is  made  in  the  destruct  mode,  the  integration  time  interval 
Atj^j^  should  be  varied  until  the  computed  value  of  N matches  the  fixed  cycle  count 
number  exactly.  In  the  nondestruct  mode,  Atj^j^  is  fixed  and  N,  in  general,  will 
be  some  whole  number  of  cycles  plus  a fractional  part.  This  fractional  part 
should  be  truncated  to  simulate  more  rigorously  the  actual  accumulation  of  whole 
cycles. 

The  integration  variable  t^  in  Equation  (C-19)  is  the  receiving  station  clock  time, 
or  proper  time.  The  significance  of  this  point  will  become  evident  during  the 
evaluation  of  the  integral. 

Substitution  of  Equation  (C-17)  into  Equation  (C-19)  yields 
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t 


and  Equation  (C-16)  can  be  substituted  for  the  remaining  integrand 


(C-21) 


In  writing  Equation  (C-21),  it  is  assumed  that  the  squares  of  the  inertial  speeds 
f-j  . r-j  and  r^  . r^  are  constant,  since  the  motion  of  the  tracking  stations  is  due 
to  the  nearly  uniform  rotation  of  the  earth.  The  refraction  integral  is  evaluated 
by  the  trapezoidal  rule,  yielding 


(C-22) 


The  remaining  integral  in  Equation  (C-21)  will  now  be  considered.  The  geom- 
etries of  the  uplink  and  downlink  ranges  are  related  to  the  light  times  by 

'’u  = (C-23) 

and 

(0-24) 

The  derivatives  of  these  ranges  with  respect  to  the  coordinate  time  T at  the 
receiver  are  given  by 
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Explicit  solution  for  the  coordinate  time  derivatives  gives 


c 


dt. 


dt. 


(C-27) 


Equations  (C-27)  show  that  a coordinate  time  increment  of  a given  length  at  the 
receiving  station  corresponds  to  increments  of  different  lengths  at  the  space- 
craft and  at  the  transmitter,  considering  that  the  arrival  of  corresponding  phases 
at  Tj  and  Tj  + (ff-j-  marks  the  interval. 


Substitution  of  Equations  (C-27)  into  the  integrand  in  Equation  (C-21)  yields  the 
expression  for  the  integral  term 


At  the  receiving  station,  the  relationship  between  coordinate  and  proper  time  is 


dtR 


(C-29) 


Therefore, 


(C-30) 


and,  since  it  was  assumed  that  r^  « constant,  Equation  (C-21)  becomes 

N = --r^Pc  + '7^*RR'^4.g  (c-31) 

C V 

Terms  higher  thaa  first  order  in  |r|/c  have  been  neglected,  and  the  computed 
quan*^ity 


= (Pu  + Pd)lR*AtRR  - (Pu  + Pd)tR 


(C-32) 


is  the  range  rlifference.  Since  the  quantities  N,  At^^,  and  j;^are  known,  the 
preprocessor  program  can  con\pute  the  "obser^^ation" 


(C-33) 


and  Equation  (C-31)  can  be  written  as 


(C-34) 


where  the  division  by  2 A t^^  causes  the  range  difference  to  approximate  the 
one-way  range  rate.  Equation  (C-34)  mathematic  ally  describes  the  modeling  of 
the  USB  Dopphar  measurement  in  GTDS,  The  quantity  on  the  left  side  of  the 
equation  is  th(j  computed  measurement  and  is  calculated  by  means  of  Equations 
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(C*32),  (C*23),  and  (C-24).  The  latter  two  equations  require  that  two  iterative 
light-time  solutions  be  determined  to  correspond  to  the  round-trip  propagation 
paths  terminating  at  the  receiving  station  at  the  start  and  at  the  end  of  the  Doppler 
plus-bias  count  interval  At^^j^.  The  first  term  on  the  right  side  of  Equation  (C-34) 
represents  the  actual  observation  and  is  calculated  in  the  preprocessor  from  the 
basic  measurement  data  according  to  Equation  (C-33).  The  second  term  on  the 
right  in  Equation  (C-34)  is  the  refraction  correction  term.  It  is  computed  by 
Equations  (C-22)  and  (C-16),  where  the  appropriate  Au  and  Ad  path  deflection 
vectors  are  computed  as  described  in  Section  7. 6.3.3. 

The  GBARR  and  sidetone  ATSR  Doppler  observations  are  implemented  in  GTDS 
in  the  form  of  a very  simple  model.  The  Doppler  measurements  made  with  the 
GRARR  and  ATSR  systems  differ  from  those  made  using  the  USB  system  in 
terms  of  the  hardware  details.  The  GRARR  VHF  system  operates  with  a nominal 
uplink  carrier  frequency  of  148.98  MHz  and  a nominal  downlink  frequency  of 
136.89  MHz.  The  ATSR  system,  operating  in  the  sidetone  Doppler  mode,  uses 
C-Band  frequencies  of  approximately  6000  and  4000  MHz  on  the  uplink  and  down- 
link legs,  respectively. 

The  simple  model  for  these  data  types  is  derived  by  further  restricting  the 
assumptions  made  in  deriving  Equation  (C-15).  As  given,  that  expression  for  the 
two-way  Doppler-shifted  frequency  ratio  is  valid  under  the  assumptions  that 
special  relativity  holds  and  that  the  origin  of  the  inertial  coordinate  frair  e is  at 
the  center  of  the  earth.  If  it  is  assumed  instead  that  the  tracking  'Station  moves 
with  uniform  velocity,  i.o„ 


= Fj  = constant  (inertially) 


then  the  origin  of  the  coordinate  system  can  be  considered  to  be  fixed  at  the  track 
ing  station  and  moving  with  it.  Then 


and  Equation  (C-15)  becomes 


1 - 
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Substituting  Equations  (C-12)  and  (C~14)  into  this  expression,  expanding,  elimi 
nating  higher  order  terms,  and  noting  that  in  this  case  u » -d 


”r  _ ‘ ' C ^ (C-35) 

Vj.  U"  • 7y  C 

i + 

c 

where 

Ap  = 2AUy  'Ty 

Since  the  tracking  station  is  motionless  in  this  coordinate  frame,  the  unit  vector 
u can  be  defined  in  terms  of  the  instantaneous  position  \ ector  of  the  vehicle  rela- 
tive to  the  station 


(C-36) 


at  the  vehicle  turnaround  time  t , The  instantaneous  relative  range  at  this  time 
is 


P = ITy  (t^)l 

and  the  rate  of  change  wHh  respect  to  coordinate  time  is 


(C-37) 


P 


= h • 


(C-38) 


If  Equation  (C  38)  is  substituted  into  Equation  (C-35)  and  the  result  then  substituted 
into  Equation  (C-20) 
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Applying  the  Theorem  of  the  Mean  gives 


(C-40) 


""he  last  tenn  on  the  right  is  the  refraction  correction,  and  it  will  be  assumed 
that  the  mean  value  can  be  approximated  with  suificient  accuracy  by  evaluating 
A and  7^  at  the  vehicle  turnaround  time  * corresponding  to  the  counting  inter- 
val midpoint.  With  this  understanding,  the  subscript  ”avg”  will  be  dropped  from 
this  term.  Writing  for  the  value  of  the  range  rate  which  produces  the  correct 
average  value  in  Equation  (C-40),  and  solving  e)q)licitly  for  gives 


Expanding  this  expression  in  terms  of  the  small  parameter  Au^  * r^  and  eliminating 
higher  order  terms  in  this  parameter,  and  terms  involving  this  parameter  divided 
by  c,  yields 


P 


&vg 


(C-42) 


It  is  again  assumed  that  the  correct  average  value  for  p , the  instantaneous 
relative  range  rate,  is  given  by  Equation  (C-38)  evaluated  at  T *,  fie  vehicle 
turnaround  time  corresponding  to  ''  coun.  inivTval  midpoint  at  the  ground 
station.  Equation  (C-42)  therefore  represents  thr  model  of  the  GRARR  and 
sidetone  ATSR  Doppler  measurements  in  the  form  of  an  instantaneous  relative 
range  rate.  The  term  on  the  left  is  the  computed  value  obtained  by  evaluating 
Equation  (C-38)  for  the  current  estimate  of  the  spacecraft  ephemeris.  The 
first  term  on  the  right  side  of  Equation  (C-42) 
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is  the  algorithm  in  current  use  in  the  preprocessing  of  the  GRARR  and  ATSR 
Doppler  data  (References  1 through  4 in  Appendix  A)  and  represents  the  given 
observation.  The  second  term  on  the  right  side  of  Equation  (C-  ,2),  Au/Fy , 
is  the  refraction  correction.  The  vehicle  velocity  is  taken  at  the  time  t^*  defined 
above,  andAu,  is  evc-luated  as  described  in  Section  7. 


A development  similar  to  the  one  presented  in  this  .appendix  is  carried  out  in 
Reference  2 of  Chapter  7 for  the  four-way  Doppler  measurements  used  in  the 
ATSR  Satellite-to -Satellite  (SST)  Tracking  System  (see  Section  7,3),  The  re- 
sulting range  difference  for  the  Doppler  count  is 


N = - 


where 


system  reference  frequency 
~ bias  frequency 

A,  B,  C ~ constants  which  depend  on  the  tracking  mode  counting  method 
and  the  frequency  option  used 

Ap^,  Apg  ~ changes  in  the  four-leg  and  two-leg  round  trip  ranges,  re- 
spectively, during  the  count  interval  At„., 
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APPENDIX  D 


OBSERVATION  WEIGHTING 


Tables  D-1  and  D-2  define  typical  dynamic  weighting  factors  and  a priori  standard 
deviations  for  s=iveral  observation  types  that  are  processed  in  GTDS.  The  dynamic 
weighting  factors  are  used  in  the  following  manner:  If  is  the  a priori  variance 
for  a given  observation  type  and  pp  is  the  dynamic  weighting  factor,  then  the  data 
weight  for  an  observation  is  formed  as 

w = pp/a^  (D-1) 


or,  for  those  observations  where  a dynamic  weighting  factor  is  not  specified, 

w = I/a^  (D-2) 


Table  D-1 

Dynamic  Weighting  Factors 


Observation  Type 

Dynamic  Weighting  Factor* 

Minitrack  direction  cosine  S 

Minitrack  direction  cosine  m 

yi-n,2 

Range 

Cj  sin  (Elevation)  + C2 

Range  Rate 

Cj  sin  (Elevation)  + C2 

Elevation 

Cj  sin  (Elevation)  + 

Azimuth 

C3  cos  (Elevation)  + 

*Cj  , Cj  , C3,  and  are  user-supplied  constants. 


Table  D-2 

T3q)ical  A Priori  Data  Standard  Deviations 


Observation  Type 

A Priori  Standard  Deviation 

Range  (VHF) 

500  meters 

Range  Rate  (VHF) 

30  centimeters/second 

X3Q Orientation  angle  (VHF) 

3600  seconds  of  arc 

Y3Q  Orientation  angle  (VHF) 

3600  seconds  of  arc 

Minitrack  direction  cosine  fi 

0.3  mils 

Minitrack  direction  cosine  m 

0,3  mils 

Range  (S~Band) 

100  meters 

Range  Rate  (S-Band) 

10  centimeters/second 

Azimuth  (C-Band) 

54  seconds  of  arc 

Elevation  (C-Band) 

54  seconds  of  arc 

Range  (bSB) 

15  meters 

Range  Rate  (USB) 

5 centimeters/secoiid 

X30  (USB) 

720  seconds  of  arc 

Y30  (USB) 

720  seconds  of  arc 

X,^(USB) 

54  seconds  of  arc 

(USB) 

54  seconds  of  arc 

APPENDIX  E 


MATRIX  IDENTITIES  ASSOCIATED 
WITH  SEQUENTIAL  ESTIMATION 


This  appendix  presents  the  derivations  of  a recursive  form  of  the  covariance 
matrix  of  error  and  an  alternative  form  of  the  optimal  linear  gain.  The  results 
of  these  derivations  are  used  in  Section  8.4.1  to  simplify  the  expressions  for  the 
covariance  matrix  of  error  and  the  updated  state  correction  vector. 

The  following  symbols  are  used  in  the  derivations 

P ~ a symmetric,  positive  definite  matrix 

I -^-the  identity  matrix 

w„,+i  ~ the  weight  of  the  (m+1)*^  measurement;  its  inverse  is  equal  to  the 
variance  of  the  measurement  noise 

F ~ the  matrix  of  partial  derivatives  (see  Equation  (8-6)) 


E,  1 DERIVATION  OF  THE  RECURSIVE  FO^  OF  THE  COVARIANCE 
MATRIX  OF  ERROR,  Pa 

From  Equation  (8-80b)  the  covariance  matrix  of  error  is  given  as 


*m+l 


(E-1) 


In  order  to  find  an  expression  for  AP,  Equation  (E-1)  is  substituted  into 


yielding 


p-i  p 

Ax  Ax 

iij+l  m+l 


= 1 


p-»  (P.  + AP)  = I 

Inverting  Equation  (8-79),  the  following  expression  is  obtained 

Pa'  ,,  --  <Pa.  - 

m+l  m 

Substituting  Equation  (E-4)  into  Equation  (E-3)  gives 

Pa.  1 "'m*  I 1 ° 


m 


m 


(E-2) 

(E-3) 

(E-4) 

(E-5) 


E-1 
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(E-6) 


(E-7) 


(E-8) 


Premult jpl5Ting  Equation  (E-5)  by  yields 

+ ^Ax  ^J+l^m+l^m+l^Ax  ^Ax  ^ 

tn  n fD 

Solving  this  expression  for  AP  yields 

AP  - - (I  + ^ P^  ^I+l'^ra+l^tn+l^Ax 

m in  m 

Premultiplying  by  P^J 

Cl  tn 

AP  = - (I  + P^^  ^ ^J+l^tn+l^m+l^Ax 

ram  in 

Multiplying  into  the  term  in  parentheses  in  Equation  (E-8)  and 

factoring  forward  yields 

= - Pa.  + Pa.  Pm*l«n,Mpn,*l)'‘  Pa. 

m m m 

Equation  (E-9)  is  not  the  best  fcrm  for  AP.  From  the  definition  of  the  inverse 
of  a matrix,  the  expression 

+ P»*|Pa.  (*:;n  + P«*iPa.  P»*1>  = I (E-10) 

m m 

can  be  obtained. 

Postmultiplying  Equation  (E-10)  by  and  then  factoring  out  F^^^j 

yields 

^m+l^Ax  ^m+1^  ^Ax  ^m+1 '^ra+1  ^m+1  ^ “ '''ra+l^m+l 

Dl  ™ 

If  Equation  (E-11)  is  then  postmultiplied  by  (I  + P^^  FjJ+i  w„+i  F^+j 

tn 

(“^ii  + P^mPa.  P»m)‘‘  P.n+1  = *»nPn.+i<I  + Pa. 

*m  m 

Substituting  Equation  (E-12)  into  Equation  (E-9)  gives 

^Ax  ^m+l^Ax  ^m+1^  ^<n+l^Ax 


-1 


and  substituting  Equation  (E-13)  into  Equation  (E-1)  gives 

”Ax  ~ ^Ax  ■*  ^Ax  ^m  + l^'*'in+l  ^m+l^Ax  ^ ^m+l^Ai 


'm+1 


or 


*m+l 


= a“KF,,i)p^ 


A, 


(E-11) 

(E-12) 

(E-13) 

(E-14) 

(E-15) 


E-2 


whe/e 


K ' Pa.  + p«mPa.  pI+i> 


-1 


(E-16) 


E.  2 DERIVATION  OF  AN  ALTERNATIVE  FORM  OF  THE  OPTIMAL  LINEAR  GAIN 
From  Equation  (8-79),  the  covariance  matrix  of  error  is  given  as 

P.  =(P:^  +FT 


^*m+l  ' ^ 


in+l”m+l‘m+l>'  (E-17) 

T ^^,4-  T)'*! 


Postmultiplying  this  equation  by  F^+j  and  factoring  out  P*  gives 

Pa  = (I  + Pa.  Pin-.MPaM)''  Pa.  Pln^.n  <^-18) 


‘m+1 


Premultiplying  Equation  (E-18)  by  F^+j  and  substituting  Equation 

(E-12)  into  the  result  yields 


^I+l^m+l^m+l^Ax  (E-19) 

ra+1 

“ ■*■  ^m+l^Ax  ^m+l^Ax  ^m+l*m+l 

ID  ID 

Moving  the  factor  F^^j  brackets  and  factoring  out  w^+i 

tn 

^m+l'^m+l^m+l^Ax  ^m+l'^m+1  (E-20) 

m 

“ ^m+i'^'m+l^^m+l^^ni+l^Ax  ^m+1^ 

m 

Factoring  out  Fm+l^Ax.^I+i  from  this  expression  and  premultiplying  by 
gives 


T \-l 


^Ax  ^m+i'^m+1  “ ^Ax  ^m+l('^m+l  ■*■  ^m+l^Ax  ^m+1^ 


(E-21) 


Finally,  substituting  Equation  (E-21)  into  Equation  (E-16)  yields  the  following 
expression  for  K. 


(E-22) 
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GLOSSARY  OF  MATHEMATICAL  SYMBOLS 


A - Azimuth  angle. 

- Reference  satellite  area  for  aerodjmamic  drag  in  Section 

4.5. 

- Satellite  area  exposed  to  direct  solar  radiation  in  Sec- 
tions 4.6  and  5.4. 

- Precession  transformation  matrix  from  mean  of  1950.0 
to  mean  of  date  coordinates.  See  Sections  3.3.1  and  9.1.1. 


A - External  acceleration  vector  in  Section  4.9. 

A,  B,  C - Matrices  of  time -varying  coefficients  in  variational  dif- 
ferential equations  in  Sections  4.1,  6.4,  and  6.5. 

- Coefficients  used  in  the  SST  Doppler  count  in  Section 

7.3.3. 

A , B , C , D - Coefficients  of  polynomial  fitted  to  Minitrack  fine  base- 
line  rectified  data  in  Appendix  A. 

A^ , B^ , C^  - Coefficients  of  polynomial  fitted  to  Minitrack  coarse  and 
medium  baseline  rectified  ambig’iity  data  in  Appendix  A. 

Ap  - Solar  paddle  area  in  Section  4.5.2. 

A.l  - Atomic  time. 

AJ , Aj,  Aj , . . , Ajg  - Auxiliary  parameters  defined  in  Equations  (5-184), 
a - Semimajor  axis  of  satellite  orbit. 

- Semimajor  axis  of  reference  ellipsoid  in  Section  7,4. 

- Magnitude  of  spacecraft  thrust  acceleration  in  Section  4,8, 
a - Minitrack  fine  baseline  fractional  phase  rate  in  Appendix  A. 
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Ejj  - Inertial  acceleration  vector  in  body-fixed  coordinates. 

See  Section  4.3. 

ag(M)  - Inertial  acceleration  of  the  point  mass  earth  due  to  the 
moon^s  oblateness.  See  Section  4.4. 

ap,  Up,  aji  - Minitrack  fine  baseline  fractional  phase  difference  in 
Appendix  A. 

Ujj  - Polynomial  coefficients  of  polar  motion  in  Section  3. 3. 2.2 
{see  Table  3-1). 

- Time  difference  polynomial  coefficients  in  Section  3.5.2. 

- Terms  used  in  the  evaluation  of  the  Chebyshev  polynomial 
coefficients  (b^)  in  Section  3.6. 

a^,  b.  , c.  - Shank’s  coefficients  used  in  the  Runge-Kutta  integration 
method  in  Section  6.6, 

a - Represents  the  j row  of  the  matrix  of  measurement 
partial  derivatives,  F,  in  Chapter  8. 

a^  - Acceleration  vector  in  the  nominal  dynamical  model. 

See  Section  8.4.2. 

a - Planet  radius  in  Section  4.6.1. 

p 

a - Vector  of  unknown  or  unmodcicd  accelerations  in  Section 

8.4.2. 

a^,  a^,  a^  - Coefficients  of  the  polynomia.  ? . iracterizing  the  attitude 
control  system  acceleration  in  Section  4.7.1. 

a^,  a j, . . . , a^  - Coefficients  of  the  polynomial  characterizing  the  space- 
craft thrust  acceleration  in  Section  4.8. 

a 1,  a 2,  as  - Parameters  in  the  topside  electron  density  profile  in 
Section  7.6. 

B - Transformation  matrix  from  true  equator  and  equinox  of 
date  coordinate  system  to  body-fixed  coordinates  in  Sec- 
tions 3.3. 2.3,  4.3,  9.1,  and  9.2. 
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B - Bias  correction  vector  in  Section  4.9, 


B,  C,  A 


B, 

Ba 

Bi  I • • • » B j5 

b 

bp 

b. 

bj.c, 

b, 

b 

n 

bx » by,  bjj 


C 


C,  A,  B 


C 


See  A,  B,  C above. 

Minitrack  coarse,  fine,  and  medium  phase  rates  in 
Appendix  A. 

Transformation  matrix  from  true  of  date  to  pseudo  body- 
fixed  coordinates  in  Section  3.3,2. 

Simplified  transformation  matrix  from  pseudo  body-fixed 
to  body-fixed  coordinates  in  Section  3.3.2. 

Auxiliary  parameters  defined  in  Equation  (5-185). 

Measurement  bias  in  Sections  7.1  and  8.2. 

Absolute  phase  difference  for  the  Minitrack  fine  baseline 
in  Appendix  A, 

Chebyshev  coefficients  of  interpolatii^  polynomial  in 
Section  3.6. 

Numerical  coefficients  in  Section  5.6. 

Polynomial  fitted  to  Minitrack  fine  baseline  rectified  data 
in  Appendix  A. 

Polynomial  fitted  to  Mini  track  coarse  and  medium  base- 
line rectified  ambiguity  data  in  Appendix  A. 

Coefficients  of  the  linear  term  of  the  polynomial  charac- 
terizing the  attitude  control  system  acceleration  in  Sec- 
tion 4.7.1. 

Transformation  matrix  from  mean  equator  and  equinox 
of  1950.0  to  true  of  date  coordinate  system  in  Section 
3. 3. 1.3  and  Chapters  4 and  9. 

See  A,  B,  C above. 

Force  coefficient  for  the  force  along  tne  cylinder  axis  in 
Section  4.5.2  (see  Table  4-1). 
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^DO 


J 


cm 


As  Au^ 


^Axq  A 2 


c 


Aerodynamic  drag  coefficient  with  and  without  systematic 
error  corrections  in  Section  4.5. 

Nondimensional  force  coefficient  in  Section  4.5.2. 

Force  coefficient  for  the  force  normal  to  the  cylinder 
axis  in  Section  4,5.2  (see  Table  4-1), 

Force  coefficient  for  the  force  normal  to  the  plate  in 
Section  4.5.2  (see  Table  4-1). 

Nondimensional  force  coefficient  for  solar  radiation 
pressure  in  Section  4.6. 

Force  coefficient  for  the  force  tangent  to  the  plate  in 
Section  4.5.2  (see  Table  4-1). 

Harmonic  coefficients  of  the  earth’s  nonspherical  poten- 
tial in  Section  4.4, 

Gravitational  harmonic  coefficients. 

Correlation  between  errors  in  ¥ and  u*  in  Chapter  8. 

Correlation  between  errors  in  x and  z o in  Chapter  8, 

Correlation  between  errors  in  x^  and  n in  Cliapter  8. 

Correlation  between  errors  in  Xq  and  z’o  in  Chapter  8. 

Correlation  between  errors  in  z and  h in  Chapter  8, 

Dot  product  in  Chapter  9. 

Count  of  the  number  of  cycles  of  the  GRARR  and  ATSR 
Doppler  reference  frequency  and  the  range  reference 
frequency  in  Chapter  7,  and  Appendices  A and  C. 

Vacuum  speed  of  light. 

The  group  speed  and  phase  speed  of  propagation  of  an 
electromagnetic  signal  in  Section  7.6. 
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cj  - Harmonic  coefficients  of  the  moon’s  nonspherical  poten- 
tial in  Section  4.4, 

Cj  - Coefficients  in  the  expression  for  Yjjj(t)  in  Section  3.6, 

Cx  » * c j " Coefficients  of  the  quadratic  term  of  the  pol3momial  char- 

acterizing the  attitude  control  system  acceleration  in 
Section  4.7.1. 

D - Transfonnation  matrix  from  true  of  date  to  local  plane 
coordinates.  See  Section  3.3.4. 

- Parameter  obtained  from  Barker’s  equation  for  parabolic 
motion  in  Section  3. 3. 8.1. 

- Parameter  used  to  determine  if  the  spacecraft  is  within 
the  cylindrical  shadow  of  a celestial  body  in  Section  4.6, 

- Linear  differentiation  operator  in  Sections  6.1  and  6.4. 

D,  D . . - Matrix  and  its  elements  in  Section  5.5, 

- Quantity  used  to  solve  Kepler’s  equation  for  elliptical 
motion  in  Section  3.3.8. 

d - Spacecraft  diameter  in  Section  4.5.2. 

d - Unit  vector  pointing  down  aiung  the  vacuum  downlink  path 
from  the  spacecraft  to  the  tracking  station  in  Section  7.6.3 
and  Appendix  C . 

d - Number  of  ephemeris  days  past  0^  January  1,  1950  ET  in 
Section  3.3.3. 

E - Eccentric  anomaly  of  an  orbit. 

- Transformation  matrix  from  body-centered  true  of  date 
inertial  Cartesian  coordinates  to  orbit  plane  coordinates 
in  Section  3.3.5. 

- Elevation  angle  measured  from  the  reference  plane  to 
station- to- spacecraft  position  vector  in  Section  3. 2.  4, 
Chapter  V,  Section  9.1,  and  Appendix  A, 
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E (cont’d)- 


E 


a 


E"  - 


ET  - 
e - 


e 


e.  - 


em  - 
F - 


F’  - 


F*^WF  - 

'V+- 

pTWF  - 

F F - 
•c  t » 


Matrix  of  partial  derivatives  of  the  nonlinear  measure- 
ment equations  f(x^)  with  respect  to  consider  variables 
z in  Section  8.2. 

Observed  elevation  angle  in  Section  7.6. 

Linear  shifting  operator  in  Section  6.1. 

Ephemeris  time. 

Orbital  eccentricity. 

Eccentricity  of  the  planet’s  figure  in  Section  3.3.6. 

Eccentricity  vector  in  Sections  3.2.6  and  3.3.10. 

Herrick  eccenti  icity  vector  components  used  in  Section 
3.3.11.2. 

Exponential  multiplier  in  Section  7.6.3. 

Hjpeibolic  anomaly  in  Section  3.3.8. 

E<"^entric  longitude  in  Section  3.3.9.  Equals  the  sum  of 
the  eccentric  anomaly,  argument  of  perigee,  and  right 
ascension  of  the  ascending  node. 

Total  force  acting  on  the  spacecraft  in  Chapter  4. 

Perturbed  Hamiltonian  in  Section  5.5. 

Matrix  of  partial  derivatives  of  observations  with  respect 
to  solve-for  variables  in  Chapter  8 and  Appendix  E. 

Augmented  matrix  of  partial  derivatives  in  Section  8.2. 

Aerodynamic  acceleration  per  unit  density  in  Section  4.5.2. 

Normal  matrix  in  Chapter  8. 

Expanded  state  normal  matrix  in  Chapter  8. 

Parameters  used  in  general  relativistic  expression 
(defined  in  Appendix  C). 
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Unperturbed  Hamiltonian  in  Section  5.5. 

Functions  ust  d in  the  evaluation  of  the  density  in  Section 
4,5,4, 


F,o.7  - Daily  average  of  the  10.7  cm  solar  flux  in  Section  4.5. 

Tjo  7 - The  81-day  running  average  of  Fjo  7 . See  Section  4.5, 

3 - Augmented  observation  matrix  in  Section  8.4. 

f - Planet^s  flattening  coefficient  in  Sections  3.3.6. 1,  4.5.0 , 
7.2,  and  9,1. 

- Orbital  true  anomaly  in  Sections  3.3, 8.1,  4.10,  5.9,  6.1.2, 
and  Appendix  B. 

- General  time-varying  function  in  Chapter  6. 

f,  g - Series  used  to  predict  spacecraft  positions  in  Chapter  9, 

f,  g,  w - Equinoctial  unit  vectors  along  the  equine  ctial  coordinate 
directions  x^p  , y^p  , and  z ^p,  respectively,  in  Sections 
3.2.5  and  3. 3.9.1. 

f(t. ) - Observation  model  in  Section  4.10. 

f . - Functions  used  in  the  Runge-Kutta  integration  method  in 
Section  6.6. 

f^  - Nonlinear  measurement  functions  in  Sections  7.1  and  8.2. 
f^Fj  - Critical  frequency  of  the  F2  layer  in  Section  7,6. 

G - Universal  gravitational  constant, 

- I'otal  angular  momentum  in  Section  5.5  and  Appendix  B. 

GHA  - Greenwich  Hour  Angle. 

g - Argument  of  the  pericenter  in  oection  5,5, 

g,  g’  - Mean  anomaly  of  the  moon  and  sun,  respect.vely,  in  Sec- 
tion 3.3.3. 
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g(a)  - Function  relating  r and  a in  the  time  element  formula- 
tion in  Appendix  B. 

g.  - Nonlinear  functional  form  of  A“^.  in  Section  8,2.3. 

g. . - Elements  of  the  metric  matrix  defining  the  nature  of  the 
space-time  frame  in  Appendix  C. 

gg  - Sea-level  acceleration  due  to  gravity  in  oection  4.5.4. 

H - Local  hour  angle  of  the  sun  in  Section  4.5.4. 

- The  z component  of  the  angular  momentum  in  Section  5.5. 

- Matrix  used  for  expressing  the  Cowell  corrector  formula 
in  matrix  form  in  Chapter  6. 

Hj  - Ionospheric  scale  height  in  the  expression  for  refractivity 
in  Section  7.6. 


- Maximam  and  minimum  scale  heights  in  Section  4.5.6. 

H,  h - Transformations  of  the  covariance  matrix  and  the 
estimated  state  respectively,  in  Chapter  8. 

- Tropospheric  scale  height  in  the  expression  for  r ' ac- 
tivity in  Section  7.6. 

h - Altitude  measured  as  the  pc  rpendicular  distance  from  the 
surface  of  the  ellipsoidal  planet  model  to  the  point  being 
measured.  See  Sections  3.2.2,  3.3.6,  and  Chs^pter  4. 

- Longitude  of  the  ascending  node  in  Section  5.5. 

- Energy  of  the  orbit  in  Section  5.4  an-  Appendix  B. 

- Integration  stepsize  in  Chapter  6. 


h,  h^  - Projeciion  of  the  vector  e on  the  y^^  axis  in  Chapter  3 
(equinoctial  elements). 

ii,  K,  h , h , h - Orbital  angular  momontu:.i  vectors  and  Cartesian  com- 

x y * 

ponents  in  Section  3.3  6. 
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h^,  hp  - Apofoca"  and  perifocal  altitude  in  Section  3.3. 8.3. 

hjj  - Negative  Kepler ian  energy  in  Appendix  B. 

- Lower  altitude  limit  for  the  ionosphere  in  Section  7.6. 

- Altitude  corresponding  to  maximum  electron  density  in 
Section  7.6. 

h - Height  of  tracking  station  above  referer  .e  ellipsoid  in 
Sections  3.3.7,  7.6,  and  9.1. 

hg , Lj , h 2 - Parameters  in  the  topside  electron  density  profile  in 
Section  7.6. 

I - Orbital  inclination  in  Section  5.5. 

- Linear  identity  operator  in  Section  6.1. 

- Abbreviation  used  in  ray  angular  deflection  formula  in 
Section  7.6.3  (Equation  (7-157)). 

- Identity  matrix  in  Chapter  8 and  Appendix  E. 

I,  - Inclination  of  the  mean  lunar  equator  to  the  ecliptic  of 
date  in  Section  3.3.3. 

Ip  , Up  ; I , Ilg  - Summation  symbols  in  Chapter  3. 

n n n 

i - Orbital  inclination. 

- Local  incidence  angle  between  an  electromagnetic  ray 
and  a radius  vector  in  Section  7.6. 

i - Incidence  angle  between  the  spacecraft  axis  and  the 
paddle  surface  in  Section  4.5.2. 

- Inclination  of  the  moon's  equatorial  plane  to  the  earth’s 
equatorial  plpjie.  (EUi'er  angle  used  in  transformation 
from  selenocentric  to  selenographic  coordinates.)  See 
Section  3.3.3. 

- Zonal  harmonic  coefficients  (J^  = -C^o).  See  Chapter  4. 


G-9 


^2*  *^3*  *^4*  *^5 

JD 

K 


K 


k 


k 

k,  k^ 
k 


k 


kj 


k 


1' 


k 


2’ 


k 


5 


L 


Zonal  harmonic  coefficients  in  Chapter  5. 

Julian  day  number. 

Diagonal  matrix  of  accelerometer  scale  factor  correc- 
tions in  Section  4.9. 

Kalman  filter  gain  matrix  in  Chapter  8. 

Augmented  gain  matrix  in  Section  8.4. 

Geomagnetic  planetary  index  in  Section  4.5.4. 

Solar  pressure  model  parameter  in  Section  4.6.2. 

Factor  used  in  definition  of  the  average  Doppler  fre- 
quency in  Section  7.3. 

Unit  vector  normal  to  the  orbital  plane  in  Section  9.1.2. 

Projection  of  tne  vector  e on  the  axis  in  Chapter  3 
(equinoctial  elements). 

Functions  used  in  the  Runge-Kutta  integration  method  in 
Section  6.6. 

Gain  constants  used  to  compute  measurement  variances 
in  Section  8.1. 

Decay  constants  for  the  lower,  middle,  and  upper  third, 
respectively,  of  the  topside  electron  density  profile  in 
Section  7.6. 

Auxiliary  parameters  defined  in  Section  5.9. 

Cylinder  length  in  Section  4.5.2. 

Luminosity  of  the  sun  in  Section  4.6. 

Total  energy  of  the  orbit  (DS  element)  in  Chapter  5 and 
Appendix  B. 

KS  matrix  in  Section  5.4. 
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L (cont’cl)  - Magnitude  of  the  angular  momentum  vector  in  Section  4.8.2. 

L,  , Ljj , - Unit  vector  directed  toward  the  spacecraft  from  a track- 

ing station  in  mean  of  1950.0,  body-fixed,  local  tangent, 
or  true  of  date  coordinates,  respectively.  See  Section  9.1. 

L i - Components  of  the  angular  momentum  vector  in  Section 

4.8.2. 

(L^P)j,  (L^PV . - Transformed  components  of  perturbing  accelerations  i.i 

Section  5.4. 

- Parameter  in  Robert’s  temperature  profile  in  Section 
4,5.4. 

- Mean  anomaly  in  Delaunay  elements  in  Chapter  d and 
Appendix  B. 

- Direction  cosine  of  the  angle  between  the  station- 
spacecraft  vector  and  the  local  tangent  east-pointing 
axis.  This  angle  is  measured  by  the  Minitrack  system 
and  is  described  in  Section  7.2.3. 

- Number  which  scales  the  hyperellipse  of  constant  (normal) 
probability  in  terms  of  the  standard  deviations.  See  Sec- 
tion 8.5.2. 

- Direction  cosine  of  the  corrected  phase  difference  from 
the  east-pointing  axis  at  the  station  in  Appendix  A. 

- Herrick  angular  momentum  vector  and  its  components  in 

^ Sections  3.2.6,  3.3.10,  and  3.3.11. 

M - Orbital  mean  anomaly. 

M(:i’)  - Mean  molecular  mass  of  atmosphere  in  Section  4,5.4. 

M,  M’  - Transformation  matrices  from  selenocentric  to  seleno- 
graphic  coordinates  in  Sections  3.3.3  and  4.4. 

M,  Mj-  , m^j  - Notation  used  in  describing  the  matrix  inversion  proce- 

dure in  Section  8.6. 
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M.  - Molecular  mass  of  atmospheric  constituents  in  Section 

4.5.4. 

- Transformation  mat’* lx  from  body-fixed  coordinates, 
centered  at  a tracking  station,  to  local  tangent  coordi- 
nates at  the  station.  See  Section  3.3.7  and  Chapter  9. 

M - Sea-level  mean  molecular  mass  in  Section  4.5.4. 

S 

MJD,  MJD.  - Modified  Julian  date  and  tabular  modified  Julian  date. 

MUF(3000)F2  - Highest  frequency  usable  for  a 3000-kilometer  single-hop 
propagation  via  the  F2  layer  in  Section  7.6. 

M-£actor  - Ratio  of  MUF(3000)F2  to  tho  critical  frequency  foF2  in 
Section  7.6. 

m - Mass  of  a body  in  Chapter  4. 

- Direction  cosine  of  the  angle  between  the  station-spacecraft 
vector  and  the  local  tangent  north-pointing  axis.  This  angle 
is  measured  by  the  Minitrack  system  and  is  described  in 
Section  7.2.3. 

m - Group  mean  in  Section  8.6. 

m’  - Direction  cosine  of  the  corrected  phase  differti.  • from 
the  north-pointing  axis  at  the  station.  See  Appendix  A. 

N - The  distance  along  the  normal  vector  from  the  intersec- 
tion of  the  normal  and  the  ellipsoid  to  the  axis.  See 
Figure  3-15  and  Section  3.3.6. 

- Nutation  transformation  matrix  from  mean  of  date  to  true 
of  date  coordinates  in  Sections  3.3.1  and  9.1.1. 

N - Ascending  nodal  vector  in  the  equinoctial  system.  See 
Figure  3-5  and  Section  3.2. 

N,  Nq  - Number  of  cycles  cf  the  Doppler-plus-bias  signjil  counted 
over  the  Doppler  counting  cycle.  See  Section  7.3,  Appendix 
A,  and  Appendix  C. 
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Ne  » - Electron  density  and  maximum  electron  density  in  Sec- 

tion 7.6. 

Np  - The  Minitrack  fine  baseline  lengths  in  terms  of  vacuum 
wavelengths  of  the  nominal  136.0  MHz  frequency  signal. 
See  Appendix  A. 

Nj , - Ionospheric  and  tropospheric  refractivity  in  Section  7.6. 

Npq  - Brouwer  drag  parameters  in  Section  4.10. 

- Magnitude  of  the  normal  v ector  to  the  surface  of  the  ref- 
erence ellipsoid  at  the  tracking  station  in  Sections  3.3.7 
and  9.1. 

- Surface  refractivity  in  Section  7.6. 

Nq,  Nj,  - Parameters  in  the  topside  electron  density  profile  in 
Section  7.6. 

n - Keplerian  mean  motion. 

- Adjustable  parameter  exponent  of  the  cosine  variation  be- 
tween the  Harris-Priester  maximum  and  minimum  density 
profiles  in  Sections  4.3.5  and  5.3. 

- Uniform ization  constant  in  Section  5.1. 

- Variable  local  index  of  refraction  in  Section  7.6. 

- Measurement  noise  in  Section  7.8. 

n - Unit  vector  along  the  idealized  straight  signal  propaga- 
tion path  in  Appendix  C. 

- Random  noise  vector  in  Chapter  8. 

fi,  n*  - Unit  vectors  normal  to  the  reference  ellipsoid  and  the 
geoid,  respectively,  in  Section  7.4. 

n^  - Total  number  of  residuals  for  a tracking  station  and  data 
type  in  Section  8.G, 
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XJfiit  vectors  along  the  local  signal  propagation  path  at 
the  transmitter  and  receiver,  respectively,  in  Appendix 

C. 


The  computed  and  actual  observations  in  Sections  7.1, 

7.6,  and  8.2. 

Transformation  matrix  from  orbital  rectangular  coordi- 
nates to  true  of  date  coordinates  in  Sections  3.3.8. 1 and 

3. 3.8.2. 

Orbital  period  in  Section  3. 3. 8. 3. 

Ionospheric  term  used  in  the  equation  for  atmosph^^ric 
time  delay  in  Section  7.6.3. 

Symmetric  positive  definite  matrix  in  Appendix  E. 

Perturbative  accelerations  additional  to  the  primary  body's 
inverse  square  gravity  in  Chapter  5 and  Appendix  B. 

Augmented  error  covariance  matrix  in  Section  8.4. 

Adopted  and  true  pole,  respectively,  of  the  earth.  See 
Section  3. 3. 2. 2. 

Legendre  functions  in  Section  4.2. 

Legendre  functions  in  Section  4.3.1. 

The  force  on  a perfectly  absorbing  surface  due  to  solar 
radiation  pressure  at  one  astronomical  unit  in  Section  4.6. 

Pitch  and  yaw  angles,  respectively,  defining  the  thrust 
direction  in  Section  4.8. 

Covariance  matrices  in  Chapter  8. 

Covariance  matrix  of  the  estimated  state  variable  errors 
in  Chapter  8. 

Covariance  matrix  of  the  state  and  model  parameter 
errors  in  Section  8.2.3. 
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Covariance  matrix  of  estimated  solve-for  variable  errors. 

Covariance  matrix  of  a priori  solve-for  variable  errors 
in  Chapter  8. 

Covariance  matrix  of  consider  variable  errors. 

Covariance  matrix  of  a priori  consider  variable  errors 
in  Chapter  8. 

Summation  matrices  in  Section  6.4. 

Components  of  the  perturbing  accelerations  in  Section  5.4, 
Semilatus  rectum  of  orbit. 

Dimension  of  the  solve-for  vector  in  Chapter  8, 

Vector  of  dynamic  parameters  in  the  acceleration  model 
which  can  be  estimated. 

The  components  of  o remaining  after  excluding  satellite 
position  and  velocity  variables.  These  components  in- 
clude constant  model  parameters  pertaining  to  drag, 
gravitational  harmonic  coefficients,  etc.  See  Section  4.1. 

Unit  vectors  in  the  orbit  plane  in  Section  4.10. 

Projection  of  vector  N on  the  Y^p  axis  in  Sections  3.2.6, 
3.3.9. 1,  and  3.3.11.1  (equinoctial  elements). 

Interpolating  polynomial  representing  9 component  oi 
acceleration  as  a function  of  normalized  time  in  Section 

5.6. 


Normal  probability  density  function  in  Section  8.5. 

Transformation  matrix  from  spacecraft  vehicle-fixed 
axes  to  true  of  date  coordinates  in  Section  3.3.12  and 
Chapter  4. 

Difference  between  ephemeris  data  and  the  function  Y,,  (t) 
in  Section  3.6. 


G-15 


Q (cont'd)  - Ionospheric  term  used  in  the  equation  for  atmospheric 
time  delay  in  Section  7.3.3. 

- Least  squares  loss  function  defined  in  Sections  8.1  and 

8.2. 

- Covariance  of  the  state  noise  in  Section  8.4. 


Q'  - Linearized  least  squares  losr«  function  in  Sections  8.1 
and  8.2. 

q - Pericentric  distance  in  Section  3.3.8. 1. 

- Scaling  factor  defining  time  transformation  in  Section 
5.5  and  Appendix  B. 

- Dimension  of  the  consider  vector  in  Chapter  8. 

q - The  total  parameter  vector  of  all  candidate  solve-for 
variables  in  Chapter  7. 

q,  q - Projection  of  the  vector  N on  the  x^p  axis  in  Sections 
3.2.5,  3. 3. 9.1,  and  3.3.11.1  (equinoctial  elements). 

R - Universal  gas  constant.  See  Section  4.5.4. 

- Covariance  matrix  ct  the  observation  noise  in  Section  8.4. 

R - Position  vector  in  mean  equator  and  equinox  of  1950.0 
coordinates  in  Chapter  3. 

- Column  vector  of  vehicle  position  coordinates  in  Chapter  4. 

- Epoch  state  elements  in  Section  7.?  3. 

R - Vector  from  the  center  of  an  inertial  coordinate  system 
to  the  satellite  in  Section  4.2.1. 

R “ Velocity  of  the  spacecraft  in  Section  4.5.2. 

R’  - Satellite  position  vector  relative  to  the  shadowing  body 
in  Section  4.6.1. 
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R - Total  acceleration  vector  expressed  in  an  inertial 
Cartesian  coordinate  system  in  Section  4.1. 

- Sum  of  nonpotential  accelerations  expressed  in  an  iner- 
tial Cartesian  coordinate  system  in  Section  4.9. 

R - Polar  radius  of  the  eartli  in  Section  4.5.4. 

a 

Rjj  - Acceleration  due  to  aerod5mamic  forces  expressed  in  an 
inertial  Cartesian  coordinate  system  in  Chapter  4. 

Rg  - Inertial  acceleration  of  the  earth  in  an  inertial  Cartesian 
coordinate  system.  See  Section  4,4. 

R^,  R - Equatorial  and  polar  radii,  respectively,  of  earth  or 
refererxe  body. 

Rjq  - Acceleration  due  to  the  mutual  nonspherical  gravitational 
attraction  of  the  earth  and  moon  in  an  inertial  Cartesian 
coordinate  system.  See  Chapter  4. 

Ri  - Geocentric  inertial  spacecraft  position  vectors  in 
Chapter  9. 

Rj^p  - Vector  from  the  body  to  the  satellite  in  Chapter  4. 

R,^j  - Inertial  acceleration  of  the  moon  in  an  inertial  Cartesian 
coordinate  system  in  Chapter  4. 

R^  - Equatorial  radius  of  the  moon  in  Section  4.4. 

Rj^g  - Gravitational  acceleration  due  to  nonsphericity  of  the 
gravitational  potential  in  inertial  Cartesian  coordinate 
system.  See  Chapter  4. 

Kp,^^  - Gravitational  acceleration  due  to  n-point  masses  in 
inertial  Cartesian  coordinate  system  in  Chapter  4. 

R - Position  vector  of  the  sun  in  the  ineitial  mean  of  1950.0 

S 

coordinate  system  in  Section  4.6.1. 

R^  - Tracking  station  position  vectors  in  Chapter  9. 
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Rgjj  - Acceleration  due  to  solar  radiation  pressure  expi«*ssed 
in  an  inertial  Cartesian  coordinate  system  in  Chapter  4. 

R - One  astronomical  unit  in  Section  4.6.1. 

sun 

R^  - Acceleration  due  to  thrusting  of  the  spacecraft  engines 
in  an  inertial  Cartesian  coordinate  system  in  Chapter  4. 

^TAc  "■  Acceleration  due  to  attitude  control  system  corrections 
in  an  inertial  Cartesian  coordinate  system  in  Chapter  4. 

R^  - Right  ascension  of  the  fictitious  mean  sun  on  the  mean 
equator  of  date  and  measured  from  the  mean  equinox  of 
date.  See  Section  3.4.3. 

Distance  from  the  spacecraft  to  the  sun  in  Section  4.6.1. 

Rotational  transformations  about  the  x,  y,  and  z axes, 
respectively,  in  Section  3.3. 

Inertial  acceleration  of  the  point  mass  earth  due  to  an 
oblate  moon  in  Section  4.4. 

Inertial  acceleration  of  the  point  mass  moon  due  to  an 
oblate  earth  in  Section  4.4. 

RF  ~ Observa^’ion  correction  due  to  refraction,  light  time, 
transponder  delay,  antenna  mount  errors,  etc.,  in 
Chapter  7. 

RMS  - Actual  root  mean  square  error  in  Section  8.6. 

RMSP  - Predicted  root  mean  square  error  in  Section  8.6. 

RMSB  - The  smallest  RMS  over  all  prior  iterations  in  Section  8.6. 

r - Radial  distance  from  tlie  origin  to  the  satellite  or  point 
being  measured. 

- Magnitude  of  the  satellite  position  vector  in  inertial  geo- 
centric coordinates  in  Section  4.5.6  and  Appendix  B. 

- Geocentric  radius  in  Section  7.4. 


R , R , R - 

X y z 
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r - Position  vector  in  true  of  date  coordinates  in  Sections  3.2, 
3.3,  and  5.4.2. 

- Satellite  position  vector  in  inertial  geocentric  coordinates 
in  Section  4.5.6. 

r,  r,  r - Position,  velocity,  and  acceleration  vectors  in  the  iner- 
tial Cartesian  coordinate  system  in  Chapter  5. 

r^  - Magnitude  of  the  apofocal  radius  vector  in  Section  3.3.8. 

- Position  vector  expressed  in  body-fixed  and  pseudo  body- 
fixed  coordinates,  respectively. 

F_  - Positin’'  vector  in  Cartesian  coordinates  referred  to  the 
£ 

mean  equator  and  equinox  of  date  in  Sections  3.2.1  and 
3.3.1. 

- Position  vector  of  the  earth  in  selenographic  coordinates 
in  Section  4.4. 

r^M  “ Moon’s  position  vector  in  geocentric  coordinat:  . in  Sec- 
tion 4.4. 

rjp  - Position  vector  referred  to  the  local  plane  coordinate 
system  in  Section  3.3.4. 1. 

r^  ^ - Position  vector  referred  to  the  local  tangent  coordinate 
system  in  Sections  3.2.4  and  3.3.6. 

- Lunar  position  vector  in  true  of  date  coordinates  in 
Section  4.4. 

- Earth’s  position  vector  in  selenocentric  coordinates  in 
Section  4.4. 

r „ - Position  vector  referred  to  the  orbit  plane  coordinate 
system.  See  Sections  3.2.5  and  3.3.4. 

r^  - Magnitude  of  the  perifocal  radius  vector  in  Section  3 . 

rp  - Position  vector  referred  to  the  orbital  rectangular  r‘oor 
dinate  system  with  the  Xp  axis  directed  toward  pf  'lln 
See  Section  3.3.8. 
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i^osition  vector  of  the  tracking  station  at  sign?J  reception 
in  inertial  Cartesian  coordinates.  See  Chapter  7. 

Position  vectors  of  the  generalized  receiver  and  trans  - 
mitter in  inertial  Cartesian  coordinates  in  Appendix  A. 

Geocentric  radius  of  a point  (tracking  station)  on  the  sur- 
face of  the  ellipsoidal  planet.  See  Sections  3.3.6  and  7.6. 

Radius  of  the  earth  in  Section  4.5.6. 

Inertial  position  vector  of  the  ground  station  in  Section 

7.3.3. 


Earth-fixed  coordinates  of  the  tracking  station. 

Position  vector  of  the  tracking  station  at  signal  trans- 
mission in  inertial  Cartesian  coordinates  in  Chapter  7, 
Appendix  A,  and  Appendix  C. 

Acceleration  due  to  tLnist  of  the  spacecraft  engines  in 
Section  4.8.1. 

Acceleration  due  to  attitude  control  effects  in  Section  4.7. 

Vector  in  vehicle-fixed  coordinates  in  Section  4,7.1, 

Position  vector  of  the  spacecraft  in  inertial  Cartesian 
coordinates  in  Chapter  7 and  Appendix  C. 

Acceleratica  of  the  point  mass  earth  due  to  the  oblate 
moon  in  selenographic  true  of  date  coordinates  in  Sec- 
tion 4.4. 

Acceleration  of  the  poiiit  mass  moon  due  to  the  oblate 
earth  in  geocentric  true  of  date  coordinates  in  Section  4.4. 

Earth-centered  posit!  vector  in  Section  3.3.5. 

Inertial  position  vector  of  the  relay  satellite  in  satellite- 
to-satellite  tracking.  See  Section  7.3.3. 


Tj  - Inertial  position  vector  of  the  target  satellite  in  satellite- 
to-satellite  tracking,,  See  Section  7.3.3. 

S - Mean  solar  flux  at  one  astronomical  unit  in  Section  4,6. 

- Orbital  period  in  regularized  time  system  in  Section  6.10. 

- Series  i ivolved  in  atmospheric  signal  pr<  pagation  time 
delay  ii/i  Section  7,6.3. 

- Epocl’  sensitivity  inati mx  in  Section  8.2.3. 

- Eigf  nvector  transformation  fi'om  basic  coordinate  frame 
to  principal  axes  in  Section  8.5. 

- Sum  of  the  squares  of  the  residuals  about  the  mean  jn 
each  residual  group  in  Section  8.6. 

- Arc  length  along  the  signal  propagation  path  in  Appendix  A. 

S^  - The  projection  of  the  spacecraft  position  vector  onto  the 
plane  normal  to  the  sun  vector  in  the  shadow  n.odel  of 
Section  4.6. 


S . S , S^. S 


Coefficients  in  the  aerodynamic  force  equations  in  Sec 
tion  4.5.2. 


Se 

s! 


See  Sc  , Se,  Sp , S,  above. 

Harmonic  coefficients  of  the  eaivh's  nonspherical  poten- 
tial in  Section  4.4. 

Gravitational  harruonic  coefficients  in  Section  4.3. 

See  Sc , Se , Sp , S^  above. 

See  » Sp , S^.  above. 

Greenwich  Hour  Angle  of  the  fictitious  mean  sun  in 
Section  3.4.3. 

First  and  second  sums,  respectively,  in  the  Adams -Cowell 
formulas  in  Chapter  6. 
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Sj , S2  , - Components  of  the  unit  vector  to  the  sun  in  true  of  date 

coordinates  in  Section  4.5. 

ST  --  Station  time  as  defined  in  Section  3.4.8. 

SV  - Universal  time  correction  due  to  seasonal  variations  in 
the  rotation  of  the  earth  in  Section  3.4-6. 

s - Nev'  independent  variable  in  the  time -regular!  zed  eaua- 
tion,  of  motion  in  Chapter  5 and  Appendix  B. 

S’,  s'  - The  t tate  vector  in  Chapters  7 and  8. 

- Harmonic  coefficients  of  the  moon’s  nonspherical  poien- 
tial  in  Section  4.4. 

- Average  orbital  period  defined  in  terms  of  the  average 
value  of  the  semimajcr  axis  in  Section  5.8. 

T , , T ^ - Epoch  times  at  which  the  attituue  control  accel  oration 

polynomials  are  turiied  on  and  turned  off  in  Section  4.7.1. 

Tjj  - Rocket  motor’s  effective  burn  time  in  Section  4.8.1. 

T^  - Nighttime  minimum  globcl  ex  ospheric  temperature  for 
zero  geomagnetic  activity  in  Section  \5.4. 

Tg  - Time  in  Julian  centuries  (36525  Julian  days)  measured 
from  1900  January  0‘^12’"  ET  (JD  2415020.0)  to  specified 
date.  See  Section  3.3, 1.1. 

T^  - Number  of  Julian  centuries  of  36525  Julian  ephemeris 
days  past  o'"  January  1,  1950  ET.  See  Section  3.3.3, 

T^  , Tq  - The  effective  termination  and  initiation  times,  respec- 
tively, of  the  spacecraft  motor  burn  in  Section  4.8.1. 

T.  - Specified  time  to  which  the  covariance  and  cc  .relation 
matrices  are  prop,  gated  in  Chapter  8. 

Tj  - Chebyshev  ^x)ly  no  minis  in  Sections  3.6  and  5.6. 
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Ty  - 'lime  in  Julian  centuries  <of  35525  Julian  days)  from 
>950.0  in  Section  3.3. 1.1. 


“ Number  of  Julian  centuries  elapsed  from  12  hours  UTl 
January  0,  1900  (JD  = 2415020.0)  to  the  UTl  time  of  date 
ih  Sections  3.3.2  and  3.4. 3. 


T(Z) 
T, . T^,  T3 


t 


t 

t^ 


InRection  point  temperature  in  Section  4.5.4. 

Atmosp  eric  temperature  profile  in  Section  4.5.4. 

, i f , Tq  above. 

Uncorrected  exospheric  temperature  in  Section  4.5.4. 

Numerical  integration  error  bounds  ‘n  Section  6.9. 

r.orrected  exospheric  temperature  in  Section  4.5.4. 

Coordinate  time  measured  in  seconds  from  epoch.  The 
independent  variable  of  the  luations  of  motion. 

Varirble  defined  in  Section  8.?  for  testing  residuals  to 
determine  the  confidence  interval  for  the  group  mean. 

Coordinate  time  in  Appendix  C. 

Reference  date  in  Section  o.S.1.3. 


tp  - Time  commencing  the  frame  time  interval  for  the  GRARR 
and  Minitrack  syste.^s  in  Appendix  A. 

tpy  - T'lidframe  time  for  the  Ilinitrack  sysiem  in  Appendix  A. 

tf  - Time  of  the  final  observation  in  Section  8.4. 

t*  - The  corrected  midframe  time  of  the  Minitrack  system 
in  Appendix  A. 

- Reference  time  associated  with  the  Brouwer  drag  param- 
eters in  Section  4.10, 

- Time  tag  of  the  C-Band  range  data. 
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tj^(cont'd)  - Time  at  which  the  ground  station  receives  the  return 
signal  in  Chapter  7 and  Appendix  A. 

- Proper  time  at  the  receiving  station  in  Appendix  C. 

t ^ - Sample  time  of  the  tracker  range  and  range-rate  data  in 
Appendices  A and  C . 

t j - Signal  transmission  time  at  the  ground  station  in  Chapter 
7 and  Appendix  A. 

t V - Signal  turnaround  time  at  the  spacecraft  in  Chapter  7 and 
Appendix  A. 

t(j  - Epoch  time  in  Chapter  4 and  Section  8.2,3. 

U - Geoidal  undulation  in  Section  7.4. 

U - Unit  vector  directed  at  the  satellite  and  referred  to  the 
geocentric  inertial  Cartesian  coordinate  system  in  Sec- 
tion 3,3.5. 

U,  V - Tropospheric  delay  terms  in  Section  7.6.3. 

Upj  - Unit  vector  directed  toward  the  apex  of  the  diurnal  bulge 
expressed  in  inertial  geocentric  coordinates  in  Sectkn 
4 5.6. 

Components  of  the  unit  vector  U,^  in  Section  4.5.6. 

Unit  vector  directed  along  i leg  in  satellite-to-satellite 
tracking.  See  Section  7.3.3. 

U|^  - Unit  vector  normal  to  the  orbital  plane  in  the  direction  of 
the  angular  momentum  vector.  See  Section  3. 3. 4. 2. 

Ug  - Unit  vector  directed  at  the  sun  from  a shadowing  body  in 
Section  4.6.1. 

Ux  - Unit  vector  directed  along  the  thnist  axis  and  referred 
to  the  geocentric  inertial  Cartesian  coordinate  system. 
See  Section  4.8.1. 


u,  - 
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Universal  time. 


UT 

UTC 

UTO 

UTl 

UT2 


Ua.Us 

u 


u 


U* 

u,  u ’ 
u , u , u 

u(0 

V 


Universal  time  coordinated. 

Uncorrected  universal  time. 

UTO  corrected  for  polar  motion. 

UTl  corrected  for  periodic  seasonal  variations. 

Unit  vector  in  the  local  plane  z^p-axis  direction  and 
referred  to  the  geocentric  inertial  Cartesian  system. 

See  Section  .‘1.3.4. 2. 

Partial  derivatives  of  U^  with  respect  to  the  right 
ascension,  a , and  declination,  See  Section  4.8.2. 

Unit  vector  pointing  along  the  vacuum  uplink  signal  prop- 
agation path  from  the  station  to  the  spacecraft.  See  Sec- 
tion 7.6.3  and  Appendix  C. 

Expanded  state  vector  containing  as  components  the 
merged  vectors  x and  z.  See  Section  8.2. 

Vector  of  Gaussian  noise  in  Section  8.4. 

Best  estimate  of  uncertain  state  and  model  parameters 
in  Section  8.2.3. 

Uncertain  model  parameters  in  u in  Section  8.2.3. 

Transformed  position  and  velocitj'  vectors  in  Section  5.4. 

Unit  vectors  in  the  body-centered  tine  of  date  Cartesian 
coordinate  system  in  Section  3. 3. 8. 3. 

Function  used  in  Section  4.7.1. 

Spacecraft’s  velocity  vector  magnitude. 

Magnitude  of  velocity  with  respect  to  a medium  produc- 
ing an  aerodynamic  force  in  Section  4.5. 

Perturbing  potential  function  in  Section  5.4  and  Appendix  B. 
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V - 
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w - 
W - 


W’  - 


X,  Y,  Z - 


Xb“ 


X,,Yi  - 
Xao*  Y30  - 

V V - 
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Unit  vector  normal  to  the  geocentric  position  vector  and 
lying  in  the  orbital  plane.  See  Section  3.3.5. 

Relative  wind  velocity  in  the  spacecraft  body  axes  coor- 
dinate system  in  Section  4.5.2. 

Velocity  of  the  spacecraft  relative  to  the  atmosphere  in 
Section  4,5. 

Local  vertical  at  the  ground  station  in  Section  7.6.3. 

Magnitude  of  spacecraft  velocity  in  Appendix  B, 

Velocity  vector  in  Section  8.4.2. 

Quantity  denoting  the  Cowell  velocity  integrator  for 
linear  systems  in  Section  6.3. 

Weighting  matrix  in  the  least  squares  loss  function  in 
Chapter  8. 

Unit  vector  directed  normal  to  the  orbit  plane  in  the 
direction  of  the  angular  momentum  vector.  See  Section 

3.3.5. 


Augmented  weighting  matrix  in  Chapter  8. 

Weight  of  the  (m  ^1)**  measurement  in  Chapter  8 and 
Appendix  E. 

Inertial  Car'^esian  components  of  spacecraft  position  in 
the  mean  of  1950.0  coordinate  system  in  Section  3.2.1. 

Unit  vector  alorig  the  cylinder  axis  in  Section  4.5.2. 

Position  coordinates  in  the  eq  unoctial  coordinate  systenv 
in  Sections  3. 3, 9.1  and  5.7. 

Gimbal  angles  for  the  GRARR,  ATSR,  and  USB  systems. 
See  Section  7.2.3. 

Gimbal  angles  for  the  USB  system  in  Section  7.2,3. 
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3^  - Augmented  state  matrix  in  Section  8.4. 

X - Transformed  time  variable  in  Section  3.6. 

X - Vector  of  slow  osculating  orbital  elements  in  Section  5.8. 

X,  X.  , X . , Xq  - Epoch  values  of  the  solve-for  or  expanded  state  vector 

p-dimension  in  Chapter  8.  The  vector  Xj  is  the  best  esti- 
mate of  X obtained  on  the  i‘^  iteration.  The  vector  x-_,  is 
the  reference  solution  on  the  iteration.  The  vector  Xq 
is  the  a priori  estimate  of  the  reference  state. 

X,  y,  z - Inertial  Cartesian  components  of  spacecraft  position  in 
the  true  of  date  coordinate  system. 

^ » Yb  * “ Rectangular  Cartesian  components  of  spacecraft  position 

in  body-fixed  (rotating)  coordinates  of  the  principal  gra\d- 
tating  body. 

^b » Yb » ^b  ” Components  of  spacecraft  position  in  the  pseudo  body- 
fixed  coordinate  system  in  Section  3.3.2. 

Xg , y£  , Zg  - Inertial  components  of  spacecraft  position  iii  1 e mean  of 
date  coordinate  system  in  Section  3.2.1. 

Xgp  , y^p  I Zgp  - Components  of  spacecraft  position  in  the  equinoctial  coor- 
dinate system  in  Section  3,2.5. 

x‘  - Components  of  the  space  coordinates  in  Appendix  C. 

Xjp  , Yjp  , Zjp  - Components  of  spacecraft  position  in  j^eocentric  local 
plane  coordinates  (up,  east,  north)  in  Section  3.2.3. 

^it»Yit»^it  " Components  of  spacecraft  position  in  topocentric  loca 
tangent  coordinates  (east,  north,  up)  in  Section  3.2.4. 

x^  - Quantity  denoting  the  Cowell  position  integrator  for 
linear  systems. 

x^p , y^p  , z^p  - Components  of  spacecraft  position  in  geocentric  orbit 
plane  coordinates  in  Section  3,2.5. 
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X , y - Instantaneous  ai^lar  coordinates  of  the  polar  motion  in 
Section  3,3,2.2  (see  Figure  3-11). 

» Yp  » 2p  - K^lerian  Cartesian  components  of  spacecraft  position 
in  orbital  coordinates,  i.e.,  Xp  is  directed  towaro  peri- 
gee and  Zp  in  the  direction  of  the  angular  momentum. 

See  Sections  3.2.5  and  5,7. 

Xp , Yp , Zp  - Keplerian  unit  vectors  in  Sections  3.2.5  and  5.7. 

xj , z’  - Components  used  in  two-dimensional  analysis  of  ellipsoid 
in  Section  3.3.6  to  indicate  that,  the  y component  is  omitted. 

x^ , y^ , - Coordinates  of  a point  s on  the  surhice  of  an  ellipsoidal 

planet  expressed  in  body-centered  rotating  coordinates. 

See  Section  3.3.6. 

Yv»  Zy  - Components  of  spacecraft  position  in  the  /ehicle-fixed 
coordinate  system  in  Sections  3.2,7  and  4.7.1. 

Xj.  . . Xjg  - DODS  variables  used  in  the  Brouwer-Lyddane  theory  de- 
fined in  Section  4.9.1. 

X20.  . . X59  - DODS  drag  parameters  in  Section  4.9.2. 

Y - See  X,  Y,  Z above. 

- Dependent  variable  vector  in  the  second-order  linear  dif- 
ferential system  of  variational  equations  in  Sections  4.1 
and  6.4. 

Y^,  - Yaw  and  pitch  angles,  respectively,  defining  the  tnrust 

direction  in  Section  4.8. 

Y(t),  Y(t)  - Matrices  obtained  by  integrating  the  variational  equations 
in  Section  4,1. 

- Matrices  of  position  partial  derivatives  and  velocity 
partial  derivatives,  respectively,  in  Section  6.4. 

Y(t.^i  I f j)  “ Predicted  measuren  ent  residual  uncertainty  in  Section  8.4. 
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(t)  - Linear  combination  of  functions  used  in  the  interpolation 
of  ephemeris  data  in  Section  3.6. 

y - See  x,  y,  z above. 

- Fast  osculating  orbital  elements  in  Sectioi.  5.8. 

y - The  m-dimensional  vector  of  measurement  data  in 
Chapter  8, 

y^,  - See  x^,  y^,  above. 

y^  - See  XjJ , yjJ , ZjJ  above. 

y^  - See  x^,  y^,  above. 

Yep  - See  x^p  , y^p  , z^p  above. 

y.  - JPL  ephemeris  function  value  at  time  t.  in  Section  3.6. 

y,  - See  x , , y,  , z,  above. 

y,^  - See  yj^  , Zj^  above. 

y^  - Half-thickness  of  the  bottomside  layer  of  the  electron 
density  profile  in  Section  7.6. 

yp  - See  Xp,  yp  , Zp  above. 

y^  - See  x^,  y^ , z^  above. 

y^  - See  x^,  y^ , z^  above. 

y„p  - See  x ^p,  y„p  , z above. 

Z - See  X,  Y,  Z above. 

- Altitude  in  Section  4.5.4. 

- Zenith  calibration  constants  in  Appendix  A. 
z - See  X,  y,  z above. 
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Nondimensional  altitude  used  in  the  Chapman  profile  for 
electron  density  in  Sections  7.6.2  and  7.6.3. 

The  q-dimensional  consider  vector  containing  as  compo- 
nents all  model  parameters  whose  values  are  known  with 
limited  certainty  but  are  not  to  be  estimated.  See  Chap- 
ter 8. 


See  Xb  , y^,  Zb  above. 

See  xj  , y,; , ZjJ  above. 

See  Xg,  y^,  z^  above. 

See  X , y , z above. 

The  Zb  axis  intercept  of  the  vector  normal  to  the  sur- 
face of  the  ellipsoidal  planet  model  in  Section  3.3.6. 

See  Xjp  ,yip  , z,p  above. 

See  Xjt , yit  , Zi^  above. 

See  x^„ , y„  , above. 

See  X , y , z above. 

See  Xj , above. 

See  Xy , , z^  above. 

A priori  value  of  z in  Chapter  8. 

Right  ascension  of  the  spacecraft  relative  to  the  true  of 
date  system. 

Geocentric  angle  between  the  ground  station  and  the  sub- 
ionospheric  point  in  Section  7.6.3. 

Uniformization  constant  Appendix  B. 

Unit  vector  normal  to  the  orbit  plane  in  Section  4.10. 
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Slow  and  fast  elements,  respectively,  in  Section  5.7. 

Four-vectors  in  Section  5,4  and  Appendix  B. 

True  Greenwich  sidereal  time,  the  Greenwich  Hour  Angle 
of  the  true  equinox  of  date,  or  the  right  ascension  of 
Greenwich. 

Mean  Greenwich  sidereal  time,  measured  in  the  mean 
equator  and  equinox  of  date  system. 

Thermal  diffusion  coefficient  in  Section  4.5.4  (see  Table 
4-2). 

DS  elements  vector  in  Section  5.5. 

Coefficients  of  the  Adams -Cowell  predictor  formulas 
(ordinate  form)  in  Ch  apter  6. 

Right  ascension  of  the  sun  in  Section  4,5.6. 

Right  ascension  of  the  spacecraft’s  thrust  axis  in  Sec- 
tion 4.8.1. 

Topocentric  right  ascension  of  the  spacecraft  in  Sec- 
tion 9.1, 

Right  ascension  of  the  spacecraft's  longitudinal  axis  in 
Section  3.3.12. 

Coefficients  of  polynomial  characterizing  the  thrust  axis 
right  ascension  in  Section  4.8.1. 

Doppler  factors  for  individual  transmission  legs  in 
satellite-to-satelUte  tracking  in  Section  7.3.3. 

DS  elements  vector  in  Section  5,5. 

Flight  path  angle  measured  from  the  geocentric  position 
vector  to  the  velocity  vec+^or  in  Section  3.2.3. 

Unit  vector  lying  in  the  orbit  plane  in  Section  4.10. 
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/jj,  yS2’  ^3  " Doppler  factors  for  individual  transmission  legs  in 
satellite-to-satellite  tracking  in  Section  7.3.3. 

pT  - Vector  containing  powers  of  the  tai.ust  burning  time  in 
Section  4.8,2. 

y - Normal  gravity  at  a point.  See  Section  7.4, 

y - Unit  vector  forming  right-hand  system  with  ^ and  in 
Section  4.10, 

y^  - Normal  equatorial  gravity  in  Section  7.4. 

7i,  y\ , 7*  - Coefficients  in  the  Adams-Cowell  formulas  in  Section  6.1, 
7^ , 7^,  7^,  7g  - Auxiliary  parameters  defined  on  pages  5-44  and  5-45. 

>2  ’ '>'3  ' - >5  - Auxiliary  parameters  defined  on  pages  5-44  and  5-45. 

A - Auxiliary  angle  used  in  determining  the  transformation 
from  true  of  date  selenocentric  to  selenographic  coordi- 
nates in  Section  3.3,3. 

A^,  Ad  “ Correction  vectors  used  in  the  determination  of  refrac- 
tion correction  in  Section  7.6.3. 

AE  - Atmospheric  elevation  correction  in  Section  7.6.3. 

Af  - The  correction  to  the  frequency  f,  , = 9,192,631,770 

cycles  of  cesium  per  ephemeris  second  in  Section  3.5.1. 

AH-  The  correction  to  the  mean  right  ascension  to  account 
for  nutation  in  Section  3. 3.2.1. 

'^^DRAG*  '^^nRAG  " ^irst-ordcr  correction  to  the  mean  anomaly  in  Sections 
.';,9  and  4.10,  respectively. 

(A  log^Qp)^  - Geomagnetic  activih/  correction  to  standard  density'  cal- 
culation in  Section  4.5.4. 


(A  log^Q/:;)^,^  - Density  correction  for  seasonal  latitudinal  variation  of 
helium  in  Section  4.5.4. 
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(AlogjQp)^^  - Density  correction  for  seasonal  latitude  variation  of  the 
lower  thermosphere  in  Section  4.5.4. 

(Alog^Q  - Semiannual  atmospheric  density  variation  in  Section  4.5,4, 

Ar  - Radius  of  the  error  hyj'ersphere  in  Section  8,5.2, 

Ar,  Ar  - Range  and  range-rate  antenna  mount  corrections  in  Sec- 
tion 7.G.3. 

As,  Zfs  - First  six  components  of  a'x  and  A“x  in  Chapter  8. 

ATjj,  - Correction  to  exothermic  temperature  in  Section  4.5.4. 

ATjggg  - The  difference  ET  - UT2  on  January  1,  1958,  0^(f  O’*  UT2 
minus  the  periodic  terms  in  the  ET  to  A.l  transformation 
in  Section  3.5.1. 

At^  - Atmospheric  J«elay  in  the  i^^leg  in  satellite-to-satellite 
‘ tracking  in  Section  7.3.3. 

A t^  - Counter  delay  in  the  phase  readout  digitizing  equipment 
in  Appendix  A. 

A tj  - Correction  to  sequencer  delay  in  Appendix  A, 

A tp  - Sequencer  delay  in  Appendix  A. 

A tp  - Two-way  light  time  corresponding  .c  range  observable 
in  Section  A.l. 

A - The  reciprocal  of  the  data  recording  rate  in  Section  A.l. 

A tpj^  - Doppler  count  time  interval  in  Chapter  7 and  in  Appendices 
A and  C, 

Au  - Perturbations  about  u in  Section  8.2.3. 

A"u  - Best  estimate  of  Au  in  a weighted  least  squares  sense 
in  Chapter  8. 

A"u  , /'TiT  - Correction  vectors  used  in  the  dt termination  of  refrac- 

T V 

tion  correction  in  Section  7,6.3. 
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Ax.  “ Perturbation  in  the  solve-ror  vector  about  the  iterated 
estimate,  x.  . See  Section  8.2, 

Ax.  - Best  estimate  of  A x in  a weighted  least  squares  sense  in 
Section  8.2. 

Ax.  - Deviation  of  the  a priori  from  the  iterated  estimate 
of  X.  See  Section  8.2. 

- Vector  of  deviation  between  the  actual  measurements  and 
the  i*^  iterated  estimate  of  the  measurements.  (Note: 

A^  “ Sections  8.1  and  8.2. 

"Kz  - Perturbations  of  the  consider  vector  z about  its  a priori 
value  in  Section  8.2. 

A z.  - Components  of  transformed  state  vector  which  constitute 
the  coordinates  of  a h;/persphere  in  Section  8.5.2. 

AA  - Difference  between  the  adopted  and  true  longitude  in 
Section  3.3. 2.2. 

A/o  - Atmospheric  range  correction  in  Section  7.6.3. 

Ayo  - Atmospheric  range-rate  correction  in  Section  7.6.3. 

A/Op  - Density  correction  factor  in  Section  4.5.5. 

- Computed  range  differencs  in  Appendix  C. 

Ar  - Spacecraft  tianspoii.'er  time  delay  in  Chapter  7 and 
Appendix  A. 

A<^  - Difference  between  the  adopted  and  true  latibide  in 
Section  3. 3. 2. 2. 

0 - Declination  angle  measured  north  from  the  equator. 

- Quantity  used  in  the  determination  of  atmospheric  re- 
fraction correction  to  the  elevation  angle  in  Section  7.6.4. 

- Dirac  delta  functioti  in  Section  8.4. 
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, S*  - Coefficients  of  the  ordinate  form  of  the  Adams-Cowell 
1 1 

formulas  in  Section  6.7. 

8. . - Pol3momial  coefficients  in  density  calculation  in  Section 

4.5.4. 

- Kronecker  delta  function  in  Sections  4.8.2  a.id  8.4. 
h - Declination  of  the  sun. 

s 

8^  - Declination  of  the  spacecraft's  thrust  axis  in  Section 
4.8.1. 

8^  - Topocentrlc  declination  of  the  spacecraft  in  Section  9.1, 

6 - Declination  of  the  spacecraft's  longitudinal  axis  in 

Section  3.3. If^. 

8(), ....  84  - Coefficients  of  polynomial  characterizing  tlie  thrust  axis 
declination  in  Section  4.8.1. 

8 i,  8fi  , Soj  - Perturbations  in  the  orbit  inclination,  right  ascension  of 

the  ascending  node,  and  argument  of  perigee,  respectively, 
in  Section  4.10. 

8t  - Timing  bias  in  observation  data  in  Sections  7.1  and  8.2. 

Sa,  5y0,  87  - Rotational  perturbations  around  a,  y6,  and  7,  respectively, 
in  Section  4.10. 

8 f - Difference  between  the  trut  and  mean  obliquity  in  Sec- 
tion 3.3. 1.2. 

h4>  - Nutation  in  longitude  in  Section  3.3. 1.2. 

€ - Small  parameter  propo’^tional  to  the  perturbing  accelera- 
tion in  Section  5.8. 

- Improvement  ratio  criterion  specified  for  least  squares 
iteration  convergence  in  Section  8.6.3. 

T,  ? - Mean  and  true  obliquity  in  Section  3. 3. 1.2. 
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fc  (t)  - First-order  Gauss-Markov  process  representing  the  un- 
modeled acceleration  a^  in  Section  8.4.2. 

- Local  error  of  the  numerical  integration  in  Section  6.9. 

S ( ) - Denotes  the  expected  value. 

- Precession  angle  in  Section  3.3.1. 1. 

- Surfac..  reflectivity  coefficient  in  Section  4.6. 

- Auxiliary  param  eter  defir  ed  on  page  5-44. 

6 - Flight  path  angle  in  Section  4.10. 

- Transition  matrix  between  perturbations  in  solvc-fc ' 
variables  and  perturbations  in  consider  variables  in 
Section  8.2.3. 

- Aoxiliaiy  parameter  defined  on  page  5-44. 

d,  6^  - Orbital  angle  and  mean  orbital  angle,  respectively,  meas- 
ured along  the  lunar  equacor  fi  ">m  the  descending  rf 
the  ^arth’s  orbit  to  the  lunar  prime  meridian.  See  Sec- 
tion 3.3.3. 

- Precession  angle  in  Section  3.3.1. 

u - Euler  angle  used  in  the  transformation  from  £v,IvJi.ocentric 
to  selenographic  cc ordinraos  in  Section  3.3.5. 

A - Longitude  measured  east  from  the  prime  nierldii  n. 

- Equinoctial  and  Herrick  mean  longitudes  in  Secoons  3.2.6 
Jind  3. 3. 9.1. 

A - Lag  angle  between  the  sun  line  and  the  c:pex  of  the  diurnal 
bulge  In  Section  4.5.6. 

- Adopted  and  instantaneous  (true)  longitudes,  respectively, 
in  Section  3. 3. 2. 2. 

\ - SoleT\ograpb^.  longitude  of  the  earth  in  Section  4.4. 

E 
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k - Geocentric  mean  longitude  of  the  moon  in  Section  3.3.3. 

- True  right  ascension  of  the  moon  in  Section  4.4. 

- Longitude  of  the  magnetic  north  pole  in  Section  7.C. 

k^  - ^*ean  longitude  for  retrograde  orbit  in  Section  3.3.11.1. 

- Longitude  of  the  tracking  station  in  Sections  3.3.7  and  9.1. 

fj.  - Gravitational  parameter  of  the  reference  body,  i.e.,  the 
product  of  the  universal  gravitational  parameter  and  the 
mass  of  the  body. 

V - Eclipse  factor  in  Section  4.6.1, 

- Electromagnetic  signal  frequency  in  Section  7.6. 

- Bias  frequency  on  Doppler  signal  in  Section  7.3.3  and 
Appendices  A and  C. 

- Doppler  signal  frequency  in  Appendices  A and  C. 

“ High  frequency  modulation  (ranging)  tone  in  Appendix  A. 

- Counter  input  frequency  in  satellite-to-saiellite  tracking 
in  Section  7.3.3. 


- Average  value  of  over  the  Doppler  count  interval 
Atjjjj  in  Section  7.3.3. 

- Low  frequency  modulation  (ranging)  tone  in  Appendix  A. 

- Signal  frecraency  recehxd  at  the  ground  station  in 
Appendices  A and  C. 

- System  reference  frequency  for  satellite-to-='atellite 
tracking  Doppler  measurements  in  Section  7.3.3. 

Vjj  , - Refcsrence  frequency  for  the  GRARR  and  ATSR  range  and 

^ ^ range -rate  measurements.  See  Appendices  A and  C. 

- Frequency  of  signal  transmitted  at  the  tracking  station 
in  Appendices  A and  C. 
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- Frequencies  of  transmitted  and  recer/ed  signals  in 
Appendix  C. 

“ Frequency  of  signal  received  at  the  spacecraft.  See 
Appendices  A and  C. 

^ - Normalized  tin.\e  in  Section  5.6. 

:fp  - Precession  angle  in  Section  3.3.1, 

P - One-wj  y range  from  the  tracking  station  to  the  space- 
craft in  Chapters  3,  7,  and  Appendix  A. 

- Planet’s  mass  density  in  Section  4.3. 

- Atmospheric  density  in  Section  4.5. 

- Averse  of  the  uplink  and  downlink  propagation  distances 
in  Section  7.2. 

p,  Tj,  9 - Oblate  spherical  coordinates  in  Section  5.12. 

P^  - Atmospheric  density  in  Section  4.5.2. 

P^  - Range  ambiguity  numbers  in  Appendix  A. 

Pavg  “ Average  range  rate  over  the  uplink  and  downlink  paths 
in  Chapter  7 and  Appendices  A and  C. 

Py  - Dynamic  weighting  factor  in  Appendix  D. 

/5.  - Atmospheric  constituent  densities  in  Section  4,5.4. 

- Slant  range  from  tracking  station  to  spacecraft  in  Sec- 
tion 9.1.2. 

/o. , - Correlation  coefficient  in  Section  8.5. 

P^  “ Four-leg  round  trip  range  in  satellite-to-satellite  track- 
ing in  Section  7.3.3  and  Appendix  C. 

- Average  four-leg  range  rate  (in  satellite-to-satellite 
tracking)  over  the  Doppler  count  interval  A tj^j, . See 
Section  7.3.3, 
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Pj  ^ - Measurement  vector  in  station-centered  topocentric 

^ local  tai^ent  coordinates  in  Section  9.2. 

- Physical  libration  in  the  inclination  of  the  mean  lunar 
equator  in  Section  3.3,3, 

p„,  p - Maximum  and  minimum  densities  in  Section  4,5,6. 

Pg  - Two-leg  round  trip  range  in  satellite-to-satellite  track- 
ing in  Section  7.3,3  and  Appendix  C. 

Pg  - Average  two-leg  range  rate  (in  satellite-to-satellite 
tracking)  over  the  Doppler  count  interval  A tj^j^  in 
Section  7.3,3. 

pg  - Summed  atmospheric  density  in  Section  4,5.4. 

- One-way  range  distance  corresponding  to  the  uplink  and 
downlink  signal  path  in  Section  7.2.3  and  Appendix  C. 

Pv  Pi  - Ranges  from  first  and  second  stations  to  the  satellite  in 
VLSI  tracking  in  Section  7.4, 

Pj,  p^,  P3  - Systematic  error  coefficients  in  the  atmospheric  density 
model  in  Section  4.5. 

CT  - Sample  standard  deviation  in  Section  8.6.4, 

0-2  - Variance  of  the  measurement  noise  component  n^  in 
Chapter  8, 

<7,  - The  standard  deviation  of  the  k^^  observation  in 

k 

Chapter  8, 

- A priori  standard  deviation  of  the  noise  on  the  k*^  obser- 
vation in  Section  8.1. 

a,  - Standard  deviation  of  the  data  reduction  curve  fit  obtained 
during  preprocessing  of  the  k**'  observation  in  Section  8,1. 

- Hayn's  physical  libration  in  the  mean  right  ascension  of 
the  ascending  node  of  the  lunar  orbit  in  Section  3.3.3. 
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- Eigenvalues  of  P.  in  Section  8.5, 

Ax 

- Estimate  of  tiie  variance  of  A s.  in  Section  8.2.3. 

- Estimate  of  the  variance  of  A z . in  Section  8.2.3. 

- Auxiliary  angle  used  in  the  calculation  of  tiie  uncorrected 
exospheric  temperature  in  Section  4,5.4, 

- Time  measured  from  effective  ignition  of  the  thruster  in 
Section  4.8.1. 


- The  independent  variable  (time  element)  for  the  trans- 
formed time-regularized  system  in  Sections  5.4,  6.10, 
and  Appendix  B. 

- Phase  difference  time  interval  m VLBI  tracking  in  Sec- 
tion 7,4, 

^ - Hayn’s  physical  libration  in  longitude  in  Section  3.3.3,. 

& - Perturbing  energy  in  Section  5.5  aid  Appendix  B. 

- State  transition  matrix  in  Section  6.5. 

- Augmented  state  transition  matrix  :.n  Section  8.4. 

' - Geodetic  and  geocentric  latitudes,  respectively,  in  Chap- 
ters 3 and  7. 

- Geocentric  and  geodetic  latitudes,  njspectively,  in  Cliap- 
ter  4,. 

) - State  transition  matrix  rela+ing  state  perturbations  at 
time  to  to  state  perturba  .ons  at  time  T^  . See  Chapter  3. 

) - Transition  matrix  relating  perturbations  about  u(t)  at  times 
t and  to  in  Chapter  8. 

- Latitude  corresponding  to  the  adopted  and  true  poles,  re- 
spectively, in  Section  3, 3. 2. 2. 

- Selenographic  latitude  of  the  earth  in  Section  4,4, 


G-40 


REPRODUCIBILITY  OP  THE 
ORIQINiU.  PAGE  IS  POOR 


<p^  - Geocentric  latitude  (declination)  of  the  moon  in  Section  4.4. 

- Geodetic  latitude  of  the  magnetic  north  pole  in  Section  7.6. 

0s  ” Geodetic  and  geocentric  latitude  of  the  tracking  station  in 
Sections  S.3.7  and  9.1. 

0^  - Sfc?  0^  , 0^  above. 

0y  “ Roll  angle  of  the  spacecraft  in  Section  3.3.12. 

0 - Gravitational  potential  in  Sections  4.3.1  and  4.4. 

~ Angle  between  the  satellite  position  vector  and  the  ape:: 
of  the  diurnal  bulge  in  Section  4.5.6. 

- Generalized  true  anomaly  in  Section  5.5. 

- Geopotential  function  (sum  of  the  normal  geopotential  0^ 
and  the  disturbing  potential  0^  ).  See  Section  7.4. 

- Abbreviation  for  the  covariance  matrix  of  the  estimated 
state  in  the  absence  of  consider  variables  in  Section  8.3. 

0Q  - Disturbing  potential  in  Section  7.4. 

0j^  - Normal  geopotential  in  Section  7.4. 

Q - Right  ascension  of  the  orbital  ascending  node. 

- Skew  matrix  whose  elements  are  components  of  the  earth’s 
rotation  vector  in  Section  4.5.3. 

n'  - Euler  angle  used  in  transformation  from  selenocentric  to 
selenographic  coordinates  in  Section  3.3.3. 

- Mean  right  ascension  of  the  ascending  node  of  the  lunar 
orbit  in  Section  3.3.3. 

a;  - Argument  of  perigee  of  the  satellite  orbit. 

- Frequency  related  to  the  negative  of  the  total  energy  in 
Section  5.4  and  Appendix  B. 
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To 


CO 
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Rotation  rate  of  the  earth  in  Section  7.4. 

Angular  rotativ^n  vector  of  the  earth  expressed  in  mean 
of  1950.0  coordinates  in  Section  4.5.2. 

State  noise  in  Chapter  8. 

Moon^s  argument  of  perigee  in  Section  3.3.3. 
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Subscripts 

( - adopted  quantity;  averaged  quantity;  or  model  replacement 

( - apofocus;  atmospheric;  or  apparent 

( ) “ a/ctitude  control 

( ) ~ average 

( )g  - spacecraft  axis 

( \ - body  centered;  DO(fy  fixed;  burn;  or  bias 

( )^  - correction;  or  coarse  baseline  (Minitrack) 

( )c  - computed;  cylinder;  or  minimum  exospheric 
( )d  - drag;  aerodynamic;  deviation;  or  distiirbing 

( )^j  - Doppler;  or  downlink 

( )g  - eartii;  or  mean  of  date 

( - east-west 

( - equatorial;  ephemeris;  end  plate;  or  electron  density 

( )^p  - equinoctial  system 
( )p  - frame;  force;  or  tine  baseline  (Minitrack) 

( - midframe 

( )f  - final 

( - Greenwich  mean 

( )g  " geomagnetic;  Greenwich;  or  group 
( )j  - ionospheric 

( )jo  - mutual  nonspherical  gravitational  attraction  of  earth 
and  moon 
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( )in  “ counter  input 

( ).  - refei once  (central)  bocfy 

( \ - Keplerian 

( - body  k 

( )l  - four-way  ranging;  or  low  frequency 
( )ip  - local  plane 
( - local  tangent 

( - moon;  maximum;  or  mediimi  baseline  (Minitrack) 

( )i^  - midpoint 

IT) 

( )^  - minimum;  maximum  (Chapter  7);  or  middle  point 
( ~ normal 

( - nonspherical 

( ),^.g  - north-south 
( - orbital  frame 

( ^op  “ orbit  plane 
( - point  mass 

( ) - polar;  perifocus;  precession;  solar  paddle;  geomagnetic; 
planetary;  orbital  rectangular  coordinates;  or  phase 

( )r  “ ground  receiver;  or  reference 

( - Dopp(';r  count 

( - round  trip 

( ),  - generalized  receiver  (Appendix  C) 
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( )s 

( )SA 
^ ^SR 
( ), 

( )t 

^ Vac 

< >t 

( >U 

( )v 
( )x 

( V.  ( ( V 

( )o 

( ^30 

^ Vs 

( )o> 


- relative  to  the  atmosphere 
“ two-way  ranging 

- semiammal 

- solar  radiation 

- tracking  station;  solar;  sample;  selenographic;  surface; 
spherical;  or  sea  level 

- groimd  transmitter;  tlirust;  tropospheric;  or  true  (instan- 
taneous) pole 

- attitude  control  system 

- time;  topside;  topocentric;  or  generalized  transmitter 
(Appendix  C) 

- uplink 

- spacecraft;  or  vehicle  fixed 

- inflection  point 

- corresponding  axis 

- mean  elements  at  epoch;  earth  centered;  initial  conditions; 
actual;  or  a priori  (Chapter  ^ , 

- GRARR  and  USB  30 -foot  antennas 

- USB  85 -foot  antennas 

- corrected  exospheric 
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Superscripts 


( - corrected  values 

( )“  - day 

( )^  - hour 

( yn  « minute 

( )p  - predicted  lUes 

( )"  - second 

()'’■-  transpose 

( J - perturbed  initial  con^^^tions 
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Operational  Symbols 


V 

( )x  ( ) 

( ) • ( ) 
E* 
D 
I 

o 

(**) 

C) 

C) 

£(  ) 
cov  ( ) 
var  ( ) 
( )* 
( )" 


linear  gradient;  or  backward  difference  operator 

vector  cross  product 

vector  dot  product 

shifting  operator  (Section  6.1) 

differential  operator  (Section  6.1) 

identity  operator 

first  derivative  with  respect  to  time 

second  derivative  with  respect  to  time 

best  estimate 

vector;  or  average  value 

expected  value 

covariance 

variance 

first  derivative  with  respect  to  the  variable  s (Chapter  5) 

second  derivative  with  respect  to  the  variable  s (Chap- 
ter 5) 
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INDEX 


This  index  consists  of  an  alphabetical  list  of  significant  topics  contain::  1 in  this 
document.  Cross-reXeienciiig  is  used  where  appropriate.  The  notation  appear- 
ing in  parentheses  after  certain  topics  refers  to  the  section  or  chapter  which  is 
primarily  concerned  with  that  topic.  The  hyphenated  numbers  refer  to  the  pages 
where  the  specified  topic  is  mentioned.  A page  number  immediately  following 
a section  or  chapter  number  indicates  the  beginning  page  of  that  section  or  chap- 
ter. For  example,  the  following  entry 

Mean  of  estimate,  (8.2.1)  8-8,  8-50 

indicates  that  the  "mean  of  estimate"  is  discussed  in  Section  8.2. 1,  which  begins 
on  page  8-8,  and  that  it  is  also  mentioned  on  page  8-50. 


Accelerometer  data,  4-73 
Acceleration, 

of  earth  due  to  oblateness  of  earth  and  moon,  4-20 
of  moon  due  to  oblateness  of  earth  and  moon,  4-20 
unknown,  8-42 
unmodeled,  8-37 

Adams  Integration  formulas , 5-8,  5-9,  6-1,  6-2 
Adams -Bashforth  formula,  6-1 
Adams-Cowell  Integration  formulas,  (6.1)  6-9 
Adams-Moulton  predictor-corrector  coefficients,  6-6 
Aerodynamic  force  coefficients,  Table  4-1,  4-26 
cyiinarical  spacecraft,  4-25,  4-27,  4-28 
cylindrical  spacecraft  with  solar  paddles,  4-28,  4-29 
spherical  spacecraft,  4-25  through  4-27 
Aerodynamic  forces,  (4.5)  4-22  through  4-32 

aerodynamic  foice  modeling,  (4.5.2)  4-24  through  4-28 
associated  partial  derivatives,  (4.5.3)  4-29  through  4-32 
Algorithm,  batch  estimator,  (8.2)  8-6 
Analytic  partial  derivatives,  (4. 10)  4-75  through  4-86 

conversion  of  differential  corrections,  (4. 10.3)  4-83  through  4-86 
definition  of  ^^enurbation  variables,  (4. 10. 1)  4-75  through  4-79 
state  transition  matrix  elements,  (4. 10.2)  4-79  through  4-83 
Angles  only  early  orbit  methods  (9.1)  9-1 
Antenna  mount  corrections,  <7,7.2)  7-76,  7-77 

Applications  Technology  Satellite  Range  and  Range-Rate  (ATSR)  l^stem, 
(sec  Goddard  Range  and  Range -Rate  (GRARR)  System) 
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Atmospheric  density  models,  4-22,  4-2S 
comparison  of,  (4.5. 8)  4-60 
J acchia-Roberts  model,  (4.5.4)  4-33  through  4-49 
modified  Harris -Priester  model,  (4. 5. 6)  4-53  through  4-60 
Atmospheric  effecig,  (7. 6)  7 -43  through  7-75 

Chapman  profile  refraction  corrections,  (7.6.3)  7-52  through  7-63 
Doppler  corrections,  7-59  through  7-64 
elevation  angle -dependent  corrections,  7-56  through  7-59 
range  correction,  7-52  through  7-56 
ionospheidc  mouels,  (7.6.2'  7-44  through  7-52 

electron  density  profile  parameters,  7-49  through  7-52 
empirical  worldwide  profile,  7-47  through  7-49 
modified  Chapman  profile,  7-46 

sequential  profile  refraction  corrections  (7.6.4)  7-64  through  7-75 
ionospheric  correction,  7-68  through  7-75 
tropospheric  correction,  7-65  through  7-68 
troposphere  model,  (7.6.1)  7-43,  7-44 
Attitude  control  effects,  (4.7)  4-64  through  4-65,  2-18 
partial  derivatives,  (4.7.  2)  4-66 
perturbation  model,  (4.  7 , 1)  4-64,  4-65 
Averaging  formulation,  (5.8)  5-45,  5-5 

equinoctial  VOP  formulation,  (5.8.3)  5-40 
Keplerian  formulation,  (5 , 8. 4)  5-40 

Batch  estimator  algorithm,  (8.2)  8-6 

Besselian  solar  year,  3-1 

Bouguer’s  formula,  7-56 

Biouwerdrag  parameters,  4-78,  4-79 

Bvouwer-Lyddane  formulation,  (5.10)  5-51,  4-75,  5-4,  5-48 

Brouwer  theory,  (5.9)  5-42,  2-6,  5-1,  5-39,  5-51,  5-58,  5-53,  o-60 

C-Band  radar  system,  A-C,  A-10 
early  orbit  data,  9-24 
functional  description,  A -9 
preprocessing  description,  A-10 
Canonical  variables,  5-1,  5-2,  5-16 
force,  5-18 
Cassini's  laws,  3-26 
Celestial  eciuator,  3-2 
Celestial  sphere,  3-2 
Chapman  profile,  7-46 

Chapman  profile  refraction  corrections,  (7.6.3)  7-52  through  7-64 
Doppler  corrections,  7 -59  through  7-64 
elevation  angle-dependent  corrections,  7-56  through  7-59 
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Chapman  profile  refraction  corrections  (cont'd. ) 
ionospheric  model  for,  7-46 
range  correction,  7-52  through  7-55 
Chebyshev  series,  (5.6)  5-26 
Consider  variables,  2-13 
Consider  variables,  a priori,  8-6,  8 J,  8-24 
Consider  vector,  8-6,  8-12,  8-15,  8-27 
uncertainty,  8-51 
Convergence  criteria,  8-61 
Correlation,  8-11,  8-19 

between  state  and  uncertain  model  parameters , 8-19 
coefficient,  (8.5.4)  8-56 
of  estimate  and  consider  variables,  8-23 
of  errors  in  a priori  solve-for  and  consider  variables,  8-11 
of  errors  in  solve-for  and  consider  variables,  8-11,  8-12 
of  solve-for  and  consider  variables,  timewise  propagation,  8-24 
Coordinate  systems,  (Chapter  3) 

body -centered  equatorial  inertial,  (3.2.1)  3-3 
rectangular  Cartesian,  3-4 
sphericrl  polar,  3-4 
body -centered  rotating,  (3.2.2)  3-4 
geodetic,  3-5 

rectangular  Cartesian,  3-5 
spherical  polar,  3-5 
local  plane,  (3.2.3)  3-5 

rectangular  Cartesian,  3-6 
spherical  velocity,  3*  6 
orbit  plane,  (3.2.5)  3-7 
equinoctial,  3-8 
Keplerian,  3-7 
orbital  elements,  (3.2.6)  3-8 
equinoctial,  3-9 
Herrick,  3-9 
Keplerian,  S-8 
selenocentric , 3-26 
selenographic , 3-26 

topocentric  local  tangent,  (3.2.4)  3-6,  7-5 
rectangular  Cartesian,  3-6 
spherical  position,  3-7 
vehicle-fixed,  (3.2.7)  3-10 

rectangular  Cartesian,  3-10 
Coordinate  time,  C-6,  C-8,  C-9,  C-10,  C-12 
Coordinate  time  derivatives , C-9 
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Coordinate  transformations , (3.3)  3-10,  2-18 

body -centered  true  of  date  to  orbit  plane,  (3.3.5)  3-39 
body -fixed  to  geographic,  (3.3.6)  3-40 

earth-fixed  to  geodetic,  (3. 3. 6. 3)  3-44 
geodetic  to  earth-fixed,  (3. 3. 6.2)  3-43 
earth-fixed  to  topocentric  local  tangent,  (3.3.7)  3-47 
equinoctial  to  Cartesian,  (3.3.9)  3-58 

Cartesian  coordinates  to  equinoctial  elements,  (3. 3. 9.2)  3-60 
equinoctial  elements  to  Cartesian  coordinates,  (3. 3. 9.1)  3-58 
Herrick  to  Cartesian,  (3.3. 10) 

Cartesian  coordinates  to  Herrick  elements,  (3.3.10.2)  3-63 
Herrick  elements  to  Cartesian  coordinates,  (3.3. 10. 1)  3-62 
Keplerian  to  Cartesian,  (3. 3.  8)  3-49 

body-centered  true  of  date  to  Keplerian  elements,  (3. 3. 8. 3)  3-55 
Keplerian  elements  to  body-centered  true  of  date,  (3. 3. 8. 1)  3-49 
Keplerian  to  equinoctial  and  Herrick,  (3. 3. 11)  3-64 
Keplerian  to  equinoctial  elements,  (3.3. 11.1)  3-64 
Keplerian  to  Herrick  elements,  (3.3. 12)  3-64 
mean  of  1950.  0 to  true  of  date,  (3. 3. 1)  3-11 
mean  of  date  to  true  of  date,  (3. 3. 1. 2)  3-14 
mean  of  1950. 0 to  mean  of  date,  (3. 3. 1. 1)  3-12 
spherical  to  Cartesian,  (3.3.4)  3-34 

Cartesian  position  and  velocity  to  spherical,  (3. 3. 4. 2)  3-36 
spherical  position  and  velocity  to  Cartesian,  (3. 3. 4.1)  3-34 
selenocentric  true  of  date  to  selenograpLic,  (3.3,3)  3-26 
true  of  date  to  body -fixed,  (3.3.2)  3-18 

pseudo  body -fixed  to  body -fixed,  (3, 3. 2. 2)  3-20 
true  of  date  to  pseudo  body-fixed,  (3.3.2. 1)  3-18 
vehicle-fixed  to  body -centered  true  of  date,  (3.3. 12)  3-65 
Covariance, 

of  estimate,  (8.2.1)  8-8,  8-23 
of  state  noise,  8-31,  8-32,  8-42 
Covariance  matrix, 

of  error,  8-3,  8-4,  8-12,  8-29,  8-30 
augmented,  8-44,  8-50 
derivation  of,  (E.  1)  E-1 
uncertainty  (error),  8-5 
Interpretation,  (8.5)  8-50 
of  state,  8-18 

timewise  propagation  of,  8-17,  8-24 
transformations,  (8.2.3)  8-15 

Cowell  method,  (5.2)  5-8,  4-2,  5-1,  5-3,  5-5,  5-26,  6-1,  6-2,  6-11,  6-20,  6-25 
time -regular! zed,  (5.3)  5-9,  5-3,  5-5,  5-9,  6-1 
Critical  frequency,  7-49 
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Data  Management  Program,  (2.1.8)  2-4 
Data  Simulation  Program,  (2. 1.6)  2-3 
Delaunay  elements,  (5.5)  5-16,  5-42,  5-43,  5-59 
Delaunay -Similar  formulation,  (5.5)  5-16,  2-9,  5-3,  5-4 
Density  corrections,  4-36,  4-37 

geomagnetic  activity,  4-36,  4-45 
seasonal  latitudinal,  4-36,  4-37,  4-45,  4-54 
seasonal  latitudinal,  helium,  4-37,  4-45 
semiannual  variation,  4-36,  4-45,  4-54 
Differential  correction  process,  7-1,  7-2 
Differential  Correction  Program,  (2.1.1)  2-2 
a priori  input,  8-19 
comoutational  procedure,  (8.2.4)  8-19 
oata  management,  8-19 
estimation  computation,  8-22 
inner  processing  loop,  8-21 
outer  iteration  loop,  8-21 
termination  of  outer  iteration  loop,  8-22,  8-60 
Differential  equations, 

class  I,  5-2,  5-9,  5-26,  6-1,  6-2 
class  II,  5-2,  5-8,  5-9,  6-1,  6-2 
Direction  cosines.  Minitrack,  7-11 
Dispersion,  8-12  (see  also  measurement  uncertainty) 

Diurnal  bulge,  4-54,  4-56,  4-S7 
Divergence,  filter,  8-36 

DODS  variables,  2-14,  4-75  through  4-86,  6-12 
Doppler  corrections  due  to  atmospheric  refraction,  7-59  through  7-64 
Doppler  cycle  count,  7-13,  A-3,  A-7,  A-11,  A-12,  A-13,  A-32 
destruct,  7-27,  7-28,  A-32,  C-7 
nondestruct.  7-28,  A-12,  A-32,  C-7 
Doppler  measurements,  2-12,  7-20 
Doppler  observation,  (7.3.4)  7-27  through  7-34 
formulation  of,  7-28  through  7-30 
partial  derivatives  of,  7-30  through  7-34 
Doppler  shift,  relativistic,  C-3,  C-4,  C-5,  C-6,  C-11,  C-14 
Double  r-Iteration  method,  early  orbit,  (9.1.3)  9-14,  2-14,  9-1,  9-2 
Dynamic  model  compensation, 
advantages  of,  8-37 
procedure,  8-41 
Dynamic  stability,  5-5 
Dynamic  weighting  factor,  D-1,  D-2 
Dynamics,  spacecraft,  (2.3)2-17,  2-18 
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Early  orbit,  angles  only  methods,  (9.1)  9-1 
Early  Orbit  Determination  Program,  (2.1.5)  2-3 
Early  orbit  methods,  (Chapter  9) 

Double  r-Iteration  method,  (9.1.3)  9-14,  2-3,  9-1,  9-2 
Gauss  method,  (9.1.2)  9-6,  2-3,  9-1,  9-14,  9-17 
Range  and  Angles  method,  (9.2)  9-24,  2-3,  9-1 
Earth-moon  system,  (4.4)  4-18 
Editing  of  observation  residuals,  (8.  5.2)  8-60 
Electron  density  profile,  7-49  througi  7-52 
Electron  density  profile  parameters,  7-49  through  7-52 
Element  sets , 

Brouwer  mean,  5-45 
Delaunay -Similar,  (5.5)  5-16,  5-4 
equinoctial,  (5.7.2)  5-33,  5-4,  5-31,  5-38 
Keplerian,  5-4,  5-31,  5-38,  5-45 
Kustaanheimo-Stiefel,  5-4 
rectangular,  5-4,  5-31,  5-34 
Encke  method,  5-58 

Ephemeris  Comparison  Program,  (2.1,3)  2-2 
Ephemeris  Generation  Program,  (2.1.2)  2-2 
Ephemeris  data,  S-74  through  3-80 

polynomial  representation  of,  (3.6)  3-74 
Equations  of  motion,  6-2,  6-8,  8-37 
Error  analysis, 

application,  (8.3)  8-22 
problems,  8-24 

Error  Analysis  Program,  (2.1,7)  2-3 
Error  control,  (6.9)  6-21 
Estimate, 

a priori,  8-3 
bias,  8-8 

classical  equation  for  best,  8-3 
covarim.ee  of  error,  8-10,  8-29 
moan,  8-10 

minimum  variance , 8-30 
state  correction,  8-29 
Estimation,  (Chapter  8) 

Estimation  mcxlel,  (7.8)  7-77  through  7-79 
Estimation,  sequential,  (8.4)  8-27,  (Appendix  E)  E-] 
process,  8-1 
Estimator, 

advantage  of  recurs  ive , 8-33 
algorithm,  9-1 

gain  matrbe,  8-11 
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Estimator,  (cont'd.) 

Kalman  minimum  variance,  8-2? 
sequential  adaptive,  8-42 
sequential  weighted  least  squares,  8-27 
weighted  least  squares,  8-1,  8^22 
weighted  least  squares  variation, 

with  respect  to  consider  parameters,  8-25 
with  respect  to  dynamic  parameters,  8-25 
Expected  value  of  deviation,  8-8 

of  linearized  observation  residuals , 8-9 

Fast  elements , 5-17,  5-31,  5-38,  5-40 
Figure  of  the  earth,  (3. 3. 6.1)  3-40 
Filter 

Extended  Kalman,  (8.4)  8-27,  2-3,  2-13 
derivation  of,  (8.4. 1)  8-28 
nonupdated  reference  trajectory,  8-33 
prediction  formulas  of,  8-31 
update  equations  of,  8-30 
updated  reference  trajectory,  8-33,  8-34 
Jazwinski,  (8.4.3)  8-42,  2-3 
derivation  of,  8-44 
prediction  equations , 8-47 
update  equations,  8-47 
FUter  Program,  (2.1.4)  2-2,  2-3 
a priori  input,  8-48 
computational  procedure , (8.4.4)  8 17 
data  management,  8-48 
data  set  loop,  8-50 
processing  loop,  8-48 
Filtering, 

dynamic  model  compensation,  (8,4.2)  8-37 
statistical  adaptive,  (8.4.3)  8-42 
Flight  sectioning,  2-18 

Gain  matrix,  8-11,  8-30,  8-35,  8-45 

"lauss  method,  early  orbit,  (9.1.2)  9-6,  2-14,  9-1,  9-14,  9-17 

Gaussian  planetary  equation,  5-31 

Gaussian  VOP  formulation,  (5.7)  5-30,  5-38 

General  perturbation  method,  2-6,  5-1,  5-3,  5-4 

Geoid,  7-34  through  7-38 

Geoidal  undulation,  7-36,  7-37,  7-40 

Gibbs  method,  9-6,  9-11 
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Global  iteration,  8-34 

Goddard  Range  and  Range-Rate  (GTtARR)  and  ATSR  systems,  A-1  through  A-8, 
C-11,  C-13,  C-14 
data  smoothing,  A-8 
early  orbit  data,  9-24 
functional  description,  A-1,  A-2,  A-3 
gimbal  angles,  A -6 

preprocessing  description,  A-4,  A-5,  A-6 
processing  computations  and  interfaces,  A-5 
range  computation,  A-6,  A-7 
range -rate  computation,  A-7,  A-8 
Greenwich  Hour  Angle,  3-67 
GTDS  overview,  (Chapter  2) 

GTDS  programs,  (2.1)  2-1  through  2-4 
Data  Management,  (2. 1.  8)  2-4 
Data  Simulation,  (2.1.6)  2-3,  2-16,  2-17 
Differential  Correction,  (2.1.1)  2-2,  2-16,  2-17 
Early  Orbit  Determination,  (2.1.5)  2-3 
Ephemeris  Comparison,  (2.1.3)  2-2 
Ephemeris  Generation,  (2.1.2)  2-2,  2-6,  2-16 
Error  Analysis,  (2.1.7)  2-3,  2-4,  2-17 
Filter,  (2.1.4)  2-2,  2-3 

GTDS  system  capabilities,  (2.2)  2-4  through  2-17 
early  orbit  determination,  (2.2.4)  2-14,  2-15 
estimation  techniques , (2.2.3)2-13,  2-14 
observation  modeling,  (2.2.2)  2-9  through  2-13 
data  preprocessing,  2-10 
observation  models,  2-12 
observation  types,  2-10 

optional  modes  of  operation,  (2.2.5)  2-16,  2-37 
trajectory  generation,  (2.2. 1)  2-6  through  2-8 

Hamilton -Jacobi  differential  equations,  5-1,  5-60 
Hamiltonian,  5-17,  5-18 

Harris -Priester  atmospheric  density  model,  (4.5.6)  4-53  through  4-59,  4-23 
partial  derivatives,  (1.  5.  7)  4-57  through  4-59 

Index  of  refraction,  7-44 

Indirect  oblation  perturbation  model,  (4.4)  4-18  through  4-22 
Intermediate  Orbit  formulation,  (5.11)  5-58,  2-8,  5-3,  5-4,  5-5 
Interpolation,  6-21 
Introduction,  1-1,  1-2 

Ionosphere  models,  (7.6.2)  7-44  through  7-52 
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JPL  ephemeris,  3-] 4,  3-17 

J acchia-Roberts  atmospheric  density  model,  (4.5.4)  4-33  through  4-49,  4-23 
partial  derivatives,  (4.  5. 5)  4-50  through  4-53 

KS  matrix,  5-13 

Kalman  gain,  8-30,  (see  also  gain  matrix) 

Kalman  filter,  (see  Extended  Kalman  Filter) 

Kepler's  equation,  5-51 

Kustaanheimo-Stiefel  formulation,  (5.4)  5-10,  2-9,  5-3,  5-4 
Laplacian,  4-9 

Least  squares,  weighted,  8-1,  8-6,  8-7 

Legendre  functions,  4-11 

Libration  of  the  moon,  4-18 

Light  time  oorreciion,  (7.7.1)  7-76 

Light  time  modeling,  (7.3.2)  7-21 

Linear  gain,  optimal,  E-3 

Linearity,  8-3,  8-6,  8-34 

Loss  fimction,  8-2,  8-3,  8-6,  8-7 

Luniijolar  precession  ;uid  nutation,  3-12,  4-18 

Magnetic  dip,  7-51 

Matrix  identities  (sequential  estimation),  (Appendix  E)  E-1 

Matrix  inversion,  (8.  6. 1)  8-57 

Matrix  of  functional  sensitivities,  8-26 

Matrix  of  partial  derivatiires,  8-2 

Mean  of  estimate,  (8.2.1;  8-8,  8-50 

Measurement  model,  8-43 

Measurement  noise,  8-9,  8-12,  8-42,  8-43  (see  also  observation  noise) 
covariance,  8-9 
expected  value,  8-9 

Measurement  process,  statistical  assumption  of,  8-3,  8-4 
Measurement  residuals,  8-7,  8-9 
Measurement  uncertainty , 8-12,  8-30 
Meridian, 

locajL,  0-2 
prime,  3-2 

Minimization,  nonlinear,  8-2 
Minitrack  system,  A-14  through  A -27 
ambiguity  data,  A-20 
ambiguity  resolution,  A -24 
antenna  field  corrections,  A -2 6 
data  linearisation  and  smoothing,  A-19 
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Mlnitrack  system,  (cont’d.) 

fine  baseline  data,  A-21,  A-22 
functional  description,  A- 14 
preprocessing  description,  A -17 
processor  considerations,  A-27 

time  adjustment  and  zenith  calibration,  A-22,  A-23,  A-24 
Model  parameters,  uncertain,  8-18 
Multistep  integration  methods,  6-1 

Near  real-time  operation,  2-19 
Newton-Raphson  iteration,  5-41 
Newtonian  interpolation,  6-5 

Nonspherical  gravitational  effects,  (4.3)  4-9  through  4-18,  2-17 
associated  partial  derivatives,  (4.3,2)  4-14  through  4-18 
perturbation  model,  (4,3. 1)  4-9  through  4-14 
Normal  matrix,  8-3,  8-14,  8-59 
Numerical  integration  methods,  (Chapter  6) 
corrector-only,  6-9  throuph  6-14 
multistep  methods,  6-1  through  6-16 
predict-pseudo-correct,  6-7  through  6-9 
predictor-corrector,  6-2  through  6-6 
Runge-Kutta,  6-16  through  6-18 
starting  procedures,  6-19  through  6-22 
Numerical  stability,  5-2,  5-3,  6-2,  6-7,  6-9 
Nutation,  3-12,  3-14,  3-15 

Obliquity  of  the  ecliptic , 3-12,  3-14,  3-15 
Observation  equation,  nonlinear,  8-14 
Observation  model,  GTDS,  7-2 
Observation  models,  (Chapter  7) 

additional  corrections,  (7.7)  7-76,  7-77 
atmospheric  effects,  (7.6)  7-43  through  7-75 
estimation  model,  (7.8)  7-77  through  7-79 
general  description  of,  (7.1)  7-1  through  7-4 
ground-based  tracker  models,  (7.2)  7-4  through  7-17 
radar  altimeter  model,  (7.4)  7-34  through  7-41 
satellite-to-satellite  tracking  model,  (7.3)  7-18  through  7-41 
Very  Long  Baseline  Interferometer,  (7.5)  7-41,  7-42 
Observation  noise,  8-1,  8-4,  8-41,  (see  also  mea-jurement  noise) 
Observation  partial  derivatives,  (8.2.2)  8-12 
with  respect  to  consider  variables,  8-15 
with  respect  to  solve-for  variables,  8-14 
Observation  vector,  linearized,  8-2 
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Observational  model  parameters,  7-2 
Optimal  linear  gain,  derivation  of,  (E.2)  E-3 
Orbit  estimation  problem,  8-1,  8-27 
Orbit  generation  methods , (Chapter  5) 

"■^eraged  equinoctial,  (5.8.3)  5-40 
averaged  Keplerian,  (5.8.4)  5-40 
Brouwer,  (5. 9)  5-42  through  5-50 
Brouwer -Lyddane,  (5.10)  5-51  through  5-57 
Chebyshev-Picard,  (5.  6)  5-26  through  5-29 
Cowell,  (5.2)  5-8 

Cowell,  time  regularized,  (5.3)  5-9 
Delaunay -Similar,  (5.5)  5-16  through  5-26 
Intermediate  Orbit,  (5. 11)  5-58 
Kustaanheimo-Stiefel,  (5.4)  5-10  through  5-15 
Vinti,  (5.12)  5-59,  5-60 
VOP  - equinoctial,  (5.7.2)  5-33 
VOP  - Keplerian,  (5.7.1)  5-31,  5-32 
VOP  - rectangular,  (5.7.3)  5-34  through  5-36 
Orbit  generators,  characteristics  of,  (Table  5-1)  5-6,  (Table  5-2)  5-7 
Orbital  equations  of  motion,  (Chapter  5) 

Origin  of  coordinates,  3-2 
Overview  of  GTDS,  (Chapter  2) 

Partial  derivatives, 

of  acceleration  due  to  nonspherical  gravitational  effects,  (4.  3.2)  4-14 
through  4-32 

of  acceleration  due  to  attitude -control  effect,  (4. 7.2)  4-66 
of  acceleration  due  to  nonspherical  gravitational  effects,  (4.3.2)  4-14 
through  4-18 

of  acceleration  due  to  point  mass  effects,  (4.2.2)  4-8 
of  acceleration  due  to  solar  radiation  pressure,  (4.6.2)  4-63 
analytic,  (4.10)  4-75  through  4-86 
of  atmospheric  density, 

Harris-Priester  model,  (4.  5.7)  4-53  through  4-59 
Jacchia-Roberts  model,  (4.  5.  5)  4-50  through  4-53 
C/f  Cartesian  state  with  respect  to  DODS  variables,  4-80  through  4-83 
of  Doppler  measurement,  7-30  through  7-34 
of  expected  range,  7-15 

of  geodetic  coordinates  with  respect  to  body -fixed  coordinates,  3-47 

of  gimbal  angles,  7-7  through  7-10 

of  indirect  oblateness  effects,  4-20,  4-21 

Keplerian  to  Cartesian,  (3. 3. 8. 2)  3-53 

of  Keplerian  with  respect  to  Cartesian,  3-58 
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Partial  derivatives , (cont’d.) 
mapping  of,  (6.5)  6-15 
of  Minitrack  direction  cosines,  7-11 

of  nonspherical  potential  with  respect  to  r,  0 , andX , 4-10 
of  observation  measurements,  7-4 

of  observation  measurements  in  locil  tangent  coordinates,  7-6 
of  radar  altimeter  observations,  7-40,  7-41 
of  range  observation,  7-25  through  7-’:7 
of  range  rate  (average),  7-18 
of  range  rate  (instantaneous  method),  7-17 
of  range  rate  (iterative  method),  7-16 
of  USB  expected  range,  7-14 
of  VLBI  measurements,  7-42 
Perturbation  methods, 
general,  5-1 
special,  5-1 

Perturbation  models,  (Chapter  4) 

aerodynamic  and  atmospheric  models,  (4.5)  4-22  through  4-60 
indirect  oblation  perturbation  model,  (4.4)  4-18  through  4-22 
model  parameters,  4-3 
N-point  masses  model,  4-5 

nonspherical  gravitational  effects,  (4.3)  4-9  through  4-18 
point  mass  effects,  (4.2)  4-4  through  4-8 
total  perturbation  model,  (4. 1)  4-2  through  4-4 
Perturbing  accelerations,  (Chapter  4) 
aerodynamic  force  effects,  (4.5)  4-22 
analytic  partial  derivatives,  (4. 10)  4-75 
atmospheric  effects,  (4.5)  4-22 
attitude  control  effects,  (4.7)  4-64 
earth-moon  indirect  oblation  effects,  (4.4)  4-18 
nonspherical  gravitational  effects,  (4.3)  4-9 
point  mass  effects,  (4.2)  4-4 
replacement  acceleration,  (4.9)  4-73 
solar  radiation  pressure,  (4.6)  4-60 
thrust  effects,  (4.8)  4-66 
Picard  iteration  method,  (5.6)  5-26 
Poincare  variables,  5-4,  5-59 
Point  mass  effects,  (4.2)  4-4  through  4-8 

associated  partial  derivatives,  (4.2.2)  4-8 
N-point  masses  perturbation  model,  (4.2.1)  4-5  through  4-8 
Poisson’s  equation,  4-9 

Polar  motion,  3-18,  3-20,  3-21,  3-22,  3-23,  3-24 
Polar  motion  coefficients,  (Table  3-1)  3-25 
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Postflight  processing,  2-19 
Precession,  3-12 

Predictor -corrector  integration  methods,  6-1,  6-2,  6-7 
Predictor-pseudo-corrector  methods,  (6,2)  6-7 

Preprocessing,  (Appendix  A)  A-1,  7-1,  A-4,  A-5,  A-6,  A-8,  A-10,  A-17, 
A-18,  A-19,  A-27,  A-29,  A-30 
Preprocessor /processor  interfaces,  A-1,  A-5,  A-17,  A-18 
Prime  Meridian,  3-2 
Greenwich,  3-2 
lunar,  3-2 

Principal  directions,  3-3 
Probabilities , 

hyperellipse,  (8.5,2)  8-51,  (Table  8-1)  8-53 
hyperrectangle,  (8.5.3)  8-54,  (Table  8-2)  8-55 
Probability  density  function,  8-51 
Proper  time,  C-6,  C-7,  C-10 

Radar  altimeter  model,  (7.4)  7-34  through  7-41 

measurement  venation,  (7.4.2)  7-38  through  7-40 
partial  derivatives,  (7.4.3)7-40,  7-41 
surface  model,  (7.4. 1)  7-34  through  7-38 
Radar  altimeter  system,  A-29,  A-30 

Range  (GRARR,  ATSR,  USB,  and  C-Band),  7-11  through  7-15 
instantaneous  method,  7-14 
iterative  method,  7-12  through  7-14 
Range  ambiguity,  A-3,  A-6,  A-11,  A-33 
Rango  and  Angles  method,  early  orbit,  (9.2)  9-24,  2-14 
Range  difference,  C-10 
Range  observation,  (7,3.3)  7-21  through  7-27 
Range  rate  (GRARR,  ATSR,  USB),  7-15  through  7-18 
average  range  rate,  7-17,  V-18 
instantaneous  range  difference  method,  7-17 
iterative  range  difference  method,  7-16 
Range-rate  formulas,  (Appendix  C)  C-1 
Range  sum  calculation,  7-24,  7-25 
Range  sum  measurement,  7-19 
Real-time  operation,  near,  2-19 
Reference  ellipsoid,  7-35  through  7-38 
Reference  planes,  3-2 
Reference  trajectory,  8-32,  8-33 
Reference  trajectory,  a priori,  8-23 
Refraction  (see  atmospheric  effects) 

Refraction  difference  vectors,  C-3 
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Refraction  effects , C-3,  C-6,  C-8,  C-11,  C-13,  C-14 
Regression  equation,  nonlinear,  &-1,  8-7 
Regularization,  (6.10)  6-22,  5-4,  5-10 

Relativistic  Doppler  frequency  shift,  C-3,  C-4,  C-5,  C-6,  C-11,  C-14 
Relativistic  signal  propagation,  (Appendix  C)  C-1 
Replacement  acceleration,  (4.9)  4-73  through  4-75,  2-18 
acceleration  model,  (4. 9. 1)  4-73 
partial  derivatives,  (4.9.2)  4-74,  4-75 
Residual  error,  predicted  measurement,  8-32 
Residual  uncertainty,  predicted  measurement,  8-32 
Runge-Kutta  integration  method,  (6.6)  6-16,  6-1 
starter  for  multi-step  integration  methods,  6-20 

Satellite-to-sateilite  tracking  (SST)  model,  (7.3)  7-18  through  7-34 
Satellite-to-satellite  tracking  (SST)  system,  A-30  through  A-33,  C-14 
Schur  identity,  8-57 

Sensor  systems  (see  trajectory  sensor  systems) 

Solar/Lunar /Planetary  File,  3-17 
Solar  radiation  pressure,  (4.6)  4-60  through  4-63,  2-18 
partial  derivatives,  (4.3.2)  4-63 
perturbation  mrxiel,  (4. 6. 1)  4-60  through  4-63 
Solve-for  variables,  2-13 

apriorivalu.es,  8-6,  8-7,  8-24 
best  estimate  of,  8-8 

Solve-for  vector,  8-6,  8-12,  8-13,  8-27,  8-32 

Spacecraft  dynamics,  (2.3)  2-17,  2-18 

Space-time  matrix,  C-1  through  C-3 

Special  perturbations  method,  2-6,  5-3,  5-2,  5-3,  5-4 

Stability, 

dynamic,  5-5,  5-10 
numerical,  5-2,  5-3 
Standard  deviations,  a priori,  D-1,  D-2 
Starting  procedures,  (6.7)  6-19,  6-20 
State  correction  vector,  E-1 
State  noise,  8-31,  8-32,  8-40,  8-42 
State  transition  matrix,  2-18,  4-1,  6-15,  6-16,  8-35 
augmented,  3-44 
elements,  4-72  through  4-81 
State  vector, 

augmented,  8-38,  8-43,  8-50 
expanded,  8-15 

Statistical  adaptive  filtering,  (8.4.3)  8-42 
Statistics,  weighted  least  squares  and  filter,  (8.6.4)  8-61 
confidence  interval  for  group  mean,  8-63 
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Statistics,  wsighi.'d  ivjast  t cs  aad  f.Uev,  (cont’d.) 
group  me&ii,  8-C2 
observation  residual  groups,  8-63 
root  mean  square  error,  8-62 
sample  standard  devintion.  8-63 
sum  of  squares  about  mean , 8-62 
Stepsize  regulation,  2-8,  5-5,  5-10,  6-1,  6-2,  6-21,  6-22 
Stdrmer-Cowell  integration  formulas , 5-8,  5-9,  6-1,  6-6 
l^stem  capabilities,  (see  GTDS  system  capabilities) 

Thrust  effects,  (4. 8)  4-66  through  4-72,  2-18 

acceleration  model,  (4.8, 1)  4-67  through  4-69 
partial  derivatives,  (4,  8.2)  4-69  through  4-72 
Time, 

coordinate,  C-6,  C-8,  C-9,  C-10,  C-12 
proper,  C-6,  C-7,  C-10 
Time  correlation  coefficients,  8-38 

Time  dependency  ot  solve-for  and  consider  variables,  8-l2 
Time  difference  coefficients,  (Table  3-2)  3-74 
Time  element,  5-10,  5-11 
Time  regularization,  (6.10)  6-22,  2-9,  2-18 

Time  regularized  Cowell  method,  (5.3)  5-9,  2-9,  5 -3,  5-5,  6-1,  6-20 
Time  systems,  (3.4)  3-66 

atomic  time,  A.l,  (3.4.3)  3-67 
ephemeris  time,  ET,  (3.4.1)  3-67 
station  time,  ST,  (3.4.8)  3-71 
transformation  between,  (3. 5)  3-71 
uncorrected  uni/ersal  time,  UTO,  (3.4.4)  3-69 
universal  time,  UT,  (3.4.3)  3-67 
universal  time,  UTl,  (3.4.5)  3-69 
universal  time,  UT2,  (3.4.6)  3-70 
universal  time  coordinated,  UTC,  (3.4.7)  3-70 
Time  tag,  A-2,  A-4,  A-9,  A-11,  A-17,  A-20,  A-21,  A-30,  A-31,  A-32 
Timewise  propagation  of  estimate,  covariaiice  matrix,  8-17 
Tracker  models,  ground  based,  (7.2)  7-4  through  7-17 
Tracking  modes,  7-19 
coherent  mode,  7-19 
crystal  mode,  7-19 
phase-locked  mode,  7-19 
Tracking  process,  (7.2.1)  7-4 
Tracking  stations, 

ATSR,  A-2 
C-Band,  A-9 
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Tracking  stations,  (cont'd.) 

GRARR,  A-2,  A-8 
Minitrack,  A.-14 
USB,  A-10 

1 Tacking  system  data  types,  7-1,  7~2 
Trajectory  sensor  systems,  (Appendix  A)  A-1 
ATSR,  A-1  through  A-« 

C -Band  radar,  A-9,  A~30 
GRARR,  A-1  through  A-8 
Minitrack,  A-14  through  A -2 7 
radar  altimeter,  A-29,  A -30 
satellite -to -satellite,  A-30  through  A -33 
USB,  A-10  through  A-13 
VLBI,  A-27  through  A-29 
Transformations , 

from  Brouwer  mean  elements  to  osculating  Keplerian  elements,  (5.9.2) 
5-46,  (5.10.2)  5-52 

from  C-Band,  GRARR,  and  USB  data  vectors  to  local  tangent  coordinates, 
9-24 

from  Cartesian  position  and  velocity  t : DS  elerients,  (5.5.2)  5-20 
from  Cartesian  position  and  velocity  to  K5  elements,  (5.4.2)  5-13 
from  DS  elements  to  Cartesian  position  and  velocity,  (5.5.3)  5-25 
from  KS  parametric  variables  to  Cartesian  position  and  velocity,  (5.4.3) 
5-15 

from  osculating  orbital  elements  to  averaged  eleirients,  (5.8.5)  5-40 
from  oscillating  orbital  elements  to  Brouwer  mean  elements,  (5.9.1)  5-45, 
(5. 10. 1)  5-52 

from  topocentric  gimbal  angles  to  inertial  coordinates,  (9. 1, 1)  9-2 
Transformations  between  time  systems,  (3.5)  3-71,  3-72 
by  standard  formula,  (3.5. 1)  3-71 
by  time  polynomials;,  (3.5.2)  3-72 
Transponder  delay  correction,  (7.7,3)  7-77 
Troposphere  model,  (7.6.1)  7-43,  7-44 

Unified  S-Band  (USB)  b^stem,  A-10  through  A-13,  C-10,  C-11 
early  orbit  data,  9-24 
functional  aescription,  A-10,  A-11,  A-12 
preprocessing  description,  A-13 
Uniformization,  5-2,  5-3,  5-5,  5 0,  5-i6 

Variance,  D-1 

Variance  estimation,  8-26 

Variance  for  each  observation,  8-5,  8-30 
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Variation  of  estimator  with  respect  to  consider  parameters,  8-25 
Variation  of  parameters  formulations,  2-8,  4-7,  5-2,  5-4,  5-11,  5-16,  5 -17, 
5-20.  5-31,  5-38,  5-58,  6-1,  6-9 

Variation  of  state  with  respect  to  consider  dynamic  parameters,  8-25 
Variation  of  transformed  state  with  respect  to  consider  variables,  8-26 
Variational  equations,  (Chapter  4)  4-1,  4-3,  4-4,  6-2,  6-11,  6-12,  6-14,  6-20, 
8-14,  8-24 
regularized,  6-24 

Vehicle-fixed  to  body-centered  true  of  date  transformations,  (3.3. 12)  3-65 
^^emfd  equinox,  3-3 

Very  Long  Baseline  Interferometer  (VLBi>  model,  (7.5)  7-41,  7-42 
Very  Long  Baseline  Interferometer  (VLBI)  ^stom,  A-27  through  A-29 
Vinti  theory,  (5,12)  5-59 
Von  Zeipel  method,  5-2,  5-42 

Weighting  factors,  dynamic,  D-1,  D-2 
Weighting  matrix,  8-2,  8-4,  8-14,  8-63 
Weighting,  observation,  D-1 
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